ANNALS OF MATHEMATICS 
Vol. 40, No. 1, January, 1939 


NOTES ON LINEAR TRANSFORMATIONS. II. ANALYTICITY OF 
SEMI-GROUPS' 


By 
(Received June 3, 1938) 
1. PRoBLEM AND METHODS 


1.1 Introduction 


In the first note of this series (see E. Hille [2]) the author showed that certain 
well-known functional transformations of the form 


(1.1.1) =X + u) du 


satisfy functional equations with respect to the parameter }. 
In particular, for suitably restricted classes of functions z(t), the two trans- 
formations 


(1.1.2) Wat = (ra)* [ exp (—u’/a)x(t + u) du, 
and 

_a et + u) 


were found to satisfy the same equation 
(1.1.4) T AT T a+pt, Qa, B > 0. 


Here Wx is the Gauss-Weierstrass singular integral and P.x is the Poisson 
integral for the upper half-plane. Poisson’s integral for the circle leads to the 
same functional equation provided we replace the customary parameter r by 
e “. The equation is also encountered in the applications of Abel’s method of 
summation or its various generalizations (convergence factors e™*), As an 
example of a different type, leading to the same equation, we mention the theory 
of fractional integration. 


It was observed in my paper [2] that W.2 and P.« are analytic functions 
of the parameter in the right half-plane and the same property holds in the case 


1 Presented to the American Mathematical Society, February 26 and April 16, 1938. 
A preliminary communication (see the list of References at the end of this paper, E. Hille 
[3]) was made to the National Academy of Sciences on February 9, 1938. The results 
of this note are developed more fully in §§4.1 and 4.2 of the present paper. 

2 These transformations can evidently be reduced to the form of (1.1.1) by a suitable 
change of the parameter. 
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of the other examples just mentioned. These instances are sufficiently im- 
portant to warrant an investigation of the analyticity properties of the solutions 
of (1.1.4). A first attack upon this problem will be made in the present paper. 


1.2. Problems ana Results 


We consider an abstract metric space EF of Banach’s type and a one-parameter 
family of bounded transformations 7, on Eto HE. The parameter a is restricted 


to a real or complex point set Z. If 7. satisfies (1.1.4) for all a, B, and a + B. 


in Z, we say that T has the semi-group property in Z. In particular, we call the 
family a semi-group if its domain of definition Z ts invariant under addition and 
a = 07s a non-isolated point of the domain where Ty = I. 

Our prcblem is to determine sufficient conditions under which the family 
has the semi-group property in a domain Z and T, is a holomorphic function 
of a in Z in a sense to be made precise later. In the present paper we concen- 
trate the attention on one feature of this problem. We suppose that a semi- 
group is defined on the positive real axis and ask when it admits of an analytic 
extension to the complex plane preserving the semi-group property. As is to be 
expected, the last proviso is superflous; an analytic extension always preserves 
the semi-group property (Theorem 5 below). We limit our problem still further 
by being interested only in the case in which an analyti> e«tension exists in a 
right half-plane. This case seems to be the most imports it one and is fairly 
easy to characterize in simple terms. 

It is not difficult to give examples of sem.’ groups which are not measurable, 
bounded or continuous with respect to the parameter. In a study of the 
analyticity problem it is necessary to exclude these pathological cases. Even 
if this is done, analytic extensions do not have to exist. It appears from the 
results of this paper that a decisive réle is played in the problem by the proper- 
ties of the resolvent R(A, «) = [AJ — 7.4] for small positive values of a. 

Since 7, is a bounded transformation by assumption, the spectrum S(a) 
of T, is restricted to a neighborhood of the origin in the complex d-plane. If 
for small values of a the spectrum of 7’, avoids completely a fixed sector y < arg 
\ < 2r — ¥, 0 < y < 7/2, and as \ — 0 in this sector the norm of R(\, a) does 
not grow faster than a negative power of | \ | , the exponent of which may vary 
with a but is at most O(1/a), then there exists an analytic extension of the 
semi-group in a half-plane. If the exponent is 0(1/a) instead, this half-plane is 
the right half-plane and the extension is also a semi-group. 

As a rule we are only interested in analytical semi-groups, but we note that if 
for small @’s the spectrum of 7’, can be enclosed in a fixed circle which leaves 
\ = 0 on the outside, then the original semi-group can be extended to the whole 
plane and generates a group.” 


2 [Added in proof:] Cf. also the author’s paper “‘Analytical semi-groups in the theory 
of linear transformations’ in the forthcoming Proceedings of the Ninth Scandinavian 
Mathematical Congress. 
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The paper is divided into four chapters. The first is devoted to the general 
theory of one-parameter families of transformations. The first two paragraphs 
contain a discussion of the underlying topologies and the analysis of functional 
operators. There is probably not much which is strictly new here, but the 
results are needed for the later discussion and they are included for the con- 
venience of the reader. We are mainly interested in families analytic in the 
parameter and of exponential order of growth in a right half-plane. Such 
transtormations are representable by various classes of operational binomial 
series the theory of which is outlined in §2.3. Families with the semi-group 
property appear in the last two paragraphs of the chapter. In §2.4 I have col- 
lected all material known to me concerning the relationships between the semi- 
group property on one hand and measurability, boundedness, and continuity 
on the other (see also §5.2). In §2.5 analyticity is brought in. 

Chapter 3 is devoted to analytical semi-groups bounded in a half-plane. 
Here we use the term bounded in the sense of exponential order of growth of the 
norm. In §3.1 we show that holomorphism and boundedness in a half-plane 
of a semi-group impose severe restrictions on the resolvent R(A, a) and the 
spectrum S(a) of 7. for small positive values of a. A further study of the 
spectral properties of the transformations in a semi-group is given in §§3.2 
and 3.4. 

The main theorem, already sketched above, is proved in §3.3. ‘Ve show 
that if a semi-group {7'.}, defined for a > 0, and satisfying mild restrictions 
as to measurability of the norm and continuity of the transformations, in addi- 
tion, has the property that the resolvents and spectra are limited in the manner 
indicated above for small values of a, then there exists an analytic extension 
in a right half-plane. For this purpose we study the integral 


where the contour of integration surrounds the spectrum of 7’, , beginning and 
ending at the origin. The integral defines an operator function holomorphic 
in a right half-plane which for ¢ = na equals 7,4. We can always form this 
integral which interpolates the sequence of operators formed by the integral 
powers of 7’... Thus the crux of the problem is to show that W(¢, a) is inde- 
pendent of a and agrees with 7’; for sufficiently large real values of ¢. This 
succeeds with the aid of an important theorem due to F. Carlson [1], see §5.1. 
The theory of binomial series plays a conspicuous réle in this chapter. 

The case in which the spectrum of 7, , a > 0, is always positive and the 
resolvent is of finite order for approach of \ towards the spectrum is particularly 
interesting (§3.5). Here we have analytic extensions representable by various 
classes of generalized Laplace-Stieltjes integrals. Finally we prove an em- 
bedding theorem in §3.6: any bounded transformation whose spectrum is en- 
closed in a sector of opening less than 7 and vertex at the origin and whose 


a 
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resolvent is of finite order outside of this sector can be embedded in a family 
having the semi-group property. This family is formed by the powers of T. 

Chapter 4 gives various special instances of the general theory: self-adjoint 
transformations in Hilbert space, the Gauss-Weierstrass and Poisson trans- 
formations, Abel summability, and fractional integration. 

During the preparation of this manuscript I have profited much from dis- 
cussions with Professors N. Dunford and J. D. Tamarkin whose constructive , 
criticism has contributed much to the paper in particular in §2.2. 


2. ONE-PARAMETER FAMILIES OF TRANSFORMATIONS 


2.1. The Basic Topologies 


We shall be concerned with transformations defined in an abstract space E. 
We assume that E is a space (B) in the terminology of Banach, i.e., H is a normed 
linear vector space, complete with respect to its metric. The elements of E 
will be denoted by z, y, etc. The norm of z is denoted by || z ||. All complex 
numbers are admitted as multipliers of the elements of EZ. 

Together with the space E we also consider the conjugate space E whose 
elements are the bounded linear functionals L on E. We recall that E can be I 
metrized by taking || L || = sup)j2jj_1 | L(x) | . [ 


The metric defines the strong topology in E. We have also the weak topology 
in which the relation z, — 2» means that L(x, — 20) — 0 for every L e E. 


The set of all linear bounded transformation U on E to E forms a ring &, i 
non-commutative and having divisors of zero. We recall that there are three “ 
topologies of special interest in &, viz. the weak, the strong, and the uniform 
topologies.* In the weak topology the relation U, — Uo means that L((U, — J 
> Oforeachx eE,L¢E. Inthe strong topology it means || (U, — Uo)z || T 
— 0 for each x ¢ E, and in the uniform topology || U, — Uo || > 0,i-e., supjj2))—1 “ 
(Un — Uo)x || 0. nm 

2.2. The Analysis of Functional Operators ; 
In our study of semi-groups we shall have to apply various processes of ie 
analysis to families of linear transformations in their dependence upon param- th 
eters. For the convenience of the reader we collect in this and the next para- ws 
| graphs what we shall need in the way of notions and results. we 

Let U(¢), & = & + in, denote a family of transformations in &, defined for ¢ po 
in a set Z of the complex ¢-plane. We say that U(¢) is weakly measurable in Z, te 

| if L(U()z) is a measurable function of ¢ in Z for each x ¢e E, Le E. We say ok 
| that U(¢) is continuous at £ = {» in the sense of one of the topologies (weak, | 
strong or uniform) if the relation U(¢,) — U(go) holds in the sense of that Ul 
i topology whenever ¢, — {o. The meaning of continuity in a domain and in the su 
; sense of the various topologies is obvious. We note that uniform continuity ‘ 
4 implies strong continuity which in turn implies the weak kind. If Z is a set int 
: 3 These notions are due to J. von Neumann [1]. (2. 
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on the real axis we can also define continuity on the right or on the left, semi- 
continuity etc. Thus, in particular, U(£) is strongly continuous on the right at 
t = & if || [(U(g + h) — U(&)]z || +0 for each x ¢ E ash — 0 through positive 
values. 

Again if U(é) is defined for a < & S B we can define the notions of bounded 
variation. Thus, for example, U(é) is of bounded variation in the strong sense 
in [a, 8] if for any sub-division of [a, 8] and any x « E 


We shall need several notions of integration. The integrals will either be con- 
tour integrals in the complex plane or Riemann-Stieltjes integrals on an interval 
(a, 8). The integrand will be either an operator function U(¢) in & or elements 
U(s)z in E or bilinear functionals L(U(¢)z) in the product space (E£, E). 
In the case of an operator integral we consider sums of the usual type 


U, = U (Can Pecan): 
k=1 


Here the ¢’s are points on a rectifiable oriented are C in the complex plane and 
U(s) is defined on C. Suppose that as max | fin — x-1,n | > @ the sums con- 
verge (in the weak, strong or uniform sense) to a limit independent of the mode 
of sub-division. This means that there exists an operator U* in & such that U, 
converges to U* in the topology in question. We refer to U* as the weak, strong 
or untform integral, as the case may be, of U(¢) along C and use the notation 


/ U(¢)d¢, leaving the character of the integral to be surmised from the context. 
Cc 


The space & is complete in the strong as well as in the uniform sense, but may 
conceivably not be weakly complete. This fact may sometimes render the 
notion of weak convergence somewhat illusory. 
Thus if U(¢) is strongly continuous along C, the sums U, converge strongly, 
i.e., U(¢) is integrable in the strong sense along C. The same is true if we re- 
place the word “strong” throughout by the word “uniform” But if we know 
that U(¢) is weakly continuous along C, we can merely show that L(U,2x) con- 
verges to a bilinear functional F(z, L) on the product space (E, £), and in general 
we do not know for sure that F(z, L) is of the form L(U*x) with U* «&. This 
complicates matters somewhat, but, fortunately, in the case of greatest interest 
to us, that in which U(¢) is holomorphic, the three notions of integration coin- 
cide as we shall see below. 
: The strong convergence of the Riemann sums formed out of the operators 
: U(¢) on C in & implies an. ~ implied by the strong convergence of the Riemann 
sums formed out of the corresponding elements U({)x of Z. Thus we have also 


integrals of the type and 
Cc 


(2.2.1) [ = [ [U(s)alds. 


n 
4 
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Here both integrals are taken in the strong sense, but if the integral on the left 
exists in the weak sense, so does the integral on the right. The relation 


holds for weak integrals. For strong integrals we have further 


(2.2.3) | s 


and for uniform integrals even 


(2.2.4) || || | |. 


| 

c 
We leave it to the reader to develop the theory of Riemann-Stieltjes integrals. 
We shall merely be concerned with the case in which the integrand is uniformly 
continuous, the integrator is uniformly of bounded variation and the limit of the 
Riemann-Stieltjes sum is taken in the uniform sense. 

We say that U(¢) is differentiable at § = { in the sense of the topology if 
lim,+olU (fo + h) — U(%o)]/h exists in the sense of that topology and is inde- 
pendent of the mode of approach to zero of h. If U(¢) is uniquely defined, 
continuous, and differentiable at all points of a domain Z, we say that U(¢) is 
holomorphic in Z in the sense of the topology in question. It is clear that uni- 
form holomorphism implies the strong kind which in turn implies the weak one. 
But here the converse is also true and even still more. 

THEorEeM 1. If an operator function U(¢) has the property that L{U(¢)a] is 
holomorphic in a fixed domain Z for every x ¢ E, L ¢ E, then U(f) is holomorphic 
in Z in the uniform sense.* 

Proor. Let Zp) be any bounded domain interior to Z and having a positive 
distance from the complementary set of Z. We shall base our proof upon the 
fact that if a numerical function is holomorphic in Z its difference quotient 
[f(¢ + h) — f(§)]/h converges uniformly in Z). Thus we can find a constant 
M = M(a, L) such that for ¢, § + h, and ¢ + gin Z 


+ 9g) — — [UE + — | S |g — h| MG, L). 


But a theorem of Banach ({1], p. 80, theorem 6) says that if the least upper 
bound of | L(y) | for y in a fixed set Y ¢ E is finite for andi Lin E, then: J - must 
be a bounded set. Letting Y be the set of elements 


(UG + 9) — — [UGE + h) — U®I/h)x/Q 


where z is fixed and ¢, ¢ + g and ¢ + h range over Z , we see that we can find 
a constant N = such that 


| (UG + 9) — — (UG +h) — UMI/h)zx || S |g — h| 


‘This theorem is due to Professor Nelson Dunford. I publish it here with his per- 
mission. 


| 
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This inequality shows that the difference quotient [U(¢ + h) — U(¢)]/h con- 
verges strongly in Z). Since & is complete in the strong sense we conclude that 
U(s) is strongly differentiable in Zo and consequently also holomorphic in the 
strong sense. Zp being arbitrary, this conclusion extends to Z. 

But we can go further. Another theorem of Banach ((1] p. 80, theorem 5) 
says that if the least upper bound of || Vz || for V ranging over a fixed set & C & 
is finite for every fixed x in E, then &; must be bounded in the uniform topology 
of &. This proves the existence of a constant C such that 


+ 9) — — (UE +h) — S 


for ¢,¢ + g, and ¢ + h ranging over Z). From this we conclude uniform differ- 
entiability in Z) and consequently that U(¢) is holomorphic in Z in the uniform 
sense. This completes the proof of the theorem. Thus the three notions of 
holomorphism coincide, and we can say simply that U(¢) is holomorphic in Z 
without specifying the topology. 


This implies that if C is a simple rectifiable arc in Z and U(¢) is holomorphic 
in Z, then the integrals and [U(¢)z] exist as uniform limit in & 
Cc Cc 


and strong limit in £ respectively. But the theorem also gives us a convenient 
means of extending ordinary complex function theory to operational function 
theory in the strong topology of FE and the uniform topology of &. In the fol- 
lowing we shall need especially the validity of Cauchy’s theorem and of Cauchy’s 
formulas and the possibility of expanding a holomorphic function in power 
series. 

If C is a closed contour satisfying the usual restrictions and if U(¢) is holo- 


morphic inside and on C, then i) L[U(¢)z] dé = 0 for every z and JL, i.e., 
Cc 


whence we conclude that 
(2.2.5) [U(¢)z]dg¢ = 0 and [ dé = 0. 
t 
Thus Cauchy’s theorem holds for holomorphic operators. 
The same type of argument shows that 
(n) _ ni dg 
d (2.2.6) U (fo) = oni — n 0, 2, 


4s (Added in proof:] N. W1zNzR [1] seems to have been the first to consider analytical 
function theory in the strong sense in a complex space (B). For recent results and litera- 
ture, consult A. E. Taylor [1]. 
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so that Cauchy’s formulas apply. Using (2.2.4) we see that if U(¢) is holo- 
morphic in | ¢ — ¢0| S p then 


n —n 1 
(2.2.7) 
n!p suposecer || U(So + 
For n = 0 this inequality shows that |! U(¢) || is a subharmonic function in the 


domain of holomorphism of U(¢). 
For | ¢ — £0] < p we have 


(2.28) =X 00" 


n=0 


IA 


in the sense of uniform convergence since the estimates (2.2.7) show that the 
sum of the norms of the terms converges for such values. A similar argument 


applies to the series of Laurent. 


2.3. Operational Binomial Series 


In chapter 3 of this paper steady use will be made of expansions of operator 
functions in binomial series. The main properties of such series will be listed 
in the present paragraph.” 

Consider the series 


(2.3.1) 2, L) = LUn2) Une &, 
for fixed x and L. The series has an abscissa of convergence oo(z, L) given by 
(2.3.2) oo(z, L) = —1 + lim sup,se log | L(V,2x) | /log (n + 1), 
where 

Vn = Uo — Ur + U2 — + (—1)"U 


provided the abscissa exceeds —1. This is the only case of interest to us. It is 
well known that the series defines an analytic function of ¢, holomorphic in the 
half-plane of convergence R(¢) > oo(x, L). Let 


= sup oo(z, L) when || = 1, || L || = 1. 
We suppose that o) < ». It follows that the series 


(2.3.3) U. ) 


n=0 n 


converges weakly for R(¢) > oo. If it has a weak limit U(¢) in this domain, 
U(£) is holomorphic for R(¢) > oo. We leave this question open, but show the 


5 For the general theory of binomial series, also known as binomial coefficient series or 


Newton’s interpolation series, the reader is referred to N. E. Nérlund [2]. The basic, 


memoirs in the field are those of F. Carlson [2] and Nérlund [1]. 
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existence of a uniform limit for R(¢) > oo + 1, so that the series defines a holo- 
morphic operator function in & at least for R(¢) > o + 1. We call this func- 
tion U(¢). 

For this purpose we shall estimate the coefficients. It follows from (2.3.2) 
that to every ¢ > oo we can find a constant M = M(o, zx, L) such that 


|L(V,x)| z, L) 


and the same estimate is clearly true for | L(U,2x) |. Using Banach’s theorems 
quoted above, we conclude that 


T(n + o + 2) 
Consequently 
[(n+o+ 2) 
(2.3.5) | U@) | Bo) 


and this series converges for R(f¢) > ¢ + 1. Hence the series (2.3.3) converges 
strongly and uniformly at least for R(¢) > o + 1. 

The expansion of a numerical function in binomial series is not unique owing 
to the existence of null series. If m is an integer = 0, the series 


nt+m{ 
= (-1) (”) (‘) 
converges for R(¢) > mtothe sum zero. It has the same sum for ¢ = 0,1, --- , 
F m — 1, and equals 1 for ¢ = m. This fact can be used to obtain the so called 
reduced series for U(¢). We shall suppose that U(¢) is known in advance to be 
holomorphic in the right half-plane and to be defined at the origin, U(0) « &. 
We can then find coefficients ¢ , ¢; , -- + , Cp , Where p = [oo] so that the function 


U® + 
m=0 


“ has a binomial expansion weakly convergent for R(f) > oo and takes on the 
value U(m) for £ = m, m = 0, 1,---,p. The resulting binomial series is 
known as the reduced series. We shall always suppose that this process has 
been carried out in advance, so that the binomial series with which we are dealing 
are reduced series. 

In the case of a reduced series, the coefficients are uniquely determined by the 
values of U(¢) at the non-negative integers. We nnd by substitution 


k=0 


he 


an Let us return to (2.3.5). Using an estimate due to F. Carlson [2] we find 
sic , . that for every 8 > oo + 1 and for —r/2 < 60 S 1/2 


(2.3.7) | U(B + re’) || < B(B) exp [rl(6)] (1 + r cos 


is 
; 
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where 
(2.3.8) 1(@) = 6 sin 6 + cos @ log (2 cos 8). 


Carlson has shown, conversely, that if an analytic function f(¢) is holomorphic 
for R(¢) = B and 


(2.3.9) f(B + | < M exp [rl(0)] (1 + 7)’, 


then f(¢) can be represented by a binomial series whose abscissa of convergence 
is less than or equal to the larger of the two numbers a and 8. From this result 
we get immediately the following 

TueorEM 2. Let U(¢) be an operator function holomorphic for R(¢) > 0 and 
having a value U(0) ¢& at the origin. Further, for every B > 0 let 


(2.3.10) U(B + re’) || < M(8) exp [rl(@)] (1 + 1)’. 
Then 


(2.3.11) = (—1)"* (;) uw} 


where the series is weakly convergent at least for R(¢) greater than the larger of the 
numbers 0 and a, and is strongly as well as uniformly convergent at least for R(¢) 
greater than the larger of the numbers 0 and 1 + a.° 

Proor. We apply Carlson’s theorem to the function L[U(¢)z] with an 
arbitrary x « E, L e E, and conclude that the series (2.3.11) is weakly convergent 
in the half-plane stated in the theorem. We have then merely to apply the 
argument which led to the estimate (2.3.5) above in order to complete the proof. 

A numerical binomial series can be summed by Cesaro’s method of summation, 
but Norlund’ has given a much more powerful method which applies in the largest 
half-plane in which the function represented by the series is of finite exponential 


order. If f(¢) is holomorphic for R(¢) = B, and 
+ re’*)| < A exp [Br], 


then we can clearly determine w so small that f(wf) satisfies (2.3.9) and is conse- 
quently representable by a convergent binomial series in the variable ¢. This 
gives a convergent binomial series in the variable ¢/w for the original function 
f(s). Since min 1(6) = log 2 it is sufficient to take w < (log 2)/B. In particular, 
if {(¢) is representable by an ordinary binomial series in the variable ¢ convergent 
for R(¢) > oo, it also admits of a representation in terms of a binomial series 
in the variable ¢/w for0 <w <1. Let the abscissa of convergence of the latter 


* The reader should keep in mind that the statement ‘‘uniformly convergent’’ refers 
to the topology of & and not to the ¢-plane. Actually the uniform convergence holds uni- 
formly with respect to ¢ in any finite portion of the half-plane R(¢) = max (0, 1 + a) + «. 

7 For the following discussion compare Noérlund [1], pp. 37-44. 
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series be denoted by oo(w). Ndérlund has given the following method for the 
determination of oo(w). Define 
1 


v(é) = lim log | + in)}. 


There exists a largest value 8) S 8 such that f(~ + in) is holomorphic and y(¢) 
is finite for § > Bo. Then y(£) is non-negative, monotone decreasing, con- 
tinuous, and convex for — > Bp. We can find the largest interval (w) , w;) such 
that for 0 S w <w <w, S + © the equation 


us 
has a unique solution, ¢ = ow). This is the required abscissa of convergence. 
For 0 < w S w we have ao(w) = oo(wo), for w > wo, oo(w) = +2. Further 
oo(w) is monotone increasing and continuous for w <w < w, . 
Applying this method to operator functions we are led to the following 
theorem. 
THEOREM 3. Let U(¢) be an operator function belonging to &, holomorphic for 
Rs) > 0, and U(O) € &. Suppose that for every 6 > 0, || U(S + re”) || < A; 
exp [Bsr], and put 


(2.3.12) = lim supjq|+« log || U(E + 0. 


Then y(&) is non-negative, monotone decreasing, continuous, and convex for — > 0. 
Determine the largest interval (w , w:) so that the equation 


= 


has a unique solution, = oo(w), for <w oo(w) is monotone increasing 
and tends to zero when w — a. Further, 


(2.3.13) Ue) (7) U(ke)} (‘ 
n=0 (k=0 n 

where the series is weakly convergent for R(¢) > 0 when 0 < w S wo, and for 
RO) > oow) when wy < w < w,, and fails to converge weakly whenw > w,. The 
abscissas of strong and of uniform convergence exceed the abscissa of weak convergence 
by at most w. 

Proor. We have merely to apply Nérlund’s theorem quoted above to the 
family of functions L[U(¢)z], || Z || = 1, || 2 || = 1. Each of these functions 
gives rise to a growth function y(£; x, L) and an abscissa of convergence oo(w; 
L). Further 


= sup y(é; 2, L), = sup z, L). 
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From these relations follow both the analytical properties of y(é) and oo(w) 
and the properties of weak convergence stated in the theorem. The position 
of the other abscissas follows from the estimate of the coefficients which is 
obtained from the knowledge of the abscissa of weak convergence. 


2.4. Semi-Groups of Transformations 


After these preliminaries we are prepared to take up the study of semi-groups. 
Let S = {T.} be a one-parameter family of transformations having the 
following properties: 
Tae&fora = O0and Ty is the identity. 
(Te) For each x in E we have 


(2.4.1) = Ts(T at) = a 20, B20. 


Under these circumstances we call © a one-parameter semi-group. It is 
evident that a semi-group has several properties in common with Abelian 
groups. Thus there exists a unit-element, the identical transformation. Fur- 
ther, the composition, in our case addition, is unrestricted, associative, and 
commutative. But ordinarily the elements of S do not have inverses, that is 
unless 7’, produces a one-to-one map of £ upon itself. 

We have supposed here that 7’, is defined for0 < a < «~. If we suppose 
instead that 7, is defined merely for 0 < a S aand that (2.4.1) holds whenever 
a, 8, and a + B belong to the interval [0, a], then we can extend {7'.} to become 
a semi-group. Indeed, it is evidently possible to define transformations 7. 
for a > a with the aid of (2.4.1) in such a manner that the resulting extended 
set forms a semi-group. | 

A different situation presents itself when 7’, is defined for0 <a SaZSb< x 
and (2.4.1) holds when a, 8, and a + 6 belong to [a, b]. The latter assumption 
presupposes that b > 2a. Here an extension for a < a orb < a@ does not ap- 
pear to be always possible (ef. §2.5). We shall call such a set {7.2} an incom- 
plete semi-group. 

Let S beasemi-group. Wesay that © is weakly measurable when the operator 
function 7. is weakly measurable for a = 0. The property of being weakly 
measurable is not implied by the semi-group property. Indeed, let f(w) be a 
real, non-measurable solution® of the equation f(u + v) = f(u) + f(v). Then 


(2.4.2) Tax =e a =O, 


defines a semi-group which obviously is not weakly measurable. Since || 7'.2 || 

= ||ax||, || 7. || = 1, we conclude that measurability, or even continuity and 

analyticity, of || 7’. || does not imply the weak measurability of a semi-group. 
We say that © is bounded on a finite interval (a, b),0 Sa <b < ~, if 


(2.4.3) $M, asadsb. 


’ Such solutions exist according to Hamel [1]. 
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It is bounded on an infinite interval (a, ~) if 
(2.4.4) asa<o. 


It is clear that (2.4.4) implies (2.4.3), but the converse is also true by virtue 
of the semi-group property, the resulting value of B being < (log M)/b. In 
particular, the inequality 


(2.4.5) lim supe—o || T. || = A < ~ 


implies the boundedness of S on (0, €) and hence also on (0, ~). 

The property of being bounded is not implied by the semi-group property. 
Indeed, suppress the factor 7 in the exponent in formula (2.4.2) and the result 
is a non-measurable semi-group which is not bounded in any interval. Whereas 
boundedness does not imply measurability, measurability of the norm implies at 
least some types of boundedness. 

TueoreM 4. [f || T. || is measurable for a > 0, then || T’. || is bounded on any 
interval [a, b],0<a<b< om. 

Proor. Put 


(2.4.6) e(a) = log || Ta ||, p(a) = + | e(@) |}. 


By assumption these are measurable functions of a. From the semi-group 
property follows that 


(2.4.7) e(a + 8) S e(a) + e(8), 


and a simple argument shows that the same inequality is satisfied by p(a). 
We want to show that p(a) is bounded on [a, b], a > 0. Suppose contrariwise. 
Then there exists ay 2 a and a sequence a, — y such that p(a,) 2 2n. Now 
let a and 8 be arbitrary positive numbers whose sum equals a, , then p(a) + 
p(B) = 2n by (2.4.7). This implies that the subset on [0, a,] where p(a) = n 
has a measure = a,/2 for every n. Consequently p(a) = + ~ on a set of 
measure = a/2. But this is impossible, because 7’. € &, i.e., || T'. || has a finite 
definite value for every fixed a > 0. It follows that p(a) is bounded in [a, }] 
and consequently also || 7’. || . 

The argument does not permit us to show that measurability of || 7’. || implies 
(2.4.5), ie., boundedness of S on (0, ©). For this question see §5.2. 

We have already defined various types of continuity for operator functions. 
Suppose that © is a semi-group and that 7, is continuous on the right in the 
weak sense at a = ap = 0, i.e., for every xe E, Lc E, 


L(T > L(T as h | 0. 
Let a >a. Then 


L(T LT ag+n(T a—ay L{T a—ap%)] L(T.2), 


i.e., continuity on the right at a = a» implies the same property fora > a. 
The semi-group property alone does not imply any kind of continuity of 7. 
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as is obvious from our previous examples involving non-measurable semi- 


groups. But N. Dunford [1] has proved the following 

Tureorem. If is bounded on (0, ~) and weakly measurable and in addi- 
tion, for every x ¢ E the set {Tx}, a > 0, is separable, in particular, if E is sepa- 
rable, then T. is strongly continuous on the right fora > 0. If the set {T.} of 
points in & is separable in the uniform topology of &, then T, is uniformly con- 
tinuous on the right for a > 0. 

Finally we note that continuity of a semi-group does not imply differen- 
tiability. This is shown by the following example. Let E be the Lebesgue 
space L2(— with the customary metric and put 


Tax =ezx(t), a ZO. 


Then 7’, generates a semi-group S which is uniformly continuous. But if we 
form the difference quotients ; 


we have a sequence of transformations the norms oi which tend to infinity as 
h— 0. It follows that 7’. is not differentiable even in the weak sense in spite 
of the fact that 7.2 is an analytic function of a for fixed x and ¢. 


2.5. Analytic Extension and the Semi-Group Property 


So far we have only considered semi-groups defined on the positive real axis. 
Suppose now that we have an operator function W(¢) defined in a domain Zo 
of the complex plane and such that 


(2.5.1) = = + $2), 


whenever ¢,, f2, and {; + & belong to Z). We then say that W(¢) has the 
semi-group property in Z. If, in particular, Z is closed under addition, i.e., 
+ belongs to Z) whenever and do so, if, in addition, = 0 is a 
boundary point of Zo and W(0) = I, we say that W(¢) defines a semi-group in Zo . 

If a semi-group S = {7'.} be given for a = 0, it is always possible to embed 
it in a semi-group defined for the right half-plane. It is sufficient to take 
W(é + in) = e”T;. This extension is obviously not analytic except in the 
special case in which 7; = e*. 

On the other hand, if an incomplete semi-group admits of an analytic ex- 
tension, then the extension has the semi-group property in the domain of 
analyticity. Before we prove this result, let us define the linear extension 
ZofZ,. A point ¢ shall belong to Z if and only if there are points , f2, --- , 
in Z and positive integers m, , m2, --- , m, such that 


= mihi + + --- + 
We shall prove the following 
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THeorEM 5. Let {T.2},0<a<a<b < & (2a < b) be an incomplete semi- 
group. Let W(s) be an operator function defined in a domain Zo of the complex 
f-plane, containing the segment (a, b) of the real axis, let W(¢) be holomorphic in 
Zand W(é) = T;,a< <b. Then has the semi-group property in Zp . 
Moreover, W(s) can be defined as a holomorphic function having the semi-group 
property in the linear extension Z of Zo . 

Proor. Let abe a fixed real number, a < a < 6/2, and form the two operator 
functions 


W((W(a)] and W(a)[W(s)]. 


They exist and are holomorphic functions of ¢ in Z). For ¢ = & real,a < & < 
b/2, they coincide, the common value being W(¢ + a). They are consequently 
identical within their common domain of analyticity and coincide with W(¢ + a) 
as long as also¢ + ae€Z. Let Zo(a) be the domain Zp + a, i.e., ¢ € Zo(a) if 
— @e Zo 

In that portion of Zo(a) which is outside of Zp) we define 


(2.5.2) = WE — a)[W(a)]. 


This definition makes sense since £ — ae Zp). It defines W(¢) as a holomorphic 


function of ¢ in Z(a). Suppose now that ¢ € Zo(a)-Zo(8), wherea < a < B < 
b/2. Since 


W(é — a)[W(a)] = W(é — 8)[W(8)] 
fora+ B < & < b/2 + a, we conclude that 
a)[W(a)] = WE — B)[W(B)], & Zo(a)- Zo(8). 


Hence the definition of W(¢) is unique in the union of all sets Zo(a), a < a < b/2, 
and is independent of a. 
Now consider the operator function 


— a)[W(e)). 


This function is defined for a ¢ Z) , § — a € Zo, and is a holomorphic function of 
a as well as of ¢ in the domain of definition. Let a < a) < 6/2 and consider a 
small circular region :|a@ — ao| < p. Let be such that — a» Zo and 
consider the circular region 72 :| ¢ — fo | <p. If pis suitably chosen, all points 
of y: are in Zp and all points of yz are in Zo(ao). When a is real and in 7; , and 
fev, then W(¢ — a)[W(a)] = W(f), i-e., is independent of a. It follows that 
this relation holds everywhere in y; and hence throughout the domain of an- 
alyticity of W(¢). Thus the definition 


Ws) = — [W(a)] 


holds for ae Zo, ¢ — aeZo. It defines uniquely as a holomorphic oper- 
ator function satisfying the semi-group property. In particular, the semi- 
group property is found to hold in Zp. 
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At this stage of the process the function W(¢) is defined for ¢ in Z, , where Z; 
is the set of all points ¢ of the form ¢ = mf; + mefe with §; and f in Zo , m, and 
mz being non-negative integers, 1 < m; + me S 2. In particular, the line-seg- 
ment a < < 2b belongs to Z;. We can now apply exactly the same argument 
and the same process of extension to the domain Z; as we have just applied to 
Z). This leads to the definition of W(¢) as a holomorphic function satisfying 
the semi-group property in a domain Z.. Here Z2 contains all points of the 
form ¢ = >-i mf, where ¢;’s are in Zo and the m,’s are non-negative integers 
having a sum between one and four. The procedure can then be repeated in- 
definitely. It is clear that every point of Z, the linear extension of Zo defined 
above, is reached after a finite number of extensions and belongs to the domain 
of holomorphism of W(¢). Further, the semi-group property holds in Z by 
virtue of the process of extension. This completes the proof of the theorem. 
We have assumed tacitly that Zp is not its own linear extension in which case of 
course the last part of the proof becomes superfluous. 

We see in particular that the line-segment (a, ©) belongs to Z, i.e., an in- 
complete semi-group defined on a < ~ < b (2a < b) can always be extended for 
£ = bin such a manner that the semi-group property is preserved, provided 7; 
is analytic on the line-segment a < & < b. It would seem likely that in this 
statement analyticity can be replaced by quasi-analyticity. 

Theorem 5 shows that the domain of holomorphism Z of an operator function 
W(¢), which defines a semi-group, is closed under addition. If it contains a 
point it must contain all points of the form {> + where Z. In the sim- 
plest case, that in which Z contains the positive real axis, we know that all points 
fo + h,h > 0, are in Z. In any case we can find a sequence {f,} such that 
€Z, &n| > | 0, and arg ¢,, tends to a finite limit. If the distance 
of {9 from the boundary of Z is supposed to be 6, then all points ¢ belong to Z 
which have a distance less than 6 from any one of the points {> + kt, , where 
k =0,1,2,---,n =1,2,3,---. In particular the rays arg (¢ — {0) = arg fn 
belong to Z for n sufficiently large. We conclude from these facts that Z is 
simply connected. 

It is obvious that Z contains sectors of the form 6; < arg (¢ — {0) < be. 
If 6 — 6, can be taken greater than 7z, it is readily seen that Z must be the 
whole plane. In this case W(¢) defines a group rather than a semi-group. 
Let us exclude this case. Z is then contained in some half-plane 6; < arg ¢ < 
6; + 7, and it is no restriction te assume 6; = —7/2, so that Z is some subset 
of the right half-plane. We see thus that the right half-plane can be regarded 
as the maximum domain of holomorphism of a semi-group. 

The boundary T of Z is the natural boundary of W(¢) in the following sense. 
To every point ¢) on I we can find elements x « E, L ¢ E such that L[W(s)2] 
admits of {> as a singular point. Judging from simple examples it should be 
possible to determine x and L so that L[W(¢)z] has T as its natural boundary 
and it may even be possible to determine an L to every z so that this is the case. 
I am not able to prove these surmises, however. 
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We shall say that a family of operators {W(¢)} having the semi-group property 
in a domain A is bounded in A if there exist constants A and B such that 


(2.5.3) | Ws) || SAexp([Bl¢|], 


Let us consider the most important case, that in which {W(¢)} forms a semi- 
group in the right half-plane, i.e., the maximal domain of existence. Let S, 
be the sectore S |¢|, |arg¢| Sx/2—¢,¢>0. Itis readily seen that © is 
bounded in S, for every « > 0 when W(¢) is holomorphic. Indeed, if this were 
not the case, then there would exist a monotone increasing function w(r) > ~ 
with r and a sequence of points ¢, S, , where | ¢, | = rn such that 


| W (én) | 2 exp [rnw(rn)]. 
But 


|| |" 2 || WE) |. 


Hence choosing ¢ = [,, m = [ra], we get 


|| WSn/[ral) || 2 exp 


and this would imply that || W(¢) || would not be bounded in the domain 1 < | ¢ | 
<1+6,|arg¢|< 1/2 «. This contradicts the assumption that W(¢) is 
holomorphic for § > 0. Here we conclude that S is bounded in S, for every 
e> 0. 

On the other hand, it does not seem to follow from the semi-group property 
that W(¢) is necessarily bounded in any right half-plane. Nor is the rate of 
growth of || W(é + zn) || for fixed € as | »| — © or for fixed 7 as — | 0 subject 
to any obvious restrictions. 


3. ANALYTICAL BOUNDED IN A HALF-PLANE 


3 


3.1. Necessary Conditions 


n 


Let the operator function W(¢) define a semi-group bounded and holomorphic 
in every half-plane = 6 > 0. We shall characterize W(¢) by means of the 
properties of its resolvent for small real values of ¢. 

Theorem 3 shows that W(¢) can be represented by a binomial series in the 
variable ¢/w for sufficiently small values of w. Since 


3.1.1) Wee) = - Worl, 
the series takes the iorm 

< n n 
(3.1.2) = (—1)"T — ) 


or symbolically 
(3.3.3) Ws) = — = 
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Here, however, we have to define the power with the aid of the preceding series 
when the latter is convergent. 

Let the abscissa of weak convergence be oo(w). It is determined by the 
method given in Theorem 3. We know that o(w) | Oasw | 0. Ifw < 
and o > oo(w), formula (2.3.4) shows that 


T'(o/w + n + 2) 
+ 2) (n + 1)" 


(3.1.4) W@)]" || = BG, «) 


Let us now consider the series 


(3.1.5) (1 [1 — = RQ, «). 
We have 

1 —2—a/w 
(3.1.6) || RCA, w)|| Bo, {1 


by (3.1.3). It follows that the series converges in the sense of the uniform 
topology for |’ — 1| > 1. 

Following Hadamard we define the order of an operator power series ),o Unt" 
on its circle of convergence, which we take to have the radius one, as 


1 + lim sup, log || U, ||/log n. 


Using (3.1.4) we see that R(A, w) is of finite order p(w) on the circle | 4 — 1| = 1 
and 


(3.1.7) p(w) < * ool) + 2, 


A simple calculation shows that for |’ — 1| > 1 we have 
(3.1.8) RA, PJ — Ww)] = DI — w) = I. 


In other words, R(A, w) is the resolvent of the transformation W(w) and this 
resolvent exists as a bounded transformation in & outside of the circle | \ — 1| = 
1 for 0 < w < w and is of finite order on the circle. Thus we have proved the 
following theorem. 

THEOREM 6. Let W(¢) be holomorphic and define a semi-group in the right half- 
plane and let W(¢) be bounded in the sense of formula (2.5.3) in every half-plane 
&26>0. Let 


v(é) = lim SUP +0 nl log || + im) ||, 


* For the definition and properties of the resolvent see M. H. Stone [1], pp. 128-141. 
The extension from Hilbert space to a general space of type (B) does not cause any diffi- 
culties. 
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and put = Finally let 


Then for 0 < w < w the resolvent R(X, w) exists and is holomorphic for — 1 | > 1. 
Moreover, R(X, w) is of finite order p(w) S (1/w)ao(w) + 20n the circle |X — 1| = 
and satisfies (3.1.6) for any o > ao(w). 


3.2. Spectral Properties of Semi-Groups, I 


Suppose that S : {7} defines a semi-group on the positive real axis. In the 
complex )-plane let S(a) and R(a) denote the spectrum and the resolvent set 
respectively of the transformation 7, . We recall that if \; « R(a), then , a) 
e &, whereas if 2 € S(a), then R(Az , a) may cease to exist altogether and in any 
case does not belong to &. 

We have obviously 


(3.2.1) R(x", na) = II a), 
(3.2.2) RQ, a) = ROX", na) 


when the resolvents involved belong to &. The first formula shows that if all 
the resolvents on the right hand side exist so does the left hand side; hence if the 
left side does not exist in &, at least one factor on the right is not in & The 
second formula shows that the existence of R(A", na) implies that of R(A, a), 
but not vice versa. In other words, if \, « S(a) then Aj € S(na) and at least 
one of the n** roots of \; belongs to S(a/n), whereas if \2 « R(a) then all the n™” 
roots of \2 belong to R(a/n) but Az need not belong to Po. We can express 
this symbolically by 


(3.2.3) [R(a/n)]" > R(a), 
(3.2.4) [S(a/n)]" < S(a), 


where we use the symbol D” to denote the domain of the n™ powers of the quan- 
tities in a given domain D. 

Some applications of these relations will be useful later. Since 7. is a bounded 
transformation, the series 


n=0 
converges uniformly for || > || 7. ||. That its sum is R(A, a) is verified by 
multiplying on the left or on the right by J — 7. which gives the result J in 
either case. Thus S(q) is located in the circle || < || T. ||. From (3.2.4) 
we conclude that S(a/n) is located in the circle | \ | < || 7. ||'’". This is better 
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than the obvious estimate || < || Tan ||. Since || 7’. || is bounded on an 
interval of the form 0 < a/2 < a S a when || T, || is measurable for a > 0 by 
Theorem 4, we see that this hypothesis implies that S(a) is uniformly bounded 
for0 <aSa. 

Theorem 6 shows that the resolvent sets corresponding to holomorphic semi- 
groups are subject to special restrictions. Let us suppose that S(a) is located 
in the right half-plane for 0 < @ < a. Formula (3.2.4) shows that this result is 
self-improving. In particular S(a2~") is located in the sector | arg \ 
n = 0,1,2,---. Indeed, for n = 0 this is merely our assumption. Forn = 1 
we know that S(a/2) can consist only of square-roots of quantities in S(a) and 
here only the principal determination of the square-root can be used. Hence 
S(a/2) is located in the sector | arg \ | S 7/4. The proof is then accomplished 
by complete induction. We can also formulate the result as follows. The 
assumption that S(a) belongs to the right half-plane for 0 < a S a implies 
that S(a) belongs to the sector | arg \ | S for 2-""a <a S$ 2a. 

Let us now combine this result with the previous one. Suppose that || 7’. || 
is measurable for a > 0 and S(q) is located in the right half-plane for 0 < a S a. 
Then we can find an a such that S(qa) is located in the circle |\ — 1| S 1 for 
0 <a Za. This result is also self-improving. Using formula (3.2.4) once 
more we obtain the following theorem. 

TueorEM 7. [f || 7. || is measurable for a > 0 and the spectrum S(a) of Ta 
is located in the right half-plane for 0 < a S a then there exists an dp with the 
following property. For 2" "a < a S 2a, S(a) is located in the domain, 


6 
A = re", 


(3.2.6) < 2 cos n=0,1,2,---. 


We are also interested in the order of the resolvent on the circle | \ — 1| = 1. 
Theorem 7 shows that the only point that really matters is the origin. Suppose 
now that for a particular value of a the resolvent is of finite order at the origin. 
Can anything be said concerning the order of the resolvent at \ = 0 for other 
values of a? Theorem 8 below gives an answer to this question. 

Consider a sector Vy :0 < 1,~ S argd S — y, whereO < < 7/2 
so the opening of the sector is greater than 7. Consider an operator function 
U(A) holomorphic in Vy. Put 


(3.2.7) M(r) = sup || U(re®) || , ys 
We say that U(A) is of sub-exponential order in V, if 
(3.2.8) lim inf,.0r’ log M(r) = 0, ry = — y), 


whereas U()) is of finite order 7 in Vy if 


(3.2.9) lim log M() /log 
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With this terminology agreed upon, we have the following result. 

THEOREM 8. Let R(X, a) be holomorphic and of subexponential order in a fixed 
sector Vy for 0 < a S a, and of finite order r(a) fora = a. Then R(d, a) is of 
finite order r(an) for a = a, = a2", n = 0,1, 2, --- , and a,r(a,) does not in- 
crease with n. 

Proor. Consider the relation 


R(Vd, a/2) = (VAI + Ta)R(A, a). 


We know that if \ « R(a) then ++/d € R(a@/2). Now choose \ = re”, V/\ = 
A simple calculation shows that 


lim sup,—o log || R(./re™, a/2) || /log * < lim log || R(re*”, a) | og * Sr, 


if R(A, a) is of finite order 7 = r(a) in Vy. Thus to every « > 0 and for 6 = y 
we have 


| R(re®, a/2) || A(a, 


and the same inequality is evidently valid for 6 = 2x — y. 
Now form the operator function 


@/2). 


It is holomorphic in the sector Vy and we have just seen that its norm is bounded 
on the border of the sector. Since it is of subexponential order in Vy , the usual 
Phragmén-Lindeléf argument shows that its norm is bounded in Vy for every 
e> 0. It follows that R(A, a/2) is also of finite order in Vy and, if its order be 
denoted by r(a/2), we have 7(a/2) S 27(a). The proof of the theorem then 
follows by complete induction. 


3.3. Sufficient Conditions | 


We are interested in the problem of finding sufficient conditions in order 
that a semi-group, given on the positive real axis, will admit of an analytic 
extension in some right half-plane. Theorem 6 gives necessary conditions 
for the existence of such an extension bounded in every half-plane — 2 6 > 0. 
In addition, the operator function defining the semi-group must satisfy obvious 
conditions of measurability, continuity, and differentiability on the real axis. 
We shall prove, however, that a much weaker set of conditions ensures the exist- 
ence of the desired analytic extension. We shall be concerned with operator 
functions 7, satisfying the following six postulates: 

(T;) and (T>) as in §2.4. 

(Ts) || T'a || is measurable for a > 0. 

(Ts) TT. is weakly continuous on the right at a = ao, where a is fixed, = 0, but 
arbitrary. 

(Ts) S(a), the spectrum of T. , is located in the right half-plane for0 <a Sa. 
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(Ts) RA, a), the resolvent of Ta, is of sub-exponential order in a fixed sector 
Vy for 0 < a S a: and is of finite order for a = a. 
_ These conditions will turn out to be sufficient. While they compare favorably 
with the necessary conditions, they are not likely to be independent or reduced 
to minimum terms. Various modifications are possible. Thus if the space E 
is separable we can replace (T;) and (T,) by 

(T3) || || ts bounded ond <a Sa. 

(T3) Tis weakly measurable for a > 0. 
By virtue of Dunford’s theorem these conditions imply (T;) and (T,) when Eis 
separable. We shall now prove 

TueoreM 9. If S:{7'.} satisfies postulates (T;) to (Ts), then there exists an 
operator function W(s) and a constant c 2 0 such that W(¢) is holomorphic for 
> cand bounded for § => c + 6,6 > 0, and W(t) = T; =c. W(t) has 
the semi-group property in its domain of existence. 

Proor. It is enough to prove the existence of W(¢), the semi-group property 
follows from Theorem 5. We note first that (T;) to (Ts) imply the validity of 
Theorems 7 and 8. Put a, = a2". Here we can choose n so large that S(a,) 
is located entirely within the circle |\ — 1| = 1, except for the origin, and of 
course entirely outside of the sector Vy. For such an n we write a, = h and 
form the integral operator 


(3.3.1) = R(a, aa, 


oham the integral starts ond ends at the origin and surrounds S(h) once in the 
positive sense. We can integrate, for instance, along the circle |\ — 1] = 1. 
The power is given its principal determination. By Theorem 8 the resolvent 
R(A, h) is of finite order r(h) at the origin. Hence the integral will exist for 


3.3.2) > A[r(h) — 1] 


and defines an analytic function, holomorphic in this half-plane.” Since ~ h) 
is holomorphic outside of |\ — 1| = 1 we have 


(3.3.3) RQ, h) = — — |¥— 1| >1. 
(Compare formula (3.1.5).) Cauchy’s formula gives 


(I — = [ R(d, h)(1 — ar 


where we integrate along any circle |\ — 1| = » > 1. Choosing p = 1 +- 


and using the estimate 


1° The ‘ntegral (3.3.1) is analogous to that of S. Pincher!« [1] the existence of which is 
necessary and sufficient for the representability of an analytic function by means of a. bi- 
nomial series, The procedure in the present paragraph was suggested by pp. 43-46 of 
F. Carlson [2]. 
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| Ra, h) | A(h, €) | 
which is valid along the contour of integration, we get 
(3.3.4) | — T,)" || Ss Bh, 


Substituting (3.3.3) into (3.3.1) and integrating termwise, which is certainly 
justified for ¢’s with sufficiently large real parts, we get 


Formula (3.3.4) shows that this series converges in the uniform sense at least for 
(3.3.6) é>h[r(h) =o. 

Carlson’s estimate (2.3.7) shows that for B > o, and — 7/2 S @ < r/2 


Finally we note that | 
(3.3.8) W(kh, h) = Tix, 


where k is any integer greater than 7(h) — 1. 
The preceding analysis applies to any h of the form h = a, = a2" with 
sufficiently large n. Let us put 


(3.3.9) W,(5) = WC, an) 


and write o, and 7, for o(h) and 7(h) whenh = a, . 
We shall prove that W,(¢) and W,.4:(¢) are identical in their common domain 
of analyticity. Let o > max (0, o,, on4:) and form the function 


(3.3.10) AS) = 1+ — Wald). 


The preceding discussion shows that A,(¢) has the following properties: 
(i) A,(¢) is holomorphic for — = o. 


(ii) || + re”) || < M, exp |= |. 

(iii) A,(kan) = 0 for all integers k > o/an. 

(iv) 8) | ++ asso. 

These properties together imply that A,,(¢) is identically zero." Hence 
= Wanld), > max (on, On41). 


1 See F. Carlson [1], theorem E on p. 60. For the reader’s convenience the special 
case of this theorem which is needed here is reproduced in the Appendix of the present 
paper. Carlson’s theorem applies directly to the functions L[A,(¢)zr], z « E, L ¢ EB, and 
shows that they are all identically zero, whence it follows that A,(¢) = 0. 
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It follows that all functions W,(¢) are identical, n = m , and define the same 
analytic function W(¢) which is represented by the convergent binomial! series 
(3.3.5) fork = an, & > on. 

Theorem 8 shows that a,7(a@,) tends to a finite non-negative limit, c say, as 
n— ©, Since o, = — 1] we conclude that is holomorphic for 
£>c. It is bounded for & = c + 6, 6 > 0, on account of (3.3.7), since we can 
choose n so large that o, < c+ 6. 

Formula (3.3.8) says that W,(é) = 7; for = ka, = "a2 provided these 
values exceed o,. It follows that W(¢) = T; for every — > ¢ which is of the 
form k2~"a, , where k and n are arbitrary positive integers. These points are 


> everywhere dense on (c, ©). But 7: is by assumption (T,) weakly continuous 


on the right for £ = ap, hence also for every § > a. From this we conclude 
that L[W(£)z] = L[T.2] for £ > ¢ and for every x « E, Le E, whence it follows 
that W(é) = T:,& > c. This completes the proof of the theorem. 

Theorems 6 and 9 are not quite comparable unless c = 0. This will cer- 
tainly be the case if 


(3.3.11) QnT(@n) ~0 as @. 


It does not seem obvious that the domain of existence of W(¢) as a holomorphic 
operator function in & has to extend all the way to the imaginary axis, i.e., that 
c must be zero. 


3.4. Spectral Properties of Semi-Groups, II 


In the present paragraph we continue the discussion of the spectral properties 
of semi-groups which was started in §3.2. We assume now that (T;) to (Ts) 
are satisfied, so that 7; has an analytic extension W(é + 77). 

It follows that all the results of §3.1 apply provided we replace the half-plane 
§> Oby &>c. We see consequently that there exists an w, such that for 
0 <w < w,, the resolvent R(A, w) is holomorphic for | \ — 1| > 1 and of finite 
order p(w) on the circle. This implies that R(A, w) is of finite order in the sector 
Vi2:0< || S 1, 7/2 S S and this order cannot exceed 2p(w) as 
is seen by comparing the distances | \ | and | \ — 1 | — 1 from) to the origin and 
to the circle respectively. Using the argument employed in the proof of The- 
orem 8, we easily verify that R(A, w) is of finite order in the sector Vi, :0 < 
|A| $.1,7/4 S S 77/4 forw < 3a; provided R(A, w) is of sub-exponential 
order in this sector. The same type of argument applies to any other sector 
V, with 0 < < 7/2. 

If 7@) is the order of R(A, w) in some sector Vy it seems likely that wr() is an 
increasing function of w, but I can not prove this surmise. 

Using Theorem 3 we see that 
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for0 <w <wi, & > oo). Here S wl{r(w) — 1] and decreases to as 
w— 0. We have evidently also 


(3.4.2) = R(x, dd 


for the same values of the variables. Here we can let C be any contour sur- 
rounding Siw) once in the positive sense which starts and ends at the origin. 
Taking C to be the circle | \ — r, | = r. we get the following result. 

THEOREM 10. There exists anQ = w such that for 0 < w < 2 we can find circles 
|X — To | = T. containing For any such 


G43) WO) = 


where the series converges in the uniform sense at least for — > w{rw) — 1]. If 
rw) = inf r, for fixed w, then (1/w) log rw) is an increasing function of w. 

Proor. If 7, is chosen so that the circle in question contains S(w) in its 
interior except for the point \ = 0 we have 


(3.4.4) (rg — [ro — Wo)!” 


for|¥ —7r.| > If we suppose in addition that there exist a sector Vy with 
< x/2in which R(, a) is of finite order then we can substitute the series 
(3.4.4) in formula (3.4.2) and integrate term-wise. The resulting expansion is 
(3.4.3). The convergence is settled as in the proof of Theorem 9. 

Now take a fixed value of w, # = a say, and the corresponding series (3.4.4) 
with r. > r(a). Thus 


G45) WO bal Weed/rat 


By Theorem 3 the same function also admits of an expansion in a binomial 
series in terms of the variable ¢/w when w < a, the abscissa of convergence of 
which is not greater than that of (3.4.5). This new series is 

This is evidently an expansion of type (3.4.3), i.e. r@) S r2'*_ This holds for 
every ra > r(a), hence r(w) < [r(a)]*’* or (1/w) log rw) is an increasing function 
of w. This completes the proof of the theorem. 

The quantity Q introduced in Theorem 10 may be finite or infinite. In the 
latter case we have the following result. 

THEOREM 11. If 2 = «~, i.e., if S(w) is located in the right half-plane for every 
w > 0, then S(w) is a real non-negative point set for every w > 0. 

Proor. In order to see this, it is enough to refer to formula (3.2.4) according 
to which [S(w)]” € S(nw). If a non-real value of \ should belong to some S(), 
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then we can choose n so large that the n‘* power of } lies in the left half-plane. 
Then dX" « S(mw) or S(nw) has a point in the left half-plane against our 
assumption. 

Suppose now that Q is finite. We understand here by © the least upper bound 
of the values of w for which S(w) can be enclosed in a circle | \ — r, | = 74 and 
R(, w) is of finite order in some sector Vy where y = ¥(w) < 7/2. Then there 
cannot exist an a such that Q < a < 20 for which S(a) can be enclosed in a circle 
|A — ra| = 7% and R(A, w) is of finite order in some sector Vy for w = a and of 
sub-exponential order for w < a. Indeed, Theorem 8 applies for such an a, 
and the argument used in proving Theorems 9 and 10 can be employed again 
to show that R(A, w) is holomorphic outside of the circle |\ — ra | = ra and of 
finite order in Vy for0 <w <a. This contradicts the definition of 2. 

This does not exclude the possibility that S@) can be enclosed in a circle 
|A — vr. | = 7. and that R(A, w) is of finite order in Vy for some w > 22. The 
following example will make the situation clear. Let S : {W(¢)} be a semi- 
group, holomorphic in ~ > 0, such that for each > 0 the spectrum of W(é) 
consists of the line-segment (0, 1). We shall encounter such semi-groups in the 
next chapter. Then form @ : {U(¢)} where U(¢) = e*W(¢). This is evi- 
dently also a semi-group holomorphic in § > 0. The spectrum of U(é) consists 
of the line-segment joining the point e“ with the origin in the \-plane. We 


can choose W(¢) so that the order of W(é) is one in any fixed sector V, forevery ~ 


&>0. For GS, the constant Q equals 7/2, but for (2k + 1)1r/2 < w < (2k + 3) 
r/2,k = 1, 2,3, --- , S@) is located in the right half-plane and can be enclosed 
in a circle |A — r | = %. 

The last result of the present section is an extension of Theorem 7. 

THEOREM 12. Let a < Q and let r(a) be determined as in Theorem 10. For 
w < athe spectrum S(w) of T., is enclosed in the region S(w, a): 


wla 
(3.4.6) |r| {2r(a) eos 
w 2a 


Proor. We shall show that R(A, w) is holomorphic outside of S@, a). Let 
m be the least integer greater than c/w — 4. Then for values of \ to be specified 
later” 


> = [ W (ct)! dt 


m+1 
—irn* {W (wu + — — iwu)r™} (1 + du 
0 


I, + Is. 


Here » = m + } and the first integral is to be taken along a ray arg (¢— yw) = 
to be chosen later. Substituting the estimate of || W(¢) || which is obtained 


12 See E. Lindeléf [1], p. 129 et seq. 
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from formula (3.4.5) by the usual evaluation of the binomial series, we get after 
simple calculations 


and J, has no other singularities than 0 and « as long as the argument of } is 
restricted in the manner indicated. 

Thus the only singularities which are. of interest to us arise from J,;. The 
norm of the integrand in J; is dominated by 


exp Uy) + cos y-log Q + 


where Q = = |A|, = argd, anda > o, + 3. s |6| 


and < 1, any choice of such that sgn = — sgn 
integral. If 2Q"* > L = sgn = —sgn 8, and get the 


same result. Thus for > 5a < | 6| S x we find that || J, || is finite and bounded 
in the interior of the Joo In particular, J; is holomorphic in this sector. 
Suppose now that | @| < ae . The multiplier of p in the exponent is 


(2v +0) siny + tog {| 2, 008 of r cos 


i 


Let us choose y = — F 6. The exponent then becomes 


log (R/r) cos @, 


@ 


The exponent is negative for r > R. If this condition is satisfied 


where 


hil +0 E (R/r) cos 


It follows that R(A, w) is holomorphic outside of the curve r = R for every 
permissible choice of r2. Hence we can replace r. by its greatest lower bound 
r(a) and the theorem is proved.” 


‘8 This proof is based upon an argument given by F. Carlson [2], pp. 49-52. 
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3.5. Semi-Groups with Real Spectra 


We shall now consider semi-groups such that each transformation T,, has a 
real spectrum. We suppose that conditions (T;) to (T,) are satisfied and replace 
(Ts) and (Ts) by the following assumptions. 

(T;) The spectrum of T. is real positive for every a > 0. 

(Ts) If & denotes the distance of \ from S(a), then there exist constants K(a) 
and x(a) such that for every a > 0 


|| RO, a) || 


It is clear that these assumptions imply (Ts) and (Ts) respectively so that 
Theorems 9, 10, and 12 hold. in particular, there exists an analytic extension 
W(¢) of T.. defined for — > c where 


(3.5.1) 0 < ¢ S lim inf, ar(a). 


This function W(¢) is representable by the various binomial series which we 
have encountered in §§3.3 and 3.4, but in the present case other representations 
are available, namely in terms of Laplace-Stieltjes integrals. 

The spectrum of 7, is supposed to be real positive. We can always reduce 
the discussion to the case in which the spectrum is restricted to the interval 
[0, 1]. In order to do so, let us recall the quantity r(@) = inf r, introduced in 
Theorem 10. Put 


(3.5.2) 2r(a) = M(a), M(i)=M. 


Then M(a) is the least upper bound of the spectral values of T.. We shall 
show that 


M(a) M*. 


Theorem 12 shows that this is true for0 < a S 1. Suppose that it has been 
shown to be true for0 < a Sa. In §3.2 it was proved that if Xo « S(a), then 
either ++/X) or —~/Xp belongs to S(a/2). In the case of real positive spectra 
we must take the positive square root. Suppose a < a < 2a and that \» > M*. 
Then ~/X) > M?” and a fortiori, M(a/2) > M®?. This contradicts our as- 
sumption. Hence M(a) M* for alla > 0. 

Let us now define 


(3.5.3) U(s) = M*W(s). 


This is also an operator function having the semi-group property in the half- 
plane § > c. If Xo € Sw(a) then M “Xo € Su(a) and vice versa. It follows that 
So(a) is enclosed in the interval [0, M(a)M~“*] Cc [0, 1]. Hence the spectrum 
of U(a) always belongs to the interval [0, 1]. 

We have now 
(3.5.4) = Ro(a, dr, 
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where C is any rectifiable contour surrounding the interval (0, 1] once in the 
positive sense, beginning and ending at the origin, and a > 0 is arbitrary. The 
integral has a sense at least for > a[w(a) — 1]. 

We take a particular contour C in order to estimate the norm of the integral 
operator. Let p be a small number to be disposed of later and let C consist 
of the two straight line segments joining the origin with the points 1 + pi and 
1 — pi and the semi-circle of radius p joining the points and passing to the right 
of +1. The rectilinear paths give contributions to the norm of the form 


Kila) [1 + exp arctan ale(a) — 


a 
whereas the circular are gives 
K2(a)(1 + )** exp # arctan 


If é is fixed and > a [x(a) — 1] we can choose p = a/| 7 | and obtain 


(3.5.5) || UE + in) || 
whereas for ¢ = c(a) + re”, | 0 | < 2/2, we can take p = a/r and get 
(3.5.6) || U(c(a) + re”) || < K(a, 


where c(a) is any quantity greater than a[x(a) — 1]. These are the required 


estimates. 
Let us now introduce the Lindeléf mu-function. 


log || UE + || 
3.5.7 = |i 
which is defined for — > c. It follows from (3.5.5) that u(é) S (a) iff > a 
[r(~) — 1]. It is known that y(£) is a convex, monotone decreasing function, 
continuous for — > c. W/(¢) and U(¢) have the same mu-functions. 

Let & > c,B > u(f) + 1, and form 
1 


(3.5.8) i at. 


This defines an operator function depending upon two parameters ¢ and 8. 
It is easy to see that Ag(t) = 0 fort S O and 


(3.5.9) || Ag(é) I < | A,(u) || du Kee. 


Thus A¢(t) is absolutely continuous even in the uniform sense. 
Next form the integral 


{ 
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which is actually of the Laplace type though we use the Laplace-Stieltjes nota- 
tion to indicate the possibilities of generalizations. The estimates (3.5.9) suffice 
to show the absolute convergence of this integral for > & in the sense that 


(3.5.11) e* 


The argument which is familiar in the theory of ordinary Laplace-Stieltjes 
integrals can be used to show that the value of the integral in (3.5.10) is cFU(). 
Thus 


(3.5.12) Uy) e dAg(t) 


for > > + 1. 

The last condition is unnecessarily restrictive. A,(¢) has a sense at least for 
B > u(&), but may cease to be absolutely continuous for 8B < u(t) - * and 
may even lose the property of being of bounded variation.“ But 1 ~ «la 
(3.5.12) is still valid if the integral is suitably interpreted. It suffices to take 


d 
|| dt < 


(3.5.13) [ dA,(t) = ¢ e dt. 
v0 0 
The integral on the right converges absolutely for & > & in the sense that it 
converges if we replace e *‘ by its absolute value and A,(¢) by its norm. 
The dependence of A,(t) upon che parameter 8 is made evident by the formula 


We have thus proved 

Turorem 13. Let S: satisfy postulates (T;) to (T,), (Ts) and (Ts). 
Then there exists an analytic extension W() of T., holomorphic and having the 
semi-group property for — > c, where c satisfies (3.5.1). The Lindeléf mu-function 
u(é) of exists and is bounded for 2c + 6. Fort > & > there exist 
representations of the form 


(3.5.14) We) = Agl(t) dt, 
; 


where Ag(t) is given by (3.5.8) at least for 8B > u(k). If the integrand is replaced 
by its norm, the resulting integral converges for —§ > &. 

The most interesting special case is that in which z{a) is bounded S 7» for 
a> 0. We have then c = 0, u(é) S m for > 0, and (3.5.14) is valid at least 
for 8 > mo, the integral being convergent for — > 0. 


4 Cf. E. Hille & J. D. Tamarkin [2] for the corresponding phenomenon in connection 
with ordinary Laplace-Stieltjes integrals. 
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3.6. The Embedding Theorem 


We shall take up the question of constructing one-parameter families of 
transformations having the semi-group property in a half-plane. We shall show 
that under suitable restrictions on the resolvent of a transformation 7’ it is 
possible to embed T in such a family of transformations by a suitable process 
of interpolation performed on the positive integral powers of 7’. 

TueorEM 14. Let T ¢& and let R(d), the resolvent of T,, be holomorphic outside 
of the sector V,:0 S |X| S K, S S Yo, — < and let || RA) || 
< < Kinthe complementary sector. Let 


(3.6.1) wo =, Ron'a, 


where C surrounds V, once in the positive sense, beginning and ending at the origtn. 
Then W(£) is holomorphic and has the semi-group property at least for § > r — 1 
and W(n) = T" forn > + — 1. W(§) generates a semi-group if r = 1 anda 
groupifr 

Proor. Let Yo = 3(¥i1 + ¥2) and suppose —7 S yo < +7. OnC we suppose 
vo — 7/2 S S w+ 7/2and take’ = exp [¢ (log|\| +2 arg The 
integral in (3.6.1) is easily seen to exist as a holomorphic function for § > 7 — 1 
and W(n) = 7” in the same half-plane by Cauchy’s theorem. In order to see 
the semi-group property we had better expand W(f) in a binomial series. Let 
a = poe”? where pp > K/2. A simple calculation shows that 


(3.6.2) wo =a 


where the sum of the norms converges for § > +r — 1. Now form W(¢;)[W(é)] 
with R(¢,) > 7 — 1 and substitute the series. Since the powers of (J — T'/a) 
commute with each other and with the scalar factors, we obtain the double series 


> — T/a)*** ¥ 


which converges if every term is replaced by its norm. Hence we can collect 
terms freely and obtain the required result W(f1 + {2). 

W(°¢) is holomorphic in the right half-plane if s = 1 and hence generates a 
semi-group in this case. If + < 1, we find that W(¢) generates a group instead. 
Indeed, W(¢) is then holomorphic in a strip in the left half-plane and can conse- 
quently be continued analytically in the whole plane by Theorem 5. This case 
arises in particular if \ = 0 does not belong to the spectrum of 7. 

A similar remark applies to Theorems 9 and 13. If for any choice of a > 0 
the quantity r(a) or (a) is less than one the corresponding function W(‘¢) 
generates a group. 

The function W(¢) defined by (3.6.1) is not the only solution of the interpola- 
tion problem. If k is any integer, we can clearly multiply W(¢) by e*r® and 
still get a solution. It is not unlikely that these are the only measurable solu- 


a 
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tions, but I cannot prove that this is the case. At any rate the solution W(¢) 
has an extremal property. If U(¢) is any other solution of the interpolation 
problem which is holomorphic in a right half-plane, then U(S) — W(¢) vanishes 
at all the integers in their common half-plane of existence. If this difference 
D(¢) is not to vanish identically, its norm must satisfy the following inequality” 


lim sup log || D(é + im) || = 7. 
On the other hand, direct estimates of the integral (3.6.1) shows that ; 
(3.6.3) lim log | WE + in) | = max (| | |). 


Hence if —r < yi < v2 < 7, we can claim that W() gives the solution of the 
interpolation problem with the minimum rate of growth of the norm on vertical lines. 
These limits are precise. For a suitable choice of a transformation 7’ with a 
real negative spectrum, say on the interval [— 1, 0], so that ~: = yz = 7, the two 
transformations 


n=0 n 
may have the same rate of growth. 


4. SpecraAL INSTANCES OF THE GENERAL THEORY 


4.1. Self-Adjoint Semi-Groups in Hilbert Space 


Suppose that ZH = §, the Hilbert space, and let S : {7'.} be a semi-group of 
transformations on to defined fora 20. In addition we suppose that 

(T:) T. ts self-adjoint for every a > 0. 

This means that 


(4.1.1) (Tax, y) = (x, Tay), x,y eG, 


where (u, v) is the fundamental bilinear functional which defines the metric 


of the space. As the first consequence of this relation we get 
(T T aj2%, 

(4.1.2) = 

(T T | T aj2X | 2 0, 


i.e., 7’. is positive definite for every a > 0. 
Since | (Tz, Ter) | S || Tox || || Tex || , we get 


(4.1.3) (Taigt, S (Tre, £)(T2g2, 2). 
Hence putting 
(4.1.4) log (T.2, x) = g(a; 2), 


16 Cf. F. Carlson [1], Theorem C, p. 58. 
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we find that 
(4.1.5) e(3(a + B);x) S x) + o(8; x)). 


In other words, g(a; x) is convex with respect to a.” 

In postulate (T;) we assume that || 7. || is measurable for a > 0. In the 
present case it is more convenient to replace this postulate by either of the fol- 
lowing assumptions. 

(T;) || Tax |, is measurable for every x 

(Ts) The limits of indetermination of || Tax \| as a — 0 are finite for every 

Assumption (Ts) implies that g(a; x) is measurable for a > 0. A convex 
function is continuous in the interior of its interval of definition if it is measur- 
able. Hence g(a; x) is continuous for a > 0, z fixed, and the same is true of 
(TZ, x) and || 7,« ||. From this we conclude that 7. is weakly continuous, 
i.e., (T3) implies (T,). That (T3) implies (T;) follows from the separability of 
the space. 

If we use (T;) instead of (T;) we notice that g(a; x) is a convex function 
bounded above at the origin and hence bounded above in every finite interval 
by the semi-group property. Such a function is continuous and we can proceed 
as above. 

From the fact that T. is a positive definite transformation follows that its 
spectrum is real and non-negative. If M is defined by formula (3.5.2), we 
know that S(a) is located in the interval [0, M*]. Thus postulates (Ts) and (Ts) 
are satisfied. 

Put\ = Then 


(4.1.6) (Te — ||" = (Teaz, 2) — z) + (x? + 2). 


Disregarding for a moment the term in »’, what remains is a quadratic poly- 
nomial in » which is never negative by virtue of (4.1.3). We have obviously 


(4.1.7) S09, 


16 The convexity of log (Tz, x) was proved by B. v.Sz. Nagy [1] in the case of groups of 
self-adjoint transformations in Hilbert space and he based one of his proofs of the repre- 
sentation theorem for such groups upon this property. Dr. B. v. Sz. Nagy kindly called 
my attention to his paper in a letter of April 7, 1938, and indicated how his methods could 
be used to prove a more general representation theorem for semi-groups than the one stated 
and proved in outline in my note [3]. See Theorem 15 below. My original method had 
no points of contact with those of B. v. Sz. Nagy. In the present paragraph I develop 
both methods and a mixed one having elements in common with both of them. Postulate 
(T3’) below was used by B. v. Sz. Nagy, but that Theorem 15 is valid under the assumption® 
(T1), (T2), (T3’), and (Tz) was pointed out to the author by J. von Neumann in a letter of 
February 6, 1938, i.e., before the author was aware of B. v. Sz. Nagy’s investigation. 
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but if » > M* we can replace the second inequality by 
(4.1.9) M*I, 
since 

(T 42, 2) = || T ||" < M“(z, z). 
These inequalities taken together show that postulate (Ts) is satisfied and that 
(4.1.10) || RA, a) || S 1/6, 


where 6 is the distance from \ to S(a). 

We have consequently shown that postulates (T,), (T:), (T;) or (T3), and 
(T;) are sufficient for the validity of Theorem 13. Thus 7’, admits of an analytic 
extension W(¢) in the right half-plane and 


(4.1.11) We) = e ** Ag(t) dt 


for any B > 1. 

Actually the representation is valid for 8 = 0. It does not seem possible to 
prove this by a further refinement of the estimates of the norm of W(¢). There 
are, however, various possibilities of proving (4.1.11) directly with little or no 
reference to the general theory developed in this paper. Thanks to the special 
properties of self-adjoint transformations in Hilbert space, special methods 
lead to a sharper result. 

One possibility is offered by the canonical representation of self-adjoint trans- 
formations in Hilbert space, i.e., 


(Tx, y) = sd(F(s)z, y), 


where F(s) is the resolution of the identity corresponding to T. Since T is 
positive definite and bounded and its spectrum belongs to the interval [0, M] 
this formula reduces to 


(4.1.12) (Tx, y) = [ " sd(F(s)z, y). 
Let us now form 


M 
Using the properties of F(s) we see that U(f) defines a semi-group in the right 
half-plane where it is holomorphic and satisfies the inequality 
|| UE + in) || Mt. 


Further U(n) = T” for n = 0, 1, 2,---. On the other hand, the function 
W(¢), which we have constructed, also interpolates the sequence {7'"} and has 
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the smallest rate of growth for its norm on vertical lines (cf. the remarks at the 
end of §3.6). It follows that U(¢) = W(¢). 
Hence 


(4.1.14) wi) = Mt [ (u), 


where E(u) = F(Me™). It is clear that E(u) is also a resolution of the identity; 
the corresponding transformation can be interpreted as a determination of 
— log T. Asa rule this is not a bounded transformation. Its domain is that 


sub-set of for which 
[ d,(E(u)x, z) < 


We note that — log T is positive definite since E(u) = Oforu s 0. 

We can arrive at the same result without any reference to the preceding general 
theory by observing that U() = 7; for dyadic-rational values of — on account 
of the semi-group property and the positive definiteness of the transformations. 
Since U(£) is weakly continuous by definition for ¢ > 0 and 7; has been shown 
to have this property if we assume (T;) or (T;), we see that 7; = U(é) for all £. 
This is the argument of B. v. Sz. Nagy referred to in footnote 16. 

Another possibility is offered by the properties of monotony which characterize 
(Tx, x) as function of a@ for fixed z. Let us put 


(4.1.15) = M*V,. 


Then ©, : {Va} is a semi-group of self-adjoint transformations having their 
spectra in the interval [0,1]. Let h > 0, a 2 0, and form ; 


(4.1.16) a" V.= = (I Va- 


This is a self-adjoint, positive definite transformation. In order to prove this, 
we notice that (1 — ¢)" is positive for 0 < ¢ < 1, whence it follows that (I — V;)”, 
which is obviously self-adjoint, is also positive definite.” Since V. has the 
same properties and commutes with the powers of J — V, we conclude that 
(4.1.16) defines a self-adjoint, positive definite transformation. Hence 


(2°Vex, >0 
h 
forn = 0, 1, 2,--., and every h > 0,a 20. In other words, (Vaz, x) isa 


completely monotone function of a for fixed z. It follows from the investiga- 
tions of F. Hausdorff [1], S. Bernstein [1], and D. V. Widder [1], that 


(4.1.17) (V.2, 2) = E(u; x), 


1” See F. Riesz [11, pp. 31-33. 
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where E(u; x) is a never decreasing function of u, E(0; x) = 0 and E(u; x) > 
asu— 

The simplest way of completing the proof is to use formula (4.1.2) which tells 
us that 


(V2, 2) = [ 2) 


for every positive integer n. Comparing with (4.1.17) and using the theorem 
of Lerch for Laplace-Stieltjes integrals, we see that E(u; x) = (E(u)z, 2) at all 
points of continuity. Thus we are again led to formula (4.1.14). 

It is also possible to prove that E(u; x) = (E(u), x), where E(u) is a resolution 
of the identity, without using the canonical representation of 7. The proof is 
too long to give in detail, but some indications of the various steps are not quite 
devoid of interest. One obtains from (4.1.17) the fact that 


(V.2, y) = e E(u; x, y). 


Here E(u; x, y) is a bilinear functional in x and y which is of uniformly bounded 
variation with respect to u on [0, ©] if || z || = || y || = 1. Further E(u; 2, 2) = 
E(u; x). With the aid of these facts one proves that E(u; x, y) = (R(u)z, y), 
where R(u) is a self-adjoint, positive definite transformation such that 0 < 
(R(u)x, x) S (x, x). Next one proves that R(u) commutes with V., for in- 
stance, with the aid of the inversion formula of Laplace integrals and the semi- 
group property of V.. This fact and the relation 


(Vast, y) = [ dy(R(u) Vax, y) 
give the identity 


from which we conclude that R(u)R(t) = R(s), where s is the smaller of the 
numbers ¢tand wu. These relations show that R(u) is a resolution of the identity, 
provided we normalize in the conventional manner at the points of discon- 
tinuity. 

We have consequently proved in three different ways the following result. 

THEeorREM 15. Let ©: {T.} be a semi-group of transformations on to 
satisfying postulates (T:), (Tz), (Ts) or (Ts), and (T;). Then Tq admits of an 
analytic extension W(¢) in the right half-plane, and 


Wi) =M [ dE(u), 
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where E(u) is the resolution of the identity of a positive definite self-adjoint trans- 
formation whizh may be regarded as a determination of — log T." 


4.2. Special Examples 
To illustrate Theorem 15 we shall discuss the transformations of Gauss- 
Weierstrass and Poisson defined by formulas (1.1.2) and (1.1.3) of the Intro- 


duction. 
Let x(t) I2(— ©, ©) and form 


It is a simple matter to show that W;a(t) « L2(— ©, ©) and that S = {W;} isa 
semi-group in the right half-plane. If ¢ = ¢ is real, it is easily seen that the 
transformation is self-adjoint and hence positive definite. 

In order to study the spectrum of W; and to determine its canonical repre- 
sentation as a Laplace-Stieltjes integral, we shall need a couple of other func- 
tional transformations of x(t). We recall that the Fourier transform X(t) of 
z(t) is defined as 


X() = Lim. [ x(u) du, 


and that X(t) «LZ: and || X(é) || = || z(@) ||. Further we need the Dirichlet 
transform D,2x(t) defined by 
(4.2.2) D,«(t) = [ a(t + u) du, a>Q0o. 
This function has the properties” «Le, || Dax(t) || || ||, and 
(4.2.3) = Fat 

We have then | 


(Wea, 2) = (xt) [ + at 


exp [—¢s°/4] | X(s) 


where we have used a classical relation in the theory of Fourier transforms. 
This formula shows that for ¢ real we have 


0 < (Wex, x) S (2, 2). 


18 In my note [3] a somewhat weaker theorem was stated and proved with the aid of the 
last of the three methods presented above. The theorem involved a boundedness assump- 
tion, viz. || I — 7. || < 1 for all a, which implies M = 1. 

1* For the properties of the Dirichlet transform used here, see E. Hille [2], pp. 150-153. 
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where E(u; x) is a never decreasing function of u, E(0; x) = 0 and E(u; x) > 
asu— 

The simplest way of completing the proof is to use formula (4.1.2) which tells 
us that 


(V,2, 2) = [ e d,(E(u)z, 2) 


for every positive integer n. Comparing with (4.1.17) and using the theorem 
of Lerch for Laplace-Stieltjes integrals, we see that E(u; x) = (E(u)z, x) at all 
points of continuity. Thus we are again led to formula (4.1.14). 

It is also possible to prove that E(u; x) = (E(u)a, x), where E(u) is a resolution 
of the identity, without using the canonical representation of T. The proof is 
too long to give in detail, but some indications of the various steps are not quite 
devoid of interest. One obtains from (4.1.17) the fact that 


(Vax, y) = E(u; z, y). 


Here E(u; x, y) is a bilinear functional in x and y which is of uniformly bounded 
variation with respect to won [0, ©] if || x || = || y || = 1. Further E(u; 2, x) = 
E(u; x). With the aid of these facts one proves that E(u; x, y) = (R(u)z, y), 
where R(u) is a self-adjoint, positive definite transformation such that 0 < 
(R(u)z, x) S (x, x). Next one proves that R(u) commutes with V,., for in- 
stance, with the aid of the inversion formula of Laplace integrals and the semi- 
group property of V.. This fact and the relation 


give the identity 


from which we conclude that R(u)R(t) = R(s), where s is the smaller of the 
numberstandu. These relations show that R(u) is a resolution of the identity, 
provided we normalize in the conventional manner at the points of discon- 
tinuity. 

We have consequently proved in three different ways the following result. 

15. Let ©: {T.} be a semi-group of transformations on to 
satisfying postulates (T;), (Tz), (Ts) or (Ts), and (T;). Then T. admits of an 
analytic extension W(¢) in the right half-plane, and 
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where E(u) is the resolution of the identity of a positive definite self-adjoint trans- 
formation which may be regarded as a determination of — log T. 


4.2. Special Examples 


To illustrate Theorem 15 we shall discuss the transformations of Gauss- 
Weierstrass and Poisson defined by formulas (1.1.2) and (1.1.3) of the Intro- 


duction. 
Let x(t) ©) and form 


(4.2.1) Wraxlt) = exp [—u?/¢]x(t + u) du, > 0. 


It is a simple matter to show that W;x(t) « L2(— ~, ~) and that S = {W;} isa 
semi-group in the right half-plane. If ¢ = é is real, it is easily seen that the 
transformation is self-adjoint and hence positive definite. 

In order to study the spectrum of W; and to determine its canonical repre- 
sentation as a Laplace-Stieltjes integral, we shall need a couple of other func- 
tional transformations of z(t). We recall that the Fourier transform X(t) of 
z(t) is defined as 


X(t) = Lim. [ e x(u) du, 


and that X(t) «Le and || X(é) || = || z(@) ||. Further we need the Dirichlet 
transform D,x(t) defined by 
(4.2.2) D,2z(t) = a(t + u) du, a>0. 
This function has the properties” D.x(t) «Le, || Dax(t) || < || x() || , and 
(4.2.3) (D.x(t), x(t)) = | X(t) |? dt. 

We have then | 


exp [—ss"/4] | X(s) |’ds, 


where we have used a classical relation in the theory of Fourier transforms. 
This formula shows that for ¢ real we have 


0s (Wex, x) (z, 2). 


18 In my note [3] a somewhat weaker theorem was stated and proved with the aid of the 
last of the three methods presented above. The theorem involved a boundedness assump- 
tion, viz. || J — Tq || S$ 1 for all a, which implies M = 1. 

1° For the properties of the Dirichlet transform used here, see E. Hille [2], pp. 150-153. 
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Moreover, if we give any \, 0 < \ < 1, and any — > 0, we can find an 2(¢) with 
\| x(t) || = 1 such that (W;x(é), x(t)) = ». For this purpose it is enough to 
choose 


in bt 
x(t) (W:x, x) =A tf * du, A= 
and to determine A so that the integral equals XA which is possible when 0 < 
\ <1. Every point of the interval [0, 1] belongs to the spectrum of W;. 
Using formula (4.2.3) we see that 


x) = dD, 2, x) 


or 


(4.2.4) Wrz, 2) = 2) 


This is the desired representation, the existence of which is ensured a priori by 
Theorem 15. From it also follows the structure of the spectrum. 

We have Ew(u) = Dez. To this resolution of the identity corresponds the 
transformation 


(4.2.5) Aw [ , 
0 


whose domain of definition is that set of functions x(t) « Le for which 


Using (4.2.3) once more, we see that the integral equals 


i6 | | X(t) | Puig (t) dt. 


Hence the domain of existence of Aw is the sub-set of Le which consists of the 
functions which are twice differentiable and whose first and second order de- 
rivatives also belong to 72. Calculating the value of (Awz, y) we find that 


id 
4 dt 


(4.2.6) Ay = 


Since Aw = —log W, we have formally 


2 
(4.2.7) W = exp E et 
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which is, of course, valid only for a severely restricted class of functions z(t). 
But the corresponding inversion formula for the Gauss-Weierstrass integral, viz. 


x(t) = exp | 


figures in the literature and is not quite devoid of interest.” 
In the case of Poisson’s integral for the half-plane 


(4.2.8) P;2(t) du 


we arrive at similar formulas. We find that 
(P;2, 2) = [ e | X(s) ds. 


This formula shows that P; is a positive definite, self-adjoint transformation 
whose spectrum fills out the interval [0, 1]. It also gives the canonical repre- 
sentation 


(4.2.9) = [  dy(Dy 2, 2). 
Thus Ep(u) = D, and corresponds to the transformation 
(4.2.10) Ap = [ ud,D,. 


A simple calculation shows that the domain of existence of Ap is that sub-set of 
L, which consists of the absolutely continuous functions whose first derivatives 
also belong to L.. Using the fact that the inverse Fourier transform of 
| x | X(t) is the derivative of the conjugate function of x(¢) which is equivalent 
to the conjugate of the derivative, we find that 


(4.2.11) Apz = Zz’. 


We note that AZ = 4Aw almost everywhere in the common domain of definition 
of. the two transformations A} and Aw. 

So far we have taken E = Lz, but W; and P; define semi-groups for the right 
half-plane in any Lebesgue space L,(—~, ©), 1 < p < The Dirichlet 
transformation is a bounded transformation on L, to L, for 1 < p < @, but 
neither for p = 1 norforp = «©. Asa consequence of this fact we find that the 
representations 


(4.2.12) W; = e™ dD, 
0 0 


*° See some remarks in E. Hille [1], p. 428, concerning the validity of this formula and 
references to the papers of Eddington and C. W. Oseen. 
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remain valid for 1 < p < ©, but for p = 1 or © we have to integrate by parts 
which brings in kernels of the Fejér type. 


4.3. Semi-Groups and Abel Summability 


We encounter semi-groups in the various applications of Abel’s method of 
summability and its generalizations. We shall consider some instances. 

We start with applications to sequences. The elements of the space E are 
then vectors X = (%,%1,--:,%n,-°°:). Wesuppose that the space and its 
metric are such that if {a,} is any sequence of complex numbers such that sup 
|an| < then X ¢ implies that (a,7,) and 


(4.3.1) || (dntn) || S sup | an | || (tn) 
Let {A,} be an arbitrary sequence of non-negative real numbers and define 
(4.3.2) T;X = (e2,). 


Then {7} is a semi-group in the right half-plane. In the classical case of 
Abel, \, = m, and in the various generalizations of Abel summability it is cus- 
tomary to assume that An < Anyi and A, > @. 

It is easily seen that the spectrum S(a) of 7’. consists of the points e~™, 
n = 0, 1, 2,---, and their limit points. Thus the spectrum is real positive 
and restricted to the interval [0, 1]. It is easy to verify that 7. is uniformly 
continuous for a > 0, whence it follows that (T;) and (T,) are satisfied. A 
simple calculation shows that (Ts) also holds with K(a) = 1 and r(a) = 1. 
Thus all the assumptions of Theorem 13 hold and formula (3.5.14) holds with 
B>1,M = 1. Actually we can take 8 20. Indeed we have 


0 


where A (u) is the evidently bounded operation which consists in replacing the 


vector by the vector (%, m1,---, 2, 0, 0,---). 
Here [u] denotes the integral part of u, except when u = 0, when all components 
are to be replaced by 0. 


We get somewhat more interesting formulas in the case of function spaces. 
Let E = L,(—7, 7), 1 p < &, with the customary metric. Let 
and put 


(4.3.3) a(t) ~ >> 
Let us form 
(4.3.4) T;2(t)~ tne lal 


where #(¢) > 0. The notation suggests that the series on the right is a Fourier 
series, but this is by no means the case unless the ,-sequence is subject to 
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special conditions. Necessary and sufficient conditions in order that 7’; shall 
define a bounded transformation on L, to L, for every ¢ in the right half-plane 
are given by the theory of factor sequences of Fourier series (see A. Zygmund [1], 
pp. 100-105). In order to simplify matters we suppose that \, is monotone 
increasing and 

as n— 


These conditions are sufficient in order to ensure that 7’; shall have the desired 
property. 

Under these circumstances 7; defines a semi-group in the right half-plane. 
The canonical form of 7’; is easily obtained from (4.3.4). We define an operator 
Ao(u) which carries the Fourier series (4.3.3) into the N* partial sum of the 
series where N is the largest value of n for which dX, S u. Then 


T; = dAo(u). 
0 
Take the simplest case of all, p = 2, A, = n, ie., 
(4.3.5) = Doane e™, 


which leads to Poisson’s integral for the circle if we put e? = r. Ao(u) is then 
simply Ey(u), the resolution of the identity of Theorem 15, and a simple calcu- 
lation shows that the corresponding operator Ay is defined by 


(Anz, y) = | n | 


It follows that 
(4.3.6) Ayr = #', 


i.e., we arrive at formally the same operation as in the case of Poisson’s integral 
for the half-plane, see formula (4.2.11). Actually the operators, though closely 
related, are completely distinct. 

‘We can also describe Ay as the operator which multiplies the n** Fourier 
coefficient of x(t) by |n|. This property is characteristic for the Poisson-Abel 
transformation and is independent of the codrdinate system, i.e., of the orthog- 
onal system. Let (a, b) be an arbitrary finite or infinite interval, {w,(¢)} an 
ortho-normal system, complete in Le(a, b). Let x(t} ¢ Le(a, b) and 


(4.3.7) a(t) ~ Inwn(t). 
Define 


(43.8) Q,2(t) ~ rae" won(t). 
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This is again a semi-group defined in the right half-plane and admits of a repre- 
sentation of the form : 


Q: = dEQ(u) 


Here Eo(u) is the operator which replaces the orthogonal series (4.3.7) by its 
Nt partial sum where N = [u]. The corresponding operator Ag carries the 
series (4.3.7) into the series 


NInwn(t), 


i.e., multiplies the n‘* Fourier coefficient of x(t) by n. 
The case of Hermitian series is particularly interesting. We havea = —, 
b = +, and w,(t) equals 


(4.3.9) = OH, 


Denote the corresponding Abel-Poisson operator by H;, and let Ag denote 
—log H, as usual. It turns out that Ag is the differential operator 


(4.3.10) = + 1 — Az) 


which enters in so many other problems involving Hermitian orthogonal func- 
tions. It is enough to recall that 


(4.3.11) Agn(t) = nm, (t). 


This relation also reveals how (4.3.10) can be proved. 

These examples could be multiplied ad infinitum, but the instances already 
given are enough to show the possibilities of obtaining formulas of varying degree 
of interest. 


4.4. Fractional Integration 


The best known functional operation having the semi-group property is 
probably the Riemann-Liouviille fractional integral. 
Let E be a Lebesgue space L,(0, a), 1 S pS ~,a < ~, and form 


(4.4.1) If = [ (t — “f(u) du = 


where R(¢) > 0. It is well known that f,(¢) ¢ L,(0, a) and that I‘f has the semi- 
group property in the right half-plane. Stirling’s formula for the gamma func- 
tion shows that I’, which is a holomorphic operator function in the right half- 
plane, is bounded in the sense of formula (2.5.3) in the half-plane. Indeed, 
we find y(é) = 7/2 [see formula (2.3.12)] whence it follows that w = w; = 1. 
Consequently there exist representations by means of binomial series in the 
variable ¢/w for 0 < w < 1 which are weakly convergent for R(¢) > 0 and 
strongly as well as uniformly convergent at least for R(¢) > w. 

But in the present case we have convergent representations by binomial 
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series in terms of the variable ¢ itself. We get the most elegant representation 


in terms of the variable ¢ — 1, however. For this purpose we use the know 


21 
series 


Here L,(v) denotes the n** polynomial of Laguerre. When v > 0 the series 
converges for ¢ > } and absolutely for § > 3. When v = 0 we must have 
¢ > 1 and the series is absolutely convergent. With the aid of this series we 


obtain the expansion 
(4.4.2) Pf = (—1)” L"(t — u)f(u) du. 


Using the well known estimate 
| Ln(t) | s 
we see that the series converges strongly as well as uniformly at least for 


R(5) > 1. 
The resolvent of J* is known. We have” 
(4.4.3) RQ, = Bal(t — u)*/Alf(u) du, 
dt Jo 
where 
2” 


is the Mittag-Leffler function. 

- This formula shows that R(A, «) is an entire function of 1/A for every a > 0, 
so that the spectrum reduces to just one point, namely \ = 0. Supposing 
0 <a < 2, let V. denote the sector 5 
notation in the A-plane. From the classical estimate 


Bae) = + 
valid for z in V,, we conclude that 
(4.4.4) || RQ, a) || S Va. 
In the complementary sector we have 
|| RQ, a) || S$ M(@) |d exp [a | 


and this estimate is not capable of essential improvement. 


<argz <{2 and use the same 


*1 Due to S. Wigert [1], p. 18. Cf. N. E. Nérlund [2], pp. 161-165. 
* See E. Hlle and J. D. Tamarkin [1], pp. 524-525. 
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It follows from these estimates that the spectrum of I “ satisfies the atmmnp- 
tions of Theorem 9 for 0 < a < 1. 

Finally let us consider an example which does not fit into the general theory 
of semi-groups developed in this paper. In a recent important memoir M. Riesz 
[1] has considered a functional transformation of the Riemann-Liouville type. 
Let 2, be a Euclidean space of m = 1 dimensions. Let re denote the distance 
between the two points P and Q and form 


) dQ, 


m— 


(4.4.5) J*f(P) = ————4 


where the only assumption on f is that the ae shall be absolutely convergent 
for all finite P in Q,,. Riesz takes a to be positive and shows that 


(4.4.6) J = a>0 B>0, atB<m. 


Formula (4.4.5) also has a sense for complex values of a. Indeed, if J‘f(P) has 
a sense for ¢ = then it also exists for = + in, where nis arbitrary. Formula 
(4.4.6) also holds if we suppose the real ~ ‘s of the exponents restricted to the 
interval (0, m). Thus we are dealing w.ch an operator family having the semi- 
group property in a strip of the complex plane. But it is clear that the operator 
J“ as a rule does not define a bounded transformation on and to a Banach space, 
so that our theory does not apply. 


APPENDIX 


5.1. Carlson’s Theorem 


We shall state and prove that part of Theorem E, due to F. Casinan,; which 
was used in §3.3. 

TurorEM E. Let f(z) be holomorphic in x = 0. In addition suppose that (i) 
on the imaginary axis 


| f(atr) | S Ce” 


(ii) for — 7/2 0 S 
|f(re”)| (0) S M 
where (— 0) = and 


Him supra s)| = +o, 


and (ili) f(n) = O forn = 1, 2,3,---. Thenf(z) = 0. 
Proor. Letw > 0 and form 


H(z, w) 


= af(z)e"*/sin rz. 


K_ 


| I 
| B 
{ fc 
| C 
| 3 F 
| fir 
| 
F 
of 
| in 
| 
| 
| 


NOTES ON LINEAR TRANSFORMATIONS 45 


This function is holomorphic forz 20. Takearay argz = 7/2 — 6. Then 


|H(z,)| Bexp{r| i) +wsiné—-r cos 


| 
= Bexp |—rsiné 3 


sin 6 sin 6 


Assumption (ii) shows that for fixed w and suitably chosen small positive 6 the 
expression inside the second square brackets can be made as large positive as we 
please. Hence we can choose a sequence 6, — 0 and find numbers w, — » as 
such that 


| H(re*", w) | < B 


for 0, = 7/2 — 6,,0 Sw S wn. 

In the sector V, : | argz| S 0, , we can find a constant A, such that | H(z, w) | 
< Mexp (A,r),zeV,,0SwZw,. Anapplication of the classical Phragmén- 
Lindeléf theorem to the function H(z, w) in the sector V, shows that 


| H(z, w) | B, zéVn, 0S Sa. 
But this implies that | H(z, w) | < B for z = 0 and all values of w. Hence 
| ef(2) | B| sin xz|e™ 


for allw > 0. But this means that | f(z) | is arbitrarily small for z = « > 0. 
Consequently f(z) = 0. 


5.2 Extensions of Theorem 4” 


In the present paragraph we shall extend Theorem 4 of §2.4 in three different 
directions. We shall show that a semi-group whose norm is measurable need 
not have a finite least upper bound on the interval (0, a). On the other hand, 
it does have a positive greatest lower bound which tends to a limit = 1 asa — 0. 
Finally, a group whose norm is measurable has a finite least upper bound on any 
finite interval (—a, a). 

THEOREM 4;. There exists a space E of type (B) and an operator function W(¢) 
on E to E which is holomorphic and has the semi-group property for R(¢) > 0, 
such that || W(s) || + © as ¢ — 0 along the positive real axis. 

Proor. We can take for E the space L(—7, 7). We shall use a modification 
of the transformations defined by formula (4.3.4) obtained by introducing gaps 
in the factor sequence. Let {p,} be a monotone increasing sequence of positive 
integers such that >> 1/p, is divergent, and form the function 


(5.2.1) F(t;¢) = e cos prt, RO) > 0. 


* Added in proof October 22, 1938. 
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If z(t) L(—7, 7) we define 
(5.2.2) = E de. 


It is a simple matter to show that this is a bounded transformation on L to L 
whose norm equals 


(5.2.3) |W) || = [ | F(t; | de. 
The transformation is evidently holomorphic and has the semi-group Property 
in the right half plane. 


We shall now impose the additional restriction that p, = 1 (mod. 4) for 
every k. Then 


rll Il > [ F(t; &) |e 


-{" 


= («/2) — — 


— [1 — cos prtle™ 
1 1 


= Le /pe 1/pe, 
and this expression tends to + © asé— 0. 

The existence of such functions shows that the boundedness of || 7’. | on an 
interval (0, a) is not a consequence of the semi-group property and the measur- 
ability of || 7’. ||. Thus Theorem 4 is the best of its kind. 

THEOREM 49. If 7. has the semi-group property and || T'. || is measurable, 
both for a > 0, and if (a) = inf || T.|| when 0 < a S a, then Xa) is positive 
for every a and increases to a limit = 1 as a decreases to zero, unless T . is identically 
zero fora > 0. 

Proor. It is clear that \(a) = >Oisa never-increasing function of a. Suppose 
that \(ao) = 0. There is then a sequence {a,} tending to ap such that, in the 
notation of §2.4, e(an) < —n. By Theorem 4 we can find a finite M such that 
e(8) < M for1 < 8B S 2. Formula (2.4.7) shows that for such f’s we have 
e(an + 8) S —n+ M. We conclude from this the existence of a fixed measur- 
able set of measure = 1 in which the inequality e(a) < — n + M holds for every 
n. This implies e(a) = — © in the set in question. This is impossible unless 
T. is identically zero for every a > 0. We have consequently (a) > 0 for 
every a. Using (2.4.7) once more, and putting lim inf.» e(a) = e, we see that 
S 2e@0reé) This completes the proof of the theorem. 

THEOREM 43. If 7’, defines a group on (— ©, ~) and || T.. || is measurable, 
then || T'a || ts bounded on every finite interval (— a, a). 

Proor. We proceed as in the proof of Theorem 4. If the theorem is false 
we can find a sequence a, — y such that p(a,) = 2n. We let a and B be arbi- 
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trary numbers from the interval (— a, a) such that a + 8 = a,. We can then 
conclude that p(a) > n for every n on a fixed measurable a-set of positive 
measure. Hence p(a) = + © on this set. This being impossible, p(a) must 
be bounded on (— a, a) and consequently also || 7’. ||. 
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1. Consider a “director surface” any one of whose points is given by pa- 
rameters wu, v and whose fundamental differential forms are 


Edw +2Fdudv+Gdv, Ldu’+2Mdudv + Nd’. 


Suppose that through any one of its points (2, y, z) a line passes with direction 
cosines A, u, » making angles a, 8 with the tangents to v = const., w = const. 
If we denote partial differentiation with respect to u and v by suffixes 1 and 2 and 


a= + + b = Ate + + vee, 
then 
(2) VE cos a = a, VG cos B = b. 


Hence a knowledge of a, 6 and the director surface completely determines 
the rectilinear congruence formed by the line. In §§1, 2, 3 we shall exclude 
the case in which the director surface touches the line and is a sheet of the focal 


surface of the congruence. We shall therefore have a’ < E and b’ < G. ( 
We shall suppose throughout that \/(EG — F’) is taken positive, shall denote 
the determinant 
a 
a 
Yo 2 
by | ynze | ete., ete., and shall adopt the abbreviations | 
(3) E=E-a, Kh=F-a, 
If ¢ is the angle between the ray of the congruence and the normal to the re 
director surface, 
or 
(4) V(EG — F’) cos ¢ = | \yize |, th 
so that fo 
(5) (EG — cos’ ¢ = (EoGo — Fo) 
th 


by the ordinary rule for squaring a determinant. 
48 
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From (i) and (iv) we get 


Xcos¢ —b 
(6) MEG-F)=| E F |,ete. 
where X, Y, Z are the direction cosines of the normal to the director surface, 


so that 
XV(EG — F’) = yee — yor, ete. 


The focal and limiting points, etc. of a congruence are usually given by 
formulae involving &, F, &, e, f, f’, g defined by 


These quantities are connected with a, b by the formulae 
=a, — {11, l}Ja — {11, — Lcos¢, 
f =b, — {12, l}Ja — {12, 2}b — M cos ¢, 
= a — {4% to — {19 —.M cos ¢, 
= be — {22, l}a — {22, 2}b — N cos ¢, 
(EoGo — = — 2Foef + Goe’, 
(8) (EoGo — Fo)F = Eofg — Fo(eg + ff) + Gref’, 
(EvxGo — Fo)§ = Eog’ — 2Fogf’ + Gof”, 
where cos ¢ is given by (4) and (5) and 
{11, 1}, {12, 1}, {22, 1}, {11, 2}, {12, 2}, {22, 2} 


are the familiar Christoffel symbols whose values are obtained on dividing by 
2(EG — F’) the quantities 


(7) 


GE, + FE, — 2FF,, GE, — FG,, —FG, — GG, + 2GF; , 
—FE, — EE, + 2EF,, EG, — FE: , EG, + FG, — 2FF, 
respectively. 


The first of the formulae (7) is got on multiplying | \y:22 |, | Zuyrze | by the 
ordinary rule for multiplying determinants. The first of (8) is got on forming 
the squares and product of | \y:z2|, | Avyize|; and similarly for the other 
formulae. 

We note in passing that we can obtain conversely a, b, E, F, G, L, M, N in 
terms of &, F, G, e, f, f’, g and their derivatives with respect to u and v, so that 
the director surface and congruence are obtainable when we know 6, f, &, 


eS, f', 9. 
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For two equations giving a and b are got on forming the products of each of 
| |, | |, | |, | | with each of | | |, | | 
and combining the results suitably. 

Then E, F, G are got on forming the squares of each of | Ame |, | unre |, 
| tau.72 | and the product of any two. To get L, M, N multiply each of 


| |auyrze|, | | by |. 
We show readily that . 
eg — ff = — F)V/(EG — cos ¢. 


Since we have supposed that the ray does not touch the surface, eg ¥ ff’. 
With this restriction we obtain the equation 


edu+f'dv fdu+gdv 
Ey du + Fy dv + Gy dv 


for the developables of the congruence on substituting for 6, F, G from (8) in 
the well-known equation 


edu+fdv f'du+gdv 
Sdu+Fdv Fdu+Gdo| 


(9) 


Similarly we obtain 
er Ey fr F, 0 
f'r +-Fo gr + Go 


(10) 


from the familiar equation 
Sr+fi Gr+qg 


for the distance r of the foci of the ray from the director surface (measured 
along the congruence’s ray). 

The condition f = f’ for a normal congryence gives a2 = b; (see L. Bianchi, 
Geometria Differenziale, vol. 1 (Pisa, 1922), p. 475) and the conditions 


t+ f’):g = &:F:9 
for an isotropic congruence give 
(11) es(f + fig = Eo: Fo:G. 


2. We shall now take a few illustrations of the use of the formulae of §1. 
Take on a plane + = u, y = vz = 0. Then 


E=G6=1, F=L=M=N=0); 
e= a4, =a, g = be. 


(1) 


Ce 


] 

| 
4 

| 

| 

| 

| | 
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Suppose that the plane is the mean surface of an isotropic congruence, so 
that 2e = f + f’ = 2g = 0. Then either a and b are both constant so that 
the rays of the congruence are all parallel, or else with a suitable choice of 
origin a = v/k, b = —u/k (k constant). In this latter case the rays of the 
congruence are the generators of one-sheeted hyperboloids of revolution with 
a common centre and axis, the radii of whose waists are proportional to the 
sines of the semi-vertical angle of their asymptotic cones. 

If the plane is the mean surface of a normal congruence, we have dues f’ 
and Ew — Fo(f + f') + Gee = 0 by §1 (10). Therefore 


=b, (1 — + ab(az+ + (1 — = 0. 


These x. give us the following method of getting a and b. Take any 
minimal surface whatever z = y(z, y); then 


a ax yt), b (xi, yt). 
For instance, from Scherk’s minimal surface 
z = c log {sec(x/c) cos(y/c)} 
we get 
a= —tanh(2/c), = tanh(y/c). 


A oui discussion of congruences with a plane mean surface will be found 
in a paper by P. Vineensini, Annales. Fac. Sciences Toulouse, III 19 (1927), 
p. 93. 


Suppose again that the two families of developables of a congruence meet a 
plane in two series of mutually perpendicular parallel lines. 

Taking these lines as x = const., y = const. we have from §1 (9) eFo = fEo, 
gFy = f’ Ge leading to 


where U is any function of u only and V of v. 
As another illustration take the case of a right circular cone with vertical 


angle 2y 


x= u Cos p, y = usin», z=ucoty. 
Then 
E = cose’ y, G=vw’, N=usecy, F=L=M=0. 
Straightforward work shows that the equations 2e = f + f’ = 2g = 0 lead to 
a = —cot y sin + cos 6 sin », 


where 6 is some constant. 
From §1 (6), or otherwise, we see that \. = 0, » = cos é, yo —sin 6. The 
case of the right circular cylinder is handled similarly, and we have: The only 
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isotropic congruence having a right circular cone or a right circular cylinder as 
its mean surface is the congruence consisting of parallel lines. 

Lastly consider the developable which is formed by tangents to the locus of I 
(é, n, ¢), u being its arc, p and o its radii of curvature and torsion, and v the dis- | 
tance measured along the tangent from (é, 7, ¢). Then 


(2) E=1+(v/p), F=G=1, L=d/(e), M=N=0. 


Let us find the congruence which has the developable as a sheet of the limiting 
surface (locus of limiting points), each generator cutting at the same angle all 
the rays of the congruence which it meets. We have g = 0, f +f’ = 0, which | 
give us b. = 0, v(az + b:) — 2a + 2b = 0, so that 


a=U+Uw~+ WW’, b=U, 


U and ‘U being any functions of w. 
The rays meeting any given generator form one of the principal ruled surfaces 


of the congruence. 


3. H. Horninger in Sitzungsber. Akad. Wiss. Wien, Math. Phys. Klasse, 
145 (1936), p. 368 has considered the congruences obtained by reflecting at a 
given surface a pencil of rays proceeding from a point. 

We shall now consider a somewhat similar problem: A congruence is refracted 
or reflected at a given surface, the ratio of the indices of refraction of the media 
on either side of the surface being 1:4 (u = —1 for reflection). Find the con- 
gruence, if all the refracted congruences have a certain property, whatever u 
may be. 

If a = b = O, all the refracted congruences coincide with the incident congru- ¢ 
ence. We shall suppose this case excluded. 

It is readily seen from §1 (2) that the result of refracting a congruence in its 
director surface is to replace a and b by wa and wb. Let the given property 
lead to an equation of the form (6, F, S, e, f, f’,g) = 0. Then, if we sub- 
stitute for &, F, S, e, f, f’,g in terms of a, b, E, F, G, L, M, N by means of §1 
(7), (8), we shall get an equation which is to be unaltered when a and b are 
replaced by wa and ub, whatever u may be. If this equation is algebraic of de- 
gree 7 in y, it is necessary and sufficient that the n + 1 coefficient of powers of u 
should all be zero in order that all refracted congruences should have the 
property; and, if n + 1 of the refracted congruences have the property, all 
will do so. 

The simplest illustration is the well known result that, if a congruence is 
normal, all the refracted congruences are. For this we must have f = f’ and 
therefore az = 6,. More generally, any property leading to an equation 
homogeneous in a and 6 is possessed by all the congruences, if it is possessed 
by the incident congruence (see the end of §2). 

In applying the method it will be convenient to choose parameters on the 
surface so that F = b = 0, or so that F = M = 0 the lines of curvature being 


| 
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parametric curves, or so that (¢ being the exponential constant, since e has 
another meaning) 


(1) E=G= é", F= 0, L= le, M = me, N= ne’, 
with the Codazzi and Gauss equations 
(2) — m = mt, + m — m2 = It, + mie, In — m+ tn + tee = 0. 


This last is possible in an infinite number of ways, taking any isometric net 
on the surface as parametric. 

It must suffice here to state merely the results of straightforward applica- 
tions of the method. 

To see whether all refracted congruences can be isotropic, we may start with 
equations (1). We find that the only possibility is that discussed in §2, in 
which the refracting surface is plane and is the mean surface of the congruence. 

To see whether all refracted congruences can have the refracting surface as 
mean surface we start with equations (1) and find readily that the surface must 
be plane or minimal. 

— If it is plane, we take the equations of §2 (1) and get 


a +b,=0, + b’a, = ab(az + by). 
These equations give a = ¥2,b = —W, | 
(3) — = (vi . 
Thence we have 
vot — hy = 
which is readily solved by Legendre’s substitution 


followed by X = r cos 6, Y = rsin @. We note that (3) is the differential 
equation of the surfaces z = ¥(z, y), the projection of whose lines of curvature 


on z = 0 form an orthogonal net. 
If the surface is minimal, we take it in the form 


(6) F=M=0, L=-1, N=1, 


where w = u + iv, W = u — w, 0 is a function of w, and® is what 8 becomes 
when we replace i by —i. 


A 


(4) 
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We now havel = —e¢', m = 0,n = e ‘ in (1) and get 
a, + be = 0, a= +b, hth = 0. 
Taking the upper sign (the work for the lower sign is similar), we get ; 
t = — »v). 
Combining this with (2) we have 
= (1/cex/?) cosh c(u — v), log = c(1 + 
Using (4) we find that the refracting surface is the screw-surface 
2c’x = —sinh c(u — v) sinc(w +»), 2c’y = sinh c(u — ») cos c(u + »), 
2cz2 = 


Suppose now that the refracting surface is a sheet of the limiting surface 
and is not a plane. 

We have 4eg = (f + f’)”. Taking the surface in the form (1) we find that 
the surface is developable. Then taking it in the form of §2 (2) we obtain 
the congruence at the end of §2. 


Take the refracting surface as plane and use §2 (1). Let the developables 
of all the refracted congruences meet the plane in an orthogonal net. 


Then by §1 (9) Eof — Foe + Fog — Gof’ = 0 giving 
a2 = by, a’b, — aba, + abb, — b’a, = 0. 


Therefore the congruences are normal. Putting a = y,, b = pez we get (3) 


again and can find the congruences as before. 


Similarly, if the developables of all refracted congruences meet the refracting 
plane in a net such that the curves of the net through any point are equally 
inclined to a fixed direction (taken as y = 0), we have Fug + Fo(f — f’) — 
= 0 from §1 (9) leading toa = y2, b = y: and to (3) again. 


Now let the principal ruled surfaces meet the refracting plane in the same 
orthogonal net of straight lines for all the refracted congruences. | 
Using §2(1) and taking the net as dx dy = 0, we must have F = 0,f 4 f= =0 
for all the refracted congruences. These lead to | 


az + b; = 0, ayd2 + bib, = 0, (ab; — bax) (abz — baz) = 0 


whence either a is constant and d is a function of v, ora = ce“ cos kv and b = 
ce“ sin ky, or else a and b have other values written down from symmetry. 

More generally we can find the congruences, if the principal ruled surfaces 
always meet the plane in any given isometric net. 

For this we take the isometric net as parametric, starting with (1) and 1, m, 
nzero. Thenf +f’ = Ogivesa = ¢'yi,b = ey, and F = O gives fg + ef’ = 0, 
af = be (or ag = bf’). Thence = and either yu + = Oor 
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via + tide + toy: = 0. From (2) ¢ = 0(u + w) + O(u — iv), where @ and © are 
supposed given. The first alternative leads to 


i(ce” — C&®), 


where c and C are conjugate complex constants. If t, ~ 0 the second alternative 
leads to 24, = — {log (Yi + ¥3)}2 and thence to 


a=ec'sint, b= €' cos te; 


and similarly when t2 = 0. 


Consider now the case in which the developables of all the refracted con- 
gruences meet a refracting surface, which is neither plane nor minimal, in a net 
- whose angles are bisected by a given isometric net. 

With the surface in the form (1) we have from the equation (9) of §1 
Eg + Fo(f —f’) — Goe = 0 and thus! = n, lb’ = na’, by — a; + 2abt; — 2biz = 0, 
(b° — a’) (a, + be) = 2ab(b; — a2). Ifl = n, a = b (the work fora = — bis 
similar), we have a; = d2,t;=t. Hencea and b are both equal to some function 
of u + v, while alsot = ¥(u + v). Then (2) gives us 


=py'(U), 2=0, 


on putting 
1+ m =p, l— m = q, u+ve=U, u-v=V. 


We then readily show that the refracting surface is a surface of revolution and 
that the given isometric net bisects the angles between the meridians and 
parallels. 

As a final illustration we note the fact that, if the product of the distances of 
the foci of each ray from the refracting surface is unaltered by refraction, this 
product is the Gaussian curvature of the refracting surface at the point where 
it meets the ray. 


4. We shall now consider briefly the case excluded heretofore, in which the 
ray of tue congruence touches the director surface, which is therefore a sheet of 
the focal surface. 

For such a congruence we may take the Smeuale to v = const. as the rays of 
the congruence. Then WHA = 1, etc. and we find 


e=0, EVEf = {11,2} (EG — F’), f’=0, EVEg = 2} (EG — 
E(EG — F’)& = — F’) + E’f’, 
E(EG — = LM(EG — F’) + E'fg, 
E(EG — F*)S = M°(EG — F”’) + E’9’. 
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The distance between the foci is 


and the developables of the congruence are given by dv(Ldu + Mdv) = 0. 

As illustrations of the use of these formulae we may quote the following 
results. 

Any property of the congruence involving only e, f, f’, g is unaltered, if the 
director surface is deformed carrying the rays with it. For instance, if the 
congruence is normal, it remains normal. 

The tangent at P to any member of one family of lines of curvature of a 
surface forms a congruence such that the distance between the foci in the ray 
through P is numerically equal to the radius of geodesic curvature of the other 
line of curvature at P. 

If the congruences formed by the two tangents to the lines of curvature at any 
| point P of a surface have the property that the distance of P from the second 
| focus of the congruence is the same for each tangent, the lines of curvature 
form an “equal-path net.” The parametric net is said to be “equal-path,”’ if 
(VE): = (G):, so that the distance between any two points of the surface is 
the same whatever route is taken on the surface consisting of portions of the 
| parametric net (provided that wu and v continually increase or decrease on the 
route). 

The tangent at P is drawn to any helix of a given helicoid. If the distance 
between the foci of the ray through P of the congruence thus formed is constant, 
the helicoid is 


x= vcosu, y =vsin u, z=au+csinh (a/v). 


The tangent at P to a helicoid perpendicular to the helix through P forms a nor- 
mal congruence. The distance between the foci is proportional to secy secé, 
where y and 6 are the angles which the axis of the helicoid makes with the 
helices and with the normal at P to the helicoid. 


5. We consider lastly the problem discussed by P. Vincensini, Comptes 
Rendus, 190 (1930), p. 155, of the relation between a congruence and its polar 
reciprocal with respect to a sphere. 

Let a line through the origin O meet the sphere with O as centre and unit 
radius at Q(é, n, ¢). For the congruence, whose director surface is the locus of 
P(pé, pn, pf), and which has the corresponding ray parallel to the tangent at Q 
to the curve v = const. of an orthogonal parametric net on the sphere 


VEe = VEf = + 3pEx), 0, VEg 
(1) 4EGS =4E°G+Ei, 4EGF=-E.G,,  4EGS = G, 
where E, F, G refer to the sphere. 
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Similarly for the locus of (gé, gn, 9g) with ray parallel to the tangent to u = 
const. at Q 


VGe 3qE2, 0, VGf’ ag — (HG + 3qG)), = —@G. 
(2) = Ei, 4HGF = —E:G,, 4EGS = + 


We assume that the parametric net is not formed by coaxial great circles and 
their orthogonal small circles, so that EH, and G, are not zero. 

The two congruences are polar reciprocals of one another, if pq = 1. 

Denoting by U some function of u only and by V some function of », the first 
congruence is normal if p’E = U, and is isotropic if 


= UE, U,EG, + U(E,G, + 4B°G + E}) = 0. 


, The product of the distances of the foci from the point P is a constant k, if 
p =k log (V/@). 

Similar relations hold for the second congruence. 

We readily prove that the polar reciprocal with respect to a sphere of an 
isotropic congruence can be neither normal nor isotropic. 

To obtain the most general normal congruence whose polar reciprocal with 
respect to a sphere with centre O and unit radius is also normal (Vincensini’s 
problem) we proceed as follows. Take any parametric net on the sphere such 
that the sphere can be divided into small rectangles of equal area by parametric 
curves. Then on the sphere we may suppose ' 


ds’ = tan 6 du’ + cot 6 dv’, 
where 
2 + (tan @)o2 + (cot On = 9. 


Take any point Q on the sphere and a point P on OQ such that OP is pro- 
portional to »/(cot 6). The line through P parallel to the tangent to v = * const. 
at Q traces out a congruence of the type required. 


If OP meets a sphere with centre O in Q, and two lines through P perpendicular 
to OP and to each other trace out congruences (as Q varies) which are both 
normal, the parallel lines through Q are tangents to a fixed isometric net on the 
sphere. 

If one of the congruences (not necessarily normal) traced od by. the two lines 
has the locus of P as mean surface, so has the other congruence. More generally, 
we have the same result, if the lines are perpendicular to OP and make an angle 
w with each other, while OP is a function of w. 


Beprorp 
Recents Park, 
Lonpon, ENGLAND. 
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NOTE ON A PAPER BY H. HILTON: “ON SOME PROPERTIES OF 
RECTILINEAR CONGRUENCES” 


By J. L. SyneE 
(Received February 3, 1938) 


It is interesting to develop in tensor notation some of the ideas of Hilton’s 
paper. This makes for compactness, reveals invariant character, and shows 
how his method may be extended to multidimensional cases. 

Let Ey be a Euclidean space of N dimensions (N 2 3) with rectangular 
Cartesian coérdinates x‘. Since we shall consider only such coérdinates in 
Ex , there is no distinction between the contravariant and covariant components 
of tensors in Ey, and superscripts may be used uniformly. We shall use Oy 
to indicate an orthogonal transformation 2’* = 2’"(z’). 

Let V y_1 be a subspace of F'y , specified by equations 
(1) 7 = 2x'(u"), 

u* being codrdinates in Vy_;, which is the “director-surface.” Latin suffixes 
have the range 1, 2, --- N, Greek suffixes the range 1, 2,--- N — 1, with the 
usual summation convention. We shall denote by 7'y_; a general transforma- 
tion u’* = u!*(u’). 
Let us write 
mt ax" 
(2) P au ? 


this i is a vector for Oy N and a covariant vector for T'y-,. The line-element of 
Ven 


(3) = Jagdu" dul, Jas = P* P3; 


Jag iS the fiindamental tensor of Vy_;, and it and its conjugate g® will be used 
for lowering and raising suffixes of tensors in V y_; and for covariant differentia- 
tion, which will be indicated by a a comma. We find for the Christoffel symbol 
of the first kind = a 


Hence, by (3), 

(5) = (ob, = 0. 
Let X* be the unit normal vector to V y_1, satisfying 


(6) X'P. =0, =1. 
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Let C be a rectilinear congruence in Hy with unit vector \'. C may be de- 
fined by a field of unit vectors \' in Ey over V y-1 , that is, by assigning functions 
satisfying the identity 
(7) = 1. 

Hilton’s plan is to define C by (7) and functions a.(u*) (his a, b), related to 
\' by 

Obviously a. are invariants for Oy and components of a covariant vector for 
Ty. To use these quantities a,, we require formulae giving \‘ explicitly 
in terms of a, and functions of u“ which are known when the director-surface 
Vy-1 is assigned. To do this, we resolve \’ into a component along X‘ and a 
component tangent to Vy, , writing 

(9) = AX' 4+ 

where A is an invariant and t' a vector tangent to Vy... Now Pi(a = 1,--- 
N — 1) are N — 1 vectors in Ey tangent to Vy_;, and hence we may write 


(10) t' = 
b° being a contravariant vector for Ty... Substituting this in (9) and multi- 
plying by Pa, we get by (8), (6), (3) 


(11) = = gasb? 

so that 

(12) t=a°Pi, =t't' =a’. 
Since Xt’ = 0, we get, on squaring and adding (9), 

(13) 
Thus the required explicit formula for \‘ is 

(14) = — a’) + a" Ph. 


We are to note that in this formula X', P’, are determined by the director- 


surface alone, a, a* by the congruence. _ 
If ¢ denotes the angle between \‘ and X‘ , we obtain, by multiplication of (14) 


by X’ and use of (6), 
(15) cos¢ = =(1—a’)', a=sing. 


To obtain the condition for normality of C, we note that generally a point in 
Ey lying on the ray through x’ on Vy-; at a distance s from Vy, measured 
backwards, has codrdinates 


(16) — ox, 
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¢' being thus a function of s and u“%, the surface-codrdinates of z*. C is a normal 


congruence if, and only if, s can be assigned as a function of u“ so that 


(17) r a? = 0, 
identically in u®. But from (16), (8) and (7) 
(18) aus =X a) de jue’ 


should be a gradient, 


(19) Qe = 
or, equivalently, 
(20) Gap — = 0. 


It is interesting to note that s(u*) is Hamilton’s characteristic function for a 
normal congruence, namely, the distance measured to a variable point u* on 
the director-surface along the ray from a given normal surface. Thus the 
method of Hilton for skew congruences is.a natural generalization of Hamilton’s 
method, the gradient of the characteristic function being replaced by an ar- 
bitrary covariant vector field a, in the director-surface. 

Let us introduce the following notation for the coefficients of the second 
fundamental form of V y_; and of the fundamental forms of the congruence: 


Gap = = —X' = Goa; 
Cap = P3, Eas = 


These are of course invariants for Oy and covariant tensors for T'y. vi. To 
evaluate the latter two in terms of da we have merely to substitute for d* from 


(14), which gives 


(21) 


Multiplication by P3 gives, on account of (6) and (5), 


(23) Cag = — a”)! + PY P5, 
or, by (3), 
(24) Cap = + Gaa(1 


Remembering (15), we see that these are the same as Hilton’s (7), generalized 

to N dimensions. From (20) we obtain as conditions of normality ¢as = éga- 
We could similarly evaluate Eg, but the simplicity of the expressions (8) 

given by Hilton appears to belong essentially to the case N = 3. 

To deal with refraction in Ey at a Vy; separating a region of refractive index 
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y’ from one of index u, we assume Fermat’s principle and take V y_, as director- 
surface. The optical length of a broken line joining é” in the first medium to 
¢' in the second medium through a point 2’ on V y_, is 


(25) L = + pr, 

r= (e— — x’). 
The variation for a displacement of x* on V y_ is 
(26) = — — wr — = Pidu*. 
But the unit vectors along the first and second parts of the ray are 


and so 
(28) dL = Pi, — Pi)du*. 


For a refracted ray, this is to vanish for arbitrary du*, and so the law of re- 
fraction is, by (8), 


(29) = 
the natural generalization of Hilton’s result. 


University oF TORONTO, 
Toronto, Ont., CANADA. 
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THE BEHAVIOR OF A FUNCTION ON ITS CRITICAL SET’ 


By Antuony P. Morse 
(Received February 23, 1938) 


1. Introduction 


Referring to the next section for any unfamiliar notation or definition, let us 
consider the following statement. 

If m = 0,n = 1, R is an open subset of E, , and f is a function on R to E, of 
class C™ then f transforms its critical set into a set of (linear) measure zero. 

H. Whitney’ has shown the statement false if m = n — 1 = 1; M. Morse 
and A. Sard, in an unpublished paper, have shown, on the other hand, that it 
is true providing m is the greatest integer in n. + (n — 3)’/16. This last result 
contains as a special case the fact that the statement is true in case m = n 
= 1,2,3,4,5,6. Thusit is natural to ask: Is the statement true in case m = 1? 
Theorem 4.3 of the present paper answers this question in the affirmative. Asa 
matter of fact the answer is yes under the less restrictive assumption that f be of 
class C”~” providing each partial derivative of order (m — 1) is totally differ- 
entiable. We give here no proof of this last statement; of the two proofs with 
which we are familiar one involves a fairly comprehensive modification of 
Section 3 as well as an additional lemma while the other involves some proper- 
ties of an (n — 1) dimensional measure of sets contained in E, . 

An obvious corollary of Theorem 4.3 is Theorem 4.4 which states that a 
function on an open subset of E,, to E; which is of class C” is constant on any 
connected subset of its critical set. 

Theorems 4.3 and 4.4 are fairly direct consequences of Theorem 4.1 which is 
itself closely related to Theorem 3.7. Theorems 3.7 and 4.1 really form the 
kernel of the paper. We believe Theorem 4.1 in particular is susceptible of 
wider application than herein given. 


2. Notations and conventions 


The letters m, n, v, j, k with or without sub- or superscripts will be permitted 
to assume integer values only. For n = 1 by E, we shall mean Euclidean spe7e 
| of n dimensions. If x ¢ E, then | x | denotes the distance of x from the origin. 
If A C E, then | A | denotes the (n dimensional) outer Lebesgue measure of A. 
| By a sphere of E,, (of radius r > 0 and center at x’) we mean an open sphere 
of Z,—that is the set E[| x — 2x’ | < 


i ’ Presented to the American Mathematical Society, Sept. 1938. 
| * Duke Mathematical Journal, vol. 1 (1935), page 514. 
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Ifn 21,’ 21, Ris an open subset of E, , y is a continuous function on 
R to Ey with 


Wn’ (x)) v(x) (x € R) 
and if for each j = 1, 2, --- , m’ all partial derivatives of y; through order m 


are continuous on R then y is said to be of class C”. 
If fison R C E, to E, then for j = 1, 2, --- n the function D;f is defined by 


(a, rn) eR; 


furthermore a point x’ for which 
[D; f(z’)? = 0 


will be called a critical point of f; the set of critical points of f will herein be 
called the critical set of f. 


3. Functions whose zeros include a given set 


In order to study the behavior of a function f on its critical set B, (the function 
f being on an open subset R of E,, to EF; and of class C”) it is natural, since the 
zeros of Dif, Def, --- Df include B, first to characterize, in the neighborhood 
of B, the behavior of those functions which are on R to E,, of class C~”, and 
which vanish on B. 

We begin with 

3.1 Derinition. For each positive integer n, K,, is the family of functions 
defined by: y € K, if n’ exists with 1 S n’ < n such that y is on a sphere S of E,., 
is of class C’, and enjoys the property, 


| — | 2” (2’ S, 8). 


The proofs of the next two lemmas are fairly straightforward. 
3.2 Lemma. Let m = 0, n = 1, R be an open subset of E,, f be on R to E, 
and of class C’; lee pe Kn. If ¥(x') € R and if 


lim Dif'¥@)} (j = 1,2, --- n) 
|x 
then 
Proor. Let 
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for x in the domain of y; let E,,, be the Euclidean space containing this domain. 
Let 


e>0, =1+ [D, 


7=1 


and observe the existence of 6 > 0 such that 0 < | x — 2’ | < 6 implies 


j=l 


Now let point for which 0 < | 2” — | < 6; let (v1, ---, = 2; 
let = a” and define F by 


FQ) = five’ + — (0 


Thus, for 0 < ¢ < 1, 


|F'(t)| = » Dif {ylx’ + — (xy — + (2” — 


| Dif{yla’ + (2 — 


> |x, — x, |-| Dowie’ + (2 — 


i=1 v= 


zp > (x, — 2 {¥ + — ear} 


= j=1 
| Dif{yla’ + — 2” —2'| 
A 


the next to the last step being a consequence of Schwarz’s inequality. Hence 
by the law of the mean t, exists, with 0 < t, < 1, such that 


| Diftylx’ + (2 — 


| — a’ 


| Dif{vlx’ + (2 — n?. 


| tia!” — tx’ |» 


the last step being a consequence of (1). 
The proof is complete. 
3.3 Lemma. Let m 2 1, n = 2; let R be an open subset of E, and G be a 
function on R to E, of classC”. Ify'«Z = E[G(y) = 0] and if > 0 
y 


then there exists a sphere S of E, with y’ as center and a function VW ¢ K, of class 
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C0” whose domain is a sphere of E,-1 and whose range is included in R and in- 
cludes SZ. 

Proor. We may assume without loss of generality that D,G(y’) = 0. Let 
(yi, --+, Yn) = y’. Then by implicit function theory there exists a sphere S 
of E, with y’ as center and a function ¢ of class C” whose range is contained 
in E,; and whose domain is a sphere S’ of E,, with (yj, --- y),-1) as center 
such that 


G(y , » O(Y1 , Yn—1)) 0 ((y , n-1) € S’) 
and such that (y:, --- , yn) € SZ implies y, = ¢(y:, --- Yas). Defining ¥ by 


the remainder of the proof is clear. 

To clarify subsequent reasoning and to avoid considerable tedious repetition 
we introduce the symbolism (m,n, A, B, R) as an equivalent of the following 
statement: 

m20,n 21, R is an open subset of E, and A C B CR; there exist sets 
Ao, x. Az, and functions Vi, v2, vs, having the 
A = Ap + Ai + Ar + _ with Ay countable; for each » = 1, 2,3, - the set 
A, is bounded and sondenedd* the function vy, € Ky , its range is included in R and 
includes A, , and w,(z’ ) A, implies 


lim _ 0 


ne 


for each function f which is on R to Ey , of class C”, and which vanishes on B. 
Almost obvious is the following 
3.4Lemma. If (m,n, A;,B,R) for = 1, 2,3, --- then (im, A;, B, R) 
From this and the Borel-Lebesgue covering theorem follows : 
3.5. Lemma. If A C E, and if corresponding to each point y' « A there is a 
sphere S of E, with y' as center for which (m, n, SA, B, R) then (m, n, A, B, R). 
3.6 If m 21, R is an open subset of and B R then 
(m, n, B, B, R). 
PRoor. In case n = 1, let B* be the set of dendemeation points of B; let 
By = B — BB*; for v = 1, 2, 3, --- let B, be the intersection of BB* with the 
open interval E[—v < x < v]. Observe that B = By + B, + B. + --- with 


By countable and that for each v > 0,. ze B, implies f’(z’) = f’(2’) = --- 
= f(z’) = 0 and hence | 
_ 


for wn function f which is on R to E,, of class C”, and which vanishes on B. 
In case m = 0 (and n = 1) the proof is even easier. 


* We shall say a set is condensed if it is contained in its set of condensation points. 
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The theorem thus being clearly true in case m + n = 1 we propose to prove 
it by induction in m + n; that is we verify the following 

Srarement 1. If N is an integer = 1 such that the theorem is true in case 
m+n =N,andifm =0,n' 21,m' +n’ =N +1, R'is an open subset 
of E, and B’ C R’ then (m’, n’, B’, B’, R’). 

Since the truth of (m’, n’, B’, B’, R’) has already been established in case 
m’ = 0 or in case n’ = 1 we henceforth assume m’ 2 1, n’ 2 2 and let a be 
the set defined by: y € a if y e« B’ and 


= 0 


for each function f which is on R’ to E, , of class C”’, and which vanishes on B’. 
Defining 8 = B’ — a we divide the remainder of the proof of Statement 1 
into four parts. 

PartI. (m’,n’, a, B’, R’). 

From the hypotheses of Statement 1 we know that (m’ — 1, n’, a, a, R’) 
which implies the existence of sets ap , a1 , a2, --- and functions y; , 2, os, «-- 
with the following properties: a = a + a; + a2 + --- with a countable; for 
each v = 1, 2, 3, --- the set a, is bounded and condensed, the function y, « K,, 
its range is included in R’ and includes a, , and y,(z’) € a, implies 


giv(zx)} =0 


for each function g which is on R’ to E; , of class C“”’~” and which vanishes on a. 
Letting f be any function which is on R’ to E; , of class C”’, and which vanishes 
on B’ we observe that the definition of a assures us that for 7 = 1, 2, --+ , n’ 
the function D,f is one which is on R’ to E,,, of class C“”’~”, and which vanishes 
on a, and hence (identifying D;f with g above) has the property that y,(z’) € a, 
implies 

im =0 


which in turn implies (see 3.2) 
lim f {y,(x)} at 
‘ad 
Part Il. If y’ « 8 = B’ — a then there exists a sphere S of En: with y’ as 
center such that (m’, n’, SB, B’, R’). 
By the definition of 8 there exists a function G which is on R’ to E, , of class 
C” , which vanishes on B’, and which has the property 


> 0. 
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Hence by 3.3 there exists a sphere S of EZ, with y’ as center and a function 
v « Ky of class C” whose domain is a sphere S’ of E,-_, and whose range is 
included in R’ and includes S8. Univalence (one-to-oneness) of ¥ follows from 
the relation 


| — W(2’) | =| 2” — 2’ | S’, 


which is a consequence of Y being an element of K,,. Let y be the subset of 
S’ which ¥ maps into Sf. Since (m’, n’ — 1, y, y, S’) by the hypotheses 
of Statement 1, we conclude the existence of sets yo , v1, v2, --- and functions 
¢:,¢2,¢3, having the following properties: = yo + y1 + y2 + --- with yo 
countable; for each » = 1, 2, 3, --- the set 7, is bounded and condensed, the 
function ¢, ¢ K,--1 , its range is included in S’ and includes y, and ¢,(z’) € 7, 
implies 
lim g {¢,(x)} @ 


|» 


for each function g which is on S’ to EZ, , of class C”’, and which vanishes on . 
Let Bo be the set into which Y maps 7 ; for each vy = 1, 2, 3, --- let 8, be 
the set into which VY maps 7, and let ¥, be the function defined by 


v(x) = V{¢,(x)} (x e the domain of ¢,). 
Now for vy = 1, 2, 3, --- it is clear that y, is of class C’, that 
| — | = | — o(2’) | 2/2” 2’ | 


for z’ and 2” in the domain of ¢, and that y, possesses the other properties 
requisite that ¥, be an element of K,-. Thus it becomes apparent that Sp 
= Bo + Bi + Be + --- with & countable, that for each vy = 1, 2, 3, --- the set 
8, is condensed‘ and bounded, the function y, ¢« Kn’, its range is included in 
R’ and includes 8, . 

We complete the proof of Part II by letting f be any function which is on R’ 
to E,, of class C”’, and which vanishes on B’, observing that the function F 
defined by 


F(z) = fi¥(@)} (x S’) 


is one which is on S’ to E; , of class C”’, and which vanishes on 7, and noticing 
that, by identifying F with the g which occurs at the end of the first paragraph 
of this part, it follows that ¢,(z’) ¢ y, implies 


lim = lim F{¢(x)} 


* By virtue of the univalence of ¥ and the fact that 7, is condensed. 
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Siv(z)} 


Part III. (m’, n’, B, B’, R’). 

This is an immediate consequence of Part II and Lemma 3.5. 

PartIV. (m’, n’, B’, B’, R’). 

Since a + 8 = B’, Parts I and III combine with Lemma 3.4 to yield (m’, n’, 
B', B’, R’). 

The proof of Theorem 3.6 is now ok ene Translating its symbolic con- 


clusion we obtain 
3.7 THeorEM. [fm 20,n 21,R is an open subset of En and BCR thin 


there exist sets By , Bi , Bo, --- 
properties: B = By + B, + Bz + --+ with Bo countable; for each v = 1, 2, 3, -+ 
the set B, is bounded and uienel. the function y, « Ky», its range is included 
in R and includes B, , and y,(x’) ¢ B, implies. boas 


lim Siv(x)} ot are ine 


pa each function f which is on R to E, , of class C”, and which suniehes on B. 
4. The Behavior of a Function on its Critical Set 


In view of 3.7 and 3.2 we have 


there exist sets By, B,, Bz, --- and functions having the 
properties: B = By + By + Bs + --- with By countable; eer each v = 1, 2, 3, - 

the set B,.is bounded and condensed, the function y, ¢ K,, its range is included in 
R and includes B,, and B, 


Siv.(z)} 
for each function f which is.on R to Ey, of class C”, and whose critical, oat ‘nbenien B. 
From the last. property.ascribed to a. K,, by Definition-3.1 it is 
clear from 4.1 that we have 
_ 4.2 THroreM. [fm 2 1,n 2 1, R is an open subset of E, , and B CR then 
there exist sets By, B,, Be, - the B=B+ B+ 
B. + --+ with By countable; re each v =.1, 2, 3, - the set B, is bounded and 
condensed and 2, implies 


for each function f which is on R to E, , of class C”, and whose critical set includes B. 
We now come to 
4.3 THEorEM. Ifn 2 1, R is an open subset of E, , and f is a function on R 
to E, of class C" then f transforms its critical set into a set of measure zero. 
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Proor. For each set a C R we shall denote by f*(a) the set into which f 
transforms a. Letting B be the critical set of f it is then our purpose to prove 
| f*(B) | = 0. From 4.2 follows the existence of sets By, B,, B:, --- having 
the following properties: B = By + B, + B: + --- with By countable; for each 
y = 1, 2,3, --- the set B, is bounded and condensed and y’ ¢ B, implies 


tim fy’) _ 
|" 


Now let » 1, A = By, >0 and fork = 1, 2,3, - define A, by: 
Ay if y’ A and if 


ely—y'|" 
| f(y) fo) | 


for each point y « A which is distant < 1/kfromy’. (Clearly |A|< ©.) For 
each k = 1, 2,3, --- let Tix, Ten, Is, --- be open cubes of E, , each of diam- 
eter < 1/k, which have the property that A C I, + Jo. + Isx% + --- and 
+ | Ion | + | + eee |A|+ 1. Thus y’ Ax and € 
together imply 


| f(x") — fly’) | < € | = y’ \" lia | 


n(|A| +1) ~ n([A|+1) 


|A +1 
which in turn implies 


| S | Tin |- 


ries 
Whence for k = 1, 2, 3, --- it follows that 


| f*(Ax) | = Pads) | 


and since (see definition of Ax) the relations 

A=A,+ Ay © (kK = 1,2,3.---), 
imply 
f*(A) = f*(Ar) + f*(A2) + f*(As) Cf*(Aen) = 1,2,3---), 


we conclude” 


= lim | | S 


| f*(A) | = 


The arbitrariness of ¢ implies | f*(A) | = | f*(B,,) | = 0. 


* There is no necessity for knowing that f*(Ax) is measurable. See, for example, Titch- 
marsh, The Theory of Functions, Oxford, 1932, page 329. 
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Consequently | f*(B,) | = 0 for »y = 1, 2, 3, --- and since /*(Bo) is countable 
it is clear that 


| =o. 


In conclusion we prove 

4.4 THxoreM. If n 2 1, R is an open subset of E, , and f is a function on R 
to E, of class C” then f is constant on every connected subset of its critical set. 

Proor. Let B be any connected subset of the critical set of f. Since f is 
continuous we conclude in the notation of 4.3 that f*(B) is connected and hence 
an interval. But by 4.3, | f*(B) | = 0 so that f*(B) is either void or has pre- 
cisely one element. 

The proof is complete 
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THE PARSEVAL THEOREM OF THE CAUCHY SERIES AND THE 
INNER PRODUCTS OF CERTAIN HILBERT SPACES 


By Tosio Kiracawa 
(Received April 20, 1938) 


1. Introduction 


On the realizations of an abstract Euclidean space,’ that is, a complex linear 
metric space in which an inner product is defined, we have only a few concrete 
examples of the inner products. Thus in the space L*(a, b), the familiar form 


of the inner product (f, g) = [ SOg® dt is perhaps the sole one which appears 


in the literature.” It is due to this form that, in the study’ of symmetric trans- 
formations associated with the ordinary differential operators, the boundary 
conditions are confined to those which depend solely on the end values of the 
concurrence-functions.‘ If the boundary condition is another form,’ then it 
will be found that that form of the inner product is not convenient. The first 
object of this paper is to introduce a perhaps new form of the inner product 


1 For its precise formulation, see H. Léwig: Komplexe euklidische Raume von beliebiger 
endlicher oder transfiniter Dimensionszahl, Acta Litt. Ac Scien., 7 (1934), pp. 1-33. 
* As another concrete example, we may mention 


G9) = lim at, 


in the space of all the functions which are almost periodic in the sense of Bohr. Cf. Fr. 
Rellich: Spektraltheorie in nichtseparabeln. Raumen, Math., Ann., 110 (1935), pp. 342-356. 

*Cf. M. H. Stone: Linear transformations in Hilbert space and their applications to 
analysis. Am. Math. Coll. Volume XV, especially Chapter X, §2and3. In the following 
we shall quote this treatise as [8S]. 

‘ See [S], Theorem 10.7 on p. 428 and Theorem 10.11 on p. 458. 

’ The general boundary-value problems of the linear differential operations were dis- 
cussed by many authors. For example, see J. D. Tamarkin: Some general problems of the 
theory of ordinary linear differential equations and expansion of an arbitrary function in series 
of fundamental functions. Math. Zeitschr. 27 (1926), pp. 1-54. 

J. D. Tamarkin discussed a linear differential equation 


y™ + + + Pala, = 0, 


with = pi pp, 4(z) and under n boundary conditions of the following type: 
j=0 


n b 
Li) = + [ (t) 


k=1 v=1 
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which is suitable for the application of abstract theory of Hilbert space to the 


formal differential operator Df(z) = f’(x)/i under the boundary condition 
b+0 


L{f(} = i f()de(E) = 0, where ¢(€) is a function of bounded variation on 


the closed finite interval (a,b). For the sake of brevity we may and shall assume 
a = 0 and b = 2z, without any loss of generality. The method of introducing 
a new inner product is as follows. First with each function f(x) belonging to 
L?(0, 27) we shall associate its Cauchy series with respect to 1.° Secondly we 
shall prolong the domain of definition of f (x) to the interval (—2z, 0), and thus 
obtain a function f,(z) which belongs to L’(—2z, 2m) and coincides with f(z) 
in the original interval (0, 27). After these prolongations, we s' all define , 


1) = filn)gi(n — &) an} = { [ filngi(n — 


This scalar function of elements f and g can be expressed by the coefficients of 
Cauchy expansions of f and g. Here we shall appeal to the results of Paley- 
Wiener and Levinson on the non-harmonic Fourier series.’ The: relation may be 
called the Parseval relation of Cauchy series with respect: to the linear func- 
tionall. We shall show that, undercertain restrictions’ on the generating function 
G(r) = 1, {é*}, the new bilinear form (f, g) is a positive definite Hermitian form: 
Thus we can form a Hilbert space by choosing the form (f, g) as an inner product 
in L’(0, 2). We shall have incidentally improved the superfluous assumptions 
under which we established the Parseval relation previously.” _ 

The second purpose is to establish an operational calculus of the linear sane. 
latable operation” on the function space %, which consists of all the functions 
which (i) are defined over (— ~, =? and L’-integrable in any finite interval of 


reals and for which (ii) Af(z) = = 0, for <r< a, 


except perhaps for an z-set of zero measure. 

We shall show that (i) with each element f(x) of 2, we may associate its essen- 
tial Cauchy series; (ii) for each pair of elements f(x) and g(x) belonging to Y,, 
we can define their essential inner product; (iii) the complex linear space Y, 
constitutes a Hilbert space by introducing these essential inner products. If 


6 The precise definition will be given in §2. 
7 Paley-Wiener: Fourier transforms in the complex domain. Am. Math. Coll. XIX, 
Chap. VII, pp. 100-116. 

N. Levinson: On Non-harmonic Fourier Series, Annals Math. 37 (1936), pp. 917-936. 

We shall quote these as [P. W.] and [L] respectively. 

§ That is under the conditions 1°, 2° and 3° which will be given afterwards. . 

* T. Kitagawa, On the theory of linear translatable functional equation and Cauchy’s series, 
Jap. Journ. Math., XIII, (1937), pp. 233-322; see especially Chapter III, §12, A Certain 
Generalization of Parseval’s Theorem, pp. 285-290. We shall quote this as [T]. Cf. also 
T. Kitagawa: The multiplication-theorem of Cauchy series, Proc. Imp. Acad. Tokyo (1938). 
10 For its definition, see §5. 
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we add the condition 4°” on ¢(é), then the differential operator f’(x)/i is a self- 
adjoint operator with simple spectrum, and consequently the operational calcu- 
lus of all the bounded linear translatable operations can be treated by the spectral 
theory of abstract Hilbert space. ~ 


2. Introduction of Cauchy series with respect to the given linear functional 
We shall consider a contour-integral” 


If we choose a sequence of contours: {C,} such that C, is contained in the 
interior of the domain enclosed by C.ii, and C, diverges to the whole plane 
asr— 0,” we. shall obtain. a series of the exponential sum, which we shall call 
the cade series of f(x) with respect to l. In what follows we shall confine 

ourselves to the cage which satisfies the following 

ConprTIon ‘All the zero-points of G(A) are simple and imaginary; we shall 
arrange them in {in} in the following manner: 


We shall first prove a lemma, 
Lemma Under condition 1°, we define the of {ha(n)} by 


(3) ha(n) = mh. dot), (n, =.0,. +1, £2, -+-). 
Then an forth @ that is, 
(4) wh (n) dn = fin: ad 


1! The condition 4° will be given in §5. 
2 In [T], we considered the Cauchy: ‘series with respect to the linear translatable opera- 
tions. The corresponding form is - 


See [T], Chapter I, §1. Transformation of Contour-integral, (1.01) on p. 245 and Remark 1°, 
(1.20) on p. 251. Thus (1. 01) i is a special case of the integral (2). 

For the precise meaning see [T], p. 240. 

“ Under certain different assumptions, we have previously proved the corresponding 
fact in [T], Chapter III, §14, Integral-representation of the Biorthogonal Functions, where it 
should be read: 
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Further we have 


6) 2 FG.) can 


Proor: Let f(z) be an element of L?(0, 2x) with the Cauchy expansion 


(6) > a,e”*, 


Then by the contour-integral (1), we have 


By the interchange of the order of the Lebesgue-Stieltjes integration, we have 


The proof of (4) can be obtained by a Laplace integral.” q.e.d. 
We shall introduce 
ConpiTI0n 2°. There is a constant D such that |», — n| SD ed 


<n< _o~). This leads to 

Lemma 2. Let f(x) be any function belonging to L7(0, 2x). Then under con- 
ditions 1°-2°, we have the following: 

(i) The series 


converges uniformly to zero over any interval (—¢e, 24 + €) and over any such 
interval the convergence and summability properties of the series 


8 See [T], Chapter III, §14, pp. 291-292. 

. This condition is that of Paley-Wiener. The best possible constant is that of Levinson 
which is 1/4. Since we shall make use of the relation (iii) in Lemma 2, we shall be content 
with the less sharp one. 
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are the same as those of the ordinary Fourier series 
2r 
(12 [ soca, 


(iii) The series 
(13) 


converges in the mean” to a function belonging to L?(—2r, 0). 

Proor: To prove (i)-(ii), it suffices to remark that, by Lemma 1 and con- 
ditions 1°-2°, the Cauchy expansion of f(z) with respect to the linear functional 1 
is identical with the non-harmonic Fourier series with respect to the set {e"**} 
in the terminology of Paley-Wiener and Levinson (iii) follows ee by 
combining (i) and (ii).” 

In the following lines we shall always prolong the function f(z) hinidate to 
L’(0, 2) to the function f,(z) which belongs to L’(—2zx, 2x) and which coin- 
cides with f(z) in (0, 2x) by (iii) in Lemma 2. 


3. The Parseval relation of Cauchy series 


Lemma 3. Let f(x) and g(x) be any two functions belonging to L’(0, 2x). Let 
their Cauchy series with respect to l be 


6) sla) ~ 


(14) 


respectively. We shall assume that they are prolonged to the functions f,(x) and 
g:(z) belonging to L?(—2x, 2m) respectively by the method given in §2. Then 


(1) (f,9) = 1, { [ — 8) an} = lim bp (idx). 


17 The convergence in ~ mean will be understood throughout this paper in the following 
ab {fn(z)}(n = 1, 2, «++ ) is said to be convergent to f(z) in the mean over an interval 
a, b), if 


b 
lim [ |fn(t) — f(t)? dt = 0. 


1® Cf. [L], Lemma 4 in p. 927. 
This follows from Theorem XXXVII and the inequality (30.07) in [P. W.]. See [P. W.] 
(iii) p. 100 and p. 108. 
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Proor: Let us put g(x) = Then [ fili)g(n — &) dy is a con- 


tinuous function of ~ in the aveenle (—2n, 2x). Direct computation gives, 
in view of Lemma 1, ’ 


(15) { — &) in} = (ir). 


k=—n 


On the other hand we have eel 

tends to in the mean over 2n), this shows. that, the 


= 5 on the On). it follows that 


Combining this with (16), we reach the result to be palin 

Lemma 4. The bilinear form (f, g). ‘possesses the following properties: (1°) 
(af, 9) = a(f, g), for any given complex number a; (2°) (f + g, h) = U h) + 
(9, h); (3°) (f, 9) = (g,f); (4°) If > 0 for n = 0, +1, +2, --- , then 
f ~ Oandf = 0 implies that (f, f) > 0 and (f, f) = 0 respectively. ti) 

Proor: Obvious from Lemma 3. 

,.Lemma 3 implies that, to any given f(x) belonging to L'(0, 2m) there corre- 


a sequence {a,} (k = 0, +1, £2) stich’ that: | ax is con- 


vergent. We shall show the converse under. the bjbothonis of the following 

Conpition 3°. There is a pair of — constants a and B such that B = G’ 
(A,) 2a > 0, forn = 0, +1, £2, - 

We shall prove 

Lemma 5. Let us assume that Go) satisfies and Then 
for any given sequence {ax} (k = 0, +1, +2, ---) subject to the condition that 


| ax < there corresponds a uniquely determined function f(z) 


belonging to L(0, whose Cauchy expansion is given by: f(z) ~ axe’. 
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Proor: Condition 3° implies that > |a.|? < x. If we put f(z) = 


N 
> ae, then we have, in view of Lemma 2 (iii), 
—N 


Therefore we know that {f;n)(x)} converges to a function f(z) in the mean on 


the interval (0, 2m) and that f(x) ~ 


Summing up the results, we reach : 
TuHEorEM I,. Let be a function of bounded variations on 0, 2r). Let us 
assume that the generating funetion = = dg(t) is subject to 


the conditions 1°, 2° and 3°. ‘Then the complex linear space of all functions which 
are defined on (0, 2m) and L*-integrable, constitutes a Hilbert space, denoted by 
LL(0, 2) if we define the inner product of any two elements f and g by (15) given 


in Lemma 3: (then If =k if — dn 
This may be recognized as the Parseval relation of Cauchy series.” 
. 4, The symmetric transformations associated with differentiation 


Let D* be the class of all functions expressible in the form f(z) =c+ I g(é)dé 
where c is an arbitrary constant and g(é) is an arbitrary function in L?(0, 2m). 
Let D be the class of all functions expressible in the form f(z) = ‘ g(&)dé 


where is an function in L’(0, that { [ g(n) = 0 = 


19 In the Fourier series, we may put 


—}, [é = 0), 
=) 0, [0< < 
= 2a]. 
Incidentally, it should be remarked that in my previous formulation we considered 


( g(n) f(t —n) in) de(t), 
—7+0 0 
2r+0 t 
[ ([ g(n)f(t — n) det). 


But this is not convenient to ascertain that (f, f) > 0, although we may assume con- 
dition 4°, which we shall employ in the next §5. 


that is, 


2 
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Furthermore, let D(6) be the class of all functions such that le{ef(é)} = 0 for 
a value of @ in (0, 27). We shall denote by H, H(@) and T the transformations 
with the domains D, D(@) and D* resp., each of which takes an arbitrary func- 
tion f(z) in its domain into the function f’(z)/7. We shall observe 

Tueore II. In the Hilbert space Li,(0, 2m) defined in §3, the operators H, 
H(6) and T possess the following properties: (i) H is a closed linear symmetric 
transformation with the adjoint H* = T and the deficiency index (1, 1); and the 
transformation H(6@) is a self-adjoint extension of H; (ii) The transformation H(6) 
has a simple point spectrum, consisting of the characteristic values , — O(n = 0, 
+1, +2, ---) with the corresponding characteristic functions {e'°*~*}. 

This is a generalization of Theorem 10.7 in Stone’s” treatise to which our 
Theorem II corresponds word by word. The proof” runs parallel to that of 
Stone’s Theorem, if we notice that by integration by parts we have 


a(()) 
0) 


5. The operational calculus of the bounded linear translatable operators on 
the space 
We shall now consider the complex linear space defined in the Introduction. 
The fact that each element f(z) is a solution of the functional equation, that is, 
<2 < @, 


(19) MG) = + = [se + = 0, 


(18) 


except perhaps for an x-set of zero measure, implies the following: 
(i) Lemma | tells us that for any given z in (—~, ~), the Cauchy series 
defined by the sequence of the contour-integral 


Ax 
(20) le [ + 2) in} dd 


converges in the mean to f(x) on the interval (x , 7 + 2). f(x) being a solu- 
tion of (19), we can verify that the Cauchy series generated by (20) is inde- 


20 See [S] p. 428. 
* It is to be noted that, in the proof of Theorem II, we shall make use of the following 
rather obvious Lemma: To any given constants a and 8, there is a function g(x) belonging to 
L*(0, 24) such that g(0) = a and = 8. 

To prove this, we shall choose a positive constant k and a complex number v such that 
le{(—&)*} +0 and iz{e~**} +0. Then the following function satisfies the required property: 


B — 


— 
le{(—2)*} 


g(x) = ae~*® + 
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pendent of in — < < except perhaps for an 2-set of zero measure; 
almost everywhere as the essential Cauchy expansion of f(z). 
(ii) For any two given f(x) and g(x), both of which belong to %, , the bilinear 


form 
(21) { [ S(o + n)g(r + — &) an} 


is independent of both of ¢ and rin — © < 1, ¢ < ©, except perhaps for certain 
o-set and 7-set, each of which is of zero measure; this common value is called 
the essential inner-product of f and gin &%,. It can be readily seen that if the 
essential Cauchy expansions of f and g are given by f — ane" and g 


> b,e""*, then the essential inner-product of them amounts to > a,b, Gx), 


which we shall denote by (f, g). 

Thus in view of Theorem II it can be readily seen that, under conditions 1°-3°, 
the complex linear space %, constitutes a Hilbert space by introducing the 
essential inner product defined in (ii). From now on we shall add 

Conpiti0n 4°. There is a constant h such that = — 2n),"0 < < 
2x. Then it follows that for any function f(z) belonging to %, , 


2n-+0 
(22) - =0 
almost everywhere in (— «©, ©). As in (18), we have 


[ s6 + ta - an} 


provided that f(z) and g(x) are absolutely continuous in any finite interval. 
This relation, in view of (19), (21) and (22), amounts to (f’/t, g) = (f, 9’/t). 

On account of that we find immediately 

TuEorEM III. Let D be the class of ail functions f(x) in A, such that f(x) is 
absolutely continuous in any finite range and has a derivative f'(x) belonging to 
A,. Let D be transformation which takes an arbitrarily function f(x) in D into 
the function f'(x)/i. Then under the conditions 1°-4°, the complex linear space 
A, can be recognized as the Hilbert space with our essential product, and D is a self- 
adjoint operator with the simple spectrum {dn}(n = 0, +1, +2, --- ) and the 
corresponding characteristic functions {i°™*}. 

An operator A in Y%, is said to be a bounded linear translatable operator, if, 
besides its linearity and boundedness, A possesses the following property: if 
both of f(x) and Af(x) belong to the domain of D, then ADf(z) = DAf(z). 


* In the case of the ordinary Fourier Series, we may assume the condition 4° is satisfied, 
by defining ¢(¢) as in Footnote 19. 
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We can now apply the spectral theory of abstract Hilbert space to the opera- 
tional calculus of bounded linear translatable operators. The resolution of the 
identity corresponding to D, E(d), is as follows: for f with the expansion f ~ 


ase in (EO, f) = especially when all the coefficients 


a, + 0, then the closed linear manifold determined by the set of elements E(A)f, 
—« << , coincides with whole space. Due to the fact that the self- 
adjoint operator D has a simple spectrum, the necessary and sufficient condition 
that a linear bounded operator should be translatable is that it is a function” 
of D, and we can establish the operational calculus of all the bounded linear 
translatable operators in Y%,. 
Appendix I 

Here we wish to point out the problem of deciding whether the conditions 

1°, and 2° would imply that there is a function of bounded variation such that 


G(A) = i edg(t). If the problem were solved, the connection between the 
—0 


Non-harmonic Fourier series and the Cauchy series would become transparent. 
Appendix II 

The inner product introduced in this paper is peculiarly favored by the fact. 
that the operation considered are the differentiation and the translatable oper- 
ators. For the boundary-value problems of the differential operators of higher 
order with variable coefficients” our inner product is not suitable. It should 
be noted that for the ordinary inner product multiplication possesses the simple 
property that 


b b 
r(Hf()g@ dt = SOrOg at. 
The corresponding simple relation for our inner product is difficult to establish. 


InstitutTe, Osaka IMPERIAL UNIVERSITY. 


* For the precise description, see [S], Theorem 8.1 on p. 300. Also cf. [S] Chapter VI, 


‘The operational calculus. 
% See [S], Chapter X, §3. 
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THE NUMBER OF GROUPS WHICH INVOLVE A GIVEN NUMBER OF 
UNITY CONGRUENCES, AND APPLICATIONS = 


By D. T. Sietey 
(Received April 3, 1938) 


1. Introduction 


The number of distinct abstract groups of an order which is the product of 
distinct prime factors and which involves less than four unity congruences has 
been determined by Miller." The same author’ has determined all the orders 
for which there exists a given number k of groups, for all values of k < 6. Miller’ 
also has proposed the problem of determining whether or not there. exists an 
order for which there is an arbitrary number k of finite abstract groups, All of 
these problems are somewhat related and additional results will be given for each 
of the problems. The main objective of this paper is the determination of the 
number of distinct abstract groups of squarefree order in which there are pre- 
cisely four unity congruences. The results of this determination, ta table I, are 
used as an aid in the determination of the orders for which there exist exactly 
six groups, table II, and in proving theorem 4. Miller’s results have been 
included in the tables to make them. complete. 


2. The number of prime factors involved in four unity congruences 


lat the order g of a finite abstract group be the product of distinct prime 
foetean We shall.be interested in the number of groups of order g when the 
number of unity congruences involved ing isfour. The number of prime factors 
hwhich involve an arbitrary number m of unity congruences may be any number 
between k and 2m, where k is the largest integer such that. C(k, 2) S m.. For 
m = 4, it is found that h = 4, 5, 6,7, or 8. Hence, to determine the number of 
groups of an order which i is. the product of distinct prime factors which involve 
four unity congruences, we may consider separately the cases in which the num- 
ber of distinct prime factors involving the congruences is an integer between 
four and eight inclusive. The order g may be multiplied by any number of 
distinct prime factors which are also prime to the factors of g and which do not 
increase the number of unity congruences in the resulting order without affecting 
the number of groups of this resulting order. 

If the order g involves four unity congruences, and the primes are arranged 
in order of magnitude, the four unity congruences may be selected in 15 ways. 


'G. A. Miller, Amer. Jour. Math., vol. LV (1933), pp. 22-28. 
?G. A. Miller, Proc. Nat. Acad. Sci., vol. 18, two papers. 
*G. A. Miller, Collected Works, vol. I (1935), p. 93. 
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The number of groups in each of these cases has been determined recently.‘ 


When the number of distinct prime factors of g is five, the unity congruences 
may be selected in 135 ways, if the primes are arranged in the order of descend- 
ing magnitude. If the number of distinct prime factors of g exceeds five, the 
order g may be factored into the product of two relatively prime factors of the 
form of g such that no prime factor of one of the factors is congruent to unity 
with respect to a prime factor of the other factor. The direct product theorem’ 
applies, and the number of groups of order g of these forms may be written from 
the results of the determinations in the earlier cases. 


3. The number of groups of a squarefree order which involves precisely four 
unity congruences 

From the preceding section it is seen that the only new results needed for the 
enumeration of the groups of an order g which is the product of distinct prime 
factors and which involves four unity congruences are those for which the num- 
ber of prime factors of g which involve the congruence relations is five. Each 
of these 135 cases have been considered separately with only the results recorded 
| in the table. The method is the same as that used in the determination of the 
groups of order pgrs‘ and is outlined below. 


Throughout this paper the letters p, g, 7, s, t, u, v, and w, with or without 
subscripts, represent distinct prime numbers. The unity congruence relation 
p = 1, mod q, shall be represented by p(q). By the number of groups of order g 
we shall understand the number of distinct finite abstract groups of order g. 

The groups of order g are solvable. We shall enumerate them according to 
the order of the central. This order may be unity, or any divisor of g greater 
than unity, except a divisor of the form g/(a prime). If the central is of order g, 
G is abelian, and there is always one and only one group. If the central quotient 
group has an order of the form pq, then G is the direct product of a non-abelian 
group of an order of the form pq and a cyclic group of order g/pg. Hence the 
number of groups of this type is equal to the number of unity congruences in g. 
Next, let the order of the central quotient group be of the form pgr. A group G 
of this type will be the direct product of a group of order pqr in which the central 
is the identity and a cyclic group of order g/pgr. If P,Q, R, S, 7, --- represent 
operators of orders p, q, r, 8, t, ----- , respectively, in G of order g = pgrst ---, 
we may consider G to be generated by these operators. We now select all of the 
possible triples of generators, whose orders are subject to the given congruence 
relations, as generators of the groups of orders of the form pgr. The number of 
groups of an order of the form pgqr in which the central is the identity is r — 1, 0, 
1, or r, according as the congruence relations are p(r), g(r); p(q), a(r); p(q), p(n); 
or p(q), p(r), and g(r). This process may be repeated until we arrive at the case 
in which the central is assumed to be the identity. 


‘= 4 


*‘A determination of the groups of order pgrs,’ to be published by the Amer. Jour. 
Math., January 1939. 
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If the central G is the identity we select the defining relations so that no 
operator of order greater than 1 is invariant. If we assume that g involves k 
unity congruences and assume also that the number of groups of an order of the 
form of g involving less than k unity congruences is known, then we may write 
the number of groups in which the generators fulfil less than k defining relations 
of the form Q* P Q = P*”'. There remains only the case in which the genera- 
tors fulfil the maximum number k of these defining relations. Hence, the 
enumeration of the groups of squarefree order involving k unity congruences 
may be enumerated from the results of the same problem when the number of 
unity congruences is less than k and the enumeration of the groups when all of 
the possible pairs of generators are non-commutative as allowed by the unity 
congruences in the order g. 

As an illustration we shall enumerate the groups of order pgrst subject to the 
congruence relations p(q), p(r), q(t), and r(s). There is one abelian group. 
There are four (four unity congruences) groups in which the central is of an 
order of the form pgr. If we consider as invariant the pairs of generators PQ, 
PR, PS, PT, QR, QS, QT, RS, RT, and ST, we find there is one group when the 
pair ST is invariant and no group in the other cases. There is one group when 
P, S, or T is the only invariant generator, and no group when Q, or RF is the only 
invariant generator. According to the unity congruence relations we may have 
(1) Q°PQ = P*™', (2) R“PR = (3) = and (4) = R°*™, 
or any subset of these, in a set of defining relations of G with the condition that 
no generator is invariant. In order that neither S nor 7 may be invariant (3) 
and (4) must be in every set of defining relations of G. In order that Pis 
invariant, (1), or (2), or both, must be satisfied, but (3) contradicts (1) and (4) 
contradicts (2). There is no group of this special order in which the central is 
the identity. The total number of groups of this order is nine. 

In table I, the number of groups of a squarefree order which involves k, 
0 < k S 4, unity congruences is given. When g involves four unity congruences, 
the cases are classified according to the number of prime factors involved in the 
unity congruences. Also in the cases when the number of factors is four or five, 
the prime factors in alphabetic order are arranged in the order of descending 
magnitude. In the remainder of the table this convention does not hold, and 
the sample entries will include all cases. 


TABLE I 


The number of groups of an order which is the product of distinct prime factors and which 
involves k unity congruences for values of k between 0 and 4 


Unity congruence relations Number of groups 


No unity congruence. 

1 
One unity congruence. 

1. p(q) 2 
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r(s) 


p(q) g(r) 
P(q) 
P(r) 


p(q) p(r) s(t) 
P(r) q(r) s(t) 


r(s) t(u) 
p(r) p(s)... 


p(q) p(r) 
p(q) p(r) g(s) or r(s) 


p(q) a(r) a(s) 


pa) a(r) r(s) 
p(r) g(r) 


vy PAS). 


unity congruences. "he 
Unity, congruences on ‘four prime factors’ @ 
a(s)* 2s + 8 
r+6 
r(8)..° 
p(s) a(r)-a(s) 2s + 6 
r(s) 28+ 6 
p(s): g(r) 9(s) ra+2r+28+4 
g(s) r(s) s? + 4 
g(r) q(s) r(s) +4 
Unity congruences 0 on prime factors”. ing afer «fl 
p(r) p(s) p(t) 16 
q(t) 12 
rt) 12 
“12 
p(t) a(s) 12 
r(s) 
s(¢) 4t+8 
q(r) s(t) +8 
q(s) 9(t) 9 


5 The prime factors in the order are not necessarily in the order of decreasing magnitude. 
* The remaining congruences are the same as the corresponding ones of the preceding line. 
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Two unity congruences.® 


Three unity congruences.® 


a(r) s(t) 


r+3 
s+4 ove on #2) 
s? +8 +2 \ 
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Unity congruences on five prime factors—Continued 


r(t) 

s(t) 

q(t) r(s) 

r(s) r(t) 

s(t) 
w(t) s(t) 
p(s) p(t) g(r) 
r(s) 
r(t) 

a(r) g(t) 

r(t) 

s(i) 

r(t) 

q(t) r(s) 

r(t) 
r(s) r(t) 

g(t) 

r(t) s(t) 
p(t) afr) 
be r(s) 
s(t) 

 g(s) r(s) 
4 r(t) 
git) r(s) 

r(s) r(t) 
s(t) 

r(t) s(t) 
g(s) g(t) 
r(t) 
a(t) 

q(t) r(s) 
s(t) 

r(s) r(t) 

g(t) 

r(t) s(t) 
q(s) g(t) r(s) 
r(t) 

r(s) r(t) 

s(t) 

r(t) s(t) 
q(t) r(s) r(t) 
s(t) 

r(t) s(t) 
r(s) r(t) s(t) 
P(r) p(s) p(t) g(r) 
q(s) 

q(t) 

a(r) g(t) 

r(t) 

s(t) 


a 


+++4++ 


na? 


“147 


+4 
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10. 9 
11. 
12. 9 
13. 2+ 8 
14. 10 
f 15. 10 
16. 2+ 8 
i 17. 12 
18. 48+ 8 
; 19. 
j 20. 10 
= 3 10 
22. 9 
23. i 238+ 8 
24. 238 + 8 
25. { 2+8 
) 26. 48+ 8 
\ 27. - 28+6 
28. 8 
29. 
) 33. + 6 
: 36. 8 
: 38. (ise 
40. 8 » 
45. 
48. 2s . 
49. 
50. 
52. { 
53. (2-4 
54. 2+ 8 
55. 4r+8 
56. 48+8 
57. 
58. 4r+8 
‘ 59. 2r+6 
60. 3r +6 


77. 
78. 
79. 
80. 
81. 
82. 
83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 
97. 
98. 
99. 
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Unity congruences on five prime factors—Continued 


a(s) g(t) 

r(t) 

s(t) 

q(t) r(s) 

r(t) 

s(t) 

p(t) a(r) 

s(t) 
g(t) 
r(s) 

r(t) 

q(t) r(s) 

a(r) g(t) 


s(t) 

q(t) r(s) 

r(s) r(t) 

s(t) 

r(t) s(t) 
a(s) g(t) r(s) 
v(t) 

s(t) 

r(s) r(t) 

s(t) 

r(t) s(t) 

q(t) r(s) r(t) 

r(t) s(t) 
p(s) p(t) 
q(t) 

r(s) 

r(t) 

a(t) 

q(s) r(s) 
r(t) 

q(t) r(s) 

r(t) 

a(r) q(s) g(t) 
r(t) 

s(t) 

q(t) r(s) 

r(t) 

s(t) 

r(s) r(t) 
s(t) 

r(t) s(t) 
g(t) r(s) 


48 +8 
33 + 6 
2s + 6 
238 + 8 
2t+8 
2t+ 8 
4r+8 
2r + 6 
rte+2r+2t+4 
28 + 8 
2t+8 
3t + 6 

22 + 
4r +8 
2r + 6 
3r + 6 
2r + 6 

rt + 2r + 2t+4 
r+5 
2r+5 
2s + 8 


2t+ 8 


2t+8 
2s + 6 
s+6 
i+7 
2t+ 6 
2t+6 
2+ 2t+4 
4s + 8 
48+ 8 
2s + 8 
2+ 8 

2s? + 28 + 4 
st + 28 + 2¢+ 4 
st + 28 + 4 
2t? + 2¢ + 4 
48+ 9 
3s + 6 
2s + 6 
23 + 8 
2+8 
2+7 
2s + 6 
s+6 
t+7 

2s? + 2s + 4 


9 
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102. 
| 104. 
105. 
| 106. 
| 107. 
| 108. 
109. 
| 111, 
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Unity congruences on five prime factors—Concluded 


112. r(t) st + 28 + 2t+ 4 
113. r(s) r(t) 2s? + 28 +4 
114. s(t) s&+s+3 
115. r(t) s(t) 
116. q(t) r(s) rd) si + 284+ 22%+4 
117. s(t) 2+t+4 
118. r(t) s(t) 
119. p(t) a(s) g(t) 4t +8 
120. r(s) 23+8 
121. r(t) 2+8 
122. s(t) 22+ 8 
123. q(t) r(s) 
124. 2? + 2t +4 
125. r(s) r(t) 2t+ 6 
126. s(t) 22+ 6 
127. r(t) s(t) 
q(s) g(t) r(s) st + 28 + 2t+4 
129. r(t) + 4 
130. r(s) r(t) st + 28+ 2t+4 
131. s(t) 2+t+4 
132. r(t) s(t) “@+2t+4 
133. q(t) r(s) r(t) 2t? + 4 
134. s(t) 2t+4 
135. q(t) r(t) s(t) e+2+t+ 2. 
Unity congruences on’ six prime factors 
1. g(r) s(t) 9 
2. s(u) 12 
3. s(u) t(u) 3u + 6 
4. p(r) s(t) s(u) 16 
5. s(u) t(u) 4u+8 
6.  p(r) g(r) s(u) t(u) ru+2r+2u+4 
Unity congruences on® seven prime factors 
1. p(q) s(t) ulv) 12 e 
2. p(r) s(t) u(v) 16 
3. g(r) s(t) u(v) 4r+8 
Unity congruences on‘ eight prime factors 
1. p(q) r(s) t(u) v(w) 16 


4. Orders for which there exist precisely six groups’ 


THEorEM 1. If the smallest number of groups of an order g which involves a 
unity congruences is k, then there exist at least k + p groups of an order gg’, g’ an 
integer, which involves a + p unity congruences. 

The proof of the theorem follows from the fact that the introduction of an 


7 Read before the American Mathematical Society. See Bull. Amer. Math. Soc., vol. 
XLII (1936), p. 816. 7 
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additional unity congruence in the order of a group by multiplying the order 
by a factor increases the number of groups by at least one. 

Corotiary. There are at least k + 1 groups of an order g which involves k 
unity congruences. 

We shall determine all of the orders for which there are exactly six groups. 
Since it is possible under certain conditions to multiply an order g by a square- 
free factor without increasing the number of groups, and since we wish to give 
the general form of the orders from which six groups exist, we shall give a more 
general statement of Miller’s direct product theorem. 

TuroreM 2. If a number g may be separated into the product of two relatively 
prime factors g, and gz, where gz is the product of distinct prime factors, such that 
no prime factor of gi (or gz) divides the order of the group of isomorphisms of ge (or 
gi), then the number of groups of order g is the product of the number of groups of the 
two orders g, and ge. 

This theorem may be proved as follows. Let G, and G2 be two groups of 
orders g; and ge, respectively, where g; and gz satisfy the hypotheses stated in the 
theorem. Since no prime factor of g; (or g2) divides the order of the group of 
isomorphisms of G2 (or G;), in a group G of order g = gig2 every operator of G, is 
commutative with every operator of G2, and G is the direct product of G; and 
Gz. Therefore, the theorem is true. 

The number of groups of order 16 is 14, and the number of groups of order p’, 
p an odd prime, is 15, and hence an order g for which there exist precisely six 
groups is not divisible by the fourth power of a prime factor. If the highest 
power of a prime factor which divides g is the third, then g is not divisible by 
the square of another prime factor. Neither does g involve a unity congruence, 
and from the known* number of groups of an order of the form p’‘q, it follows 
that there precisely six groups of an order g which is divisible by the cube of a 
prime factor if and only if,-g involves no unity congruence, no prime factor of 
g divides p + 1, and exactly one prime factor of g divides p> + p +1. The 
order of g is necessarily odd. 

If the square of a prime factor is the highest power of a prime which divides 
g, then g is not divisible by the squares of more than two distinct prime factors. 
If g is divisible by the squares of two distinct primes, then g cannot involve a 
unity congruence. Accordingly, there are precisely six groups of an order of 
the form p’q’rst --- , if and only if (a) p + 1 or q + 1, but not both, is divisible 
by exactly one prime factor of g different from q or p’: or (b) p + 1 is divisible 
by q, but not by q°.’ 

If g is divisible by the square of exactly one prime factor, and by no higher 
power of a prime, g involves less than three unity congruences according to 
theorem 1. When the number of unity congruences is zero the number of groups 
of order g is of the form 1 + 2*’, which is not equal to six for an integral value of 
a. Ifg involves one unity congruence, there are precisely six groups of order g 


* A. E. Western, Proc. London Math. Soc., vol. 30 (1899), pp. 209-263. 
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under the following conditions: the prime p whose square divides g is not in- 
volved in the unity congruence, and one prime factor of g not involved in the 
unity congruence divides p + 1. If g involves two unity congruences, the prime 
p whose square divides g is not involved in either congruence, nor is p + 1 
divisible by a prime factor of g. The direct product theorem applies and there 
are exactly six groups of an order of the form under consideration if and only 


TABLE II 
Table of orders for which there is a given number of groups 


1 pgrst--- No uc? 15 

pqrst --- No uc, and no prime divides p + 1 45 
| .. pgrst.--- p(q), 609 
p’grst No uc, prime divides 75 

parst p(q), r(s) 1155. 

--- q(r), no prime dividesp+1. . 495. 
q(p), not g(p?), no prime divides-p + 1. 28 
--- No uc, no prime divides p + 1 or.g¢ + 
4p p = 3,orp(4) 12 or 20 
pqrst p(q), a(r), 9(s) 
parst --- No uc, 2 primes divide pti 12,615 
—pegrst q(p), not q(p?), one prime divides p 
pgqrst --- no uc, no prime divides p + 1, ‘or i +pt+l 
6 p(q), p(2), q(2) 42 
pgrst p(q), a(r), 7455 
pPqrst q(r), 1 prime not g or r divides > $i. 65,065 
p’qrst --- g(r), r(s), no prime divides p+ 1 735 , 063 
p*g*rs “No ue, q but not divides p+ 1 1,089 
- « pgrs --- No uc, and one prime, not q, divides p + 1 29,575 
- . p’grst--- - | No uc, no prime divides p +. he one prime 6517 
divides p? + p.+ 1 


if three of the prime factors of'g-different from p are such that the first is con- 
gruent to unity with respect to the and is with 
respect to the third. | . 

Lastly, we consider g to be the sais of distinct primes. Bross the results 
of table I and theorem 1 it follows that g involves less than four unity con- 


* uc—unity congruence(s). 
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gruences. From the first part of table we find that there are precisely six groups 
of order g = pgrstuv --- , if and only if (a) p(q), a(r) s(), (b) g = 2pq, with p(q), 
and (c) p(q), p(r), r(s). 

In table II we give the general form of the order, with the congruence rela- 
tions involved, and an example of each order for which there exist precisely 


1, 2, 3, 4, 5, or 6 finite abstract groups. 


5. Orders for which a given number of groups exist 


We shall now investigate the existence of an order g for which there exists an 
arbitrary given number k of finite abstract groups. The proof of the existence 
of at least one order g for every positive integer k is a problem which has not 
yet been solved, although all of the orders for values of k not exceeding 6 are 
known. A sufficient condition for the existence of an order g for a given k may 
be proved for a special case by the aid of the direct product theorem. 

TueoreM 3. [f there exists an order g which is product of distinct prime factors 
for which there are precisely k groups, such that k depends only on the number of 
prime factors of g and the number of unity congruences involving these prime factors, 
then there exists an order g' for which there are precisely k*, a > 0, abstract groups. 

Proor: Assuming the existence of g in the theorem, we may construct another 
order g; of the same form as g such that the following are true: (a) g; involves 
the same number of prime factors as g; (b) g: involves the same number of unity 
congruences as g, and the prime factors of g and g; may be arranged so that there 
is a 1 — 1 correspondence between the unity congruences of g and those of g;; 
and (c) no unity congruence in the product gg; involves prime factors from both 
orders g and g,. Now, by the direct product theorem there are k’ groups of the 
order gg;. By complete induction the theorem follows. 

We prove the following theorem on the existence of an order g for which 

there are precisely k groups, for values of k of a special form. 
TuroreM 4. There exists at least one order g for which there are precisely k 
abstract groups, where k is of the form 2°3°5°7°p, where a, 5, w, and p are positive 
integers or zeros and p is a prime of the form q + 2,¢ + 4,q + 6,2¢g+rt+ 
4,q° + 2q + 4, org + q+ 3, where q and r are distinct odd prime numbers. 

Since there exists an infinite number of primes among the terms of an arith- 
metic progression in which the common difference is prime to the first term, 
there exists a number g which is the product of m distinct prime factors and 
which involves an arbitrary combination of x possible unity congruences for 
x S C(m, 2). The order for which there is a number of groups equal to each 
of the prime powers 2*, 3’, 5°, 7°, and p, of the theorem, will be shown to exist 
by demonstrating the order. 

The order for which there are precisely 2“ groups may be constructed as the 
product of 2a distinct prime factors p;, 7 = 1, 2, 3, --- 2a, for which we have 
the congruence relations p2,_1 (pa:), fori = 1, 2,---,a. The order for which 
there are precisely 3° abstract groups may be constructed as the product of 3é 
distinct prime factors which may be divided into 6 sets of 3 each such that the 
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first factor in each set is congruent to unity with respect to the second factor, 
and the second factor is thus congruent with respect to the third factor of the 
set. The order for which there are precisely 5° groups may be constructed as 
the product of the third powers of w distinct prime factors, such that this product 
involves no unity congruences nor does any prime factor p; divide p; + 1 or 
pi + ps + 1, where p; and p; run over the prime factors of the order. The 
order for which there are 7° abstract groups may be constructed as the product 
of the cubes of p distinct prime factors and p additional distinct primes, such 
that the factors may be written in 2p sets of the form pip; , and such that, for 
every set, p; divides p; + 1.° The order for which there are p groups, where p 
is of the form in the theorem, is shown to exist in table I. By choosing the 
prime factors in the orders for which there are 2°, 3°, 5°, 7’ and p groups so 
that theorem 2 is satisfied, the theorem follows. 

CorotuaRy. There exists at least one order g for which there are precisely k 
finite abstract groups, for all integral values of k not exceeding 120. 


Kansas State CoLLece, 
MANHATTAN, Kansas. 
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THE REDUCTION OF POSITIVE QUATERNARY QUADRATIC FORMS 


By Burton W. JONES 
(Received April 18, 1938) 


1. Introduction 


The background of this problem is developed in an earlier paper.’ We here 
complete the reduction referred to on page 518 as the “third problem.” That 
is, we here determine conditions on the coefficients of a positive quaternary 
quadratic form which define a reduced form. This reduced form has the prop- 
erty that in every class of equivalent forms there is one and only one reduced 
form. In other words, every form is equivalent to one and only one reduced 
form. 

These conditions are in the form of linear inequalities on the coefficients and 
fall into two groups. First, there are inequalities which are completely sym- 
metric, that is, are independent of the numbering of the variables of the form. 
These conditions are, except for those mentioned in the previous paper, of a 
distinctly new type and possess many obvious advantages one of which is the 
brevity with which the conditions may be stated. Second, there are the usual 
inequalities which control permutations of the variables. 

In the reduction, no distinction is made between proper and improper equiva- 
lence. That is, transformations of determinant —1 are used as freely as those 
of determinant +1. However if one desires a set of reduced forms of given 
determinant having the property that every form of that determinant is properly 
equivalent to one and only one form of the set, the set may be found as follows. 
First, find the set of reduced forms of the given determinant by the inequalities 
of this paper. Then for each reduced form which has no automorph of deter- 
minant —1 we will have another form obtained from it by, for instance, chang- 
ing the signs of the coefficients of 2:22 , 2123 and 22, in the form. Hence the 
number of forms in what we might call the properly reduced set will be the 
number of forms of the reduced set plus the number of forms in that set without 
automorphs of determinant —1. In the table of automorphs at the close of the 
paper, the automorphs of determinant —1 are starred. 

S. B. Townes, has, in an unpublished Chicago dissertation (1936), carried 
through the Eisenstein reduction for positive quaternary quadratic forms. 
Though it has the advantage of giving a leading coefficient which is the minimum 
of the form, etc., the proof is very much longer and the conditions on the form 
are more complex. The comparative shortness of this proof is due in large part 
to the symmetric conditions above referred to. Furthermore, the minimum 
of any reduced form of this paper can be obtained quickly. 


1B. W. Jones, Annals of Mathematics, vol. 35 (1934), pp. 516-528. 
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We use the notations of sections 1 and 3 of the earlier paper and the results 
(and definitions) expressed in the theorems of sections 5 and 6. The dia- 
grams there mentioned play a fundamental réle. Throughout this paper, i, j, p, 
m, n are 1, 2, 3, 4, 5 in some order. In any paragraph different letters denote 
different numbers. By way of abbreviation we represent —a;; by ij, and —a;; 
by ij’. The word “coefficient” refers to an a whose subscripts are not equal. 
Small unprimed Greek letters denote inequalities. If they are primed, double- 
primed, etc., it is understood that the equality may also be admitted. Thus, 
to say that im a’ in and pm + jm a” pn + jn would mean that one of the four 
following conditions must hold: im = in, pm + jm = pn + jn, im < in and 
pm + jm < pn + jn, im > inand pm + jm > pn + jn. We would also write 
im + pm + jm a’ + a” in + pn + jn meaning that im + pm + jm = in + 
pn + jn if and only if a’ and a” are both = and that if they are not both = the 
inequality has the same direction as a’ or a”. im a’ in is also written in a’ im 
and (jtp) means that the condition (jip) does not hold. To write a’ = 6’ means 
that either they are both = or they are both inequalities in the same direction. 
a’ = 6B would mean that a’ is an inequality (not an equality) in the same direc- 
tion as 8. If we are considering a’, a”, 8’, 8” and write a = 8 we mean that 
one of the three following conditions hold: a’ and a” are =, f’ and f” are =, 
the inequality a’ or a” has the same direction as the inequality 6’ or 8”. I, ,I,, 
etc., denote transformations which are obtained from the identity by permuting 
its columns. 

In order to establish the reduction we first make a form semi-reduced as in 
the earlier paper and then consider the transformations there given which take 
a semi-reduced form into a semi-reduced form. We consider first a permissible 
transformation A ;;p and show that it reverses a certain condition, that is, the 
form satisfies the condition after the application of the transformation if it: did 
not satisfy it before and vice versa. Hence the form is equivalent to one which 
satisfies the condition; but if it satisfies the condition the transformation will 
take it into a form which will not satisfy the condition unless it is an auto- 
morph or merely permutes the variables. We deal similarly with other per- 
missible transformations. 

The chief object of this paper is to prove that there is one and only one form 
in each class of (properly or improperly) equivalent forms satisfying the follow- 
ing conditions. 


I. Symmetric ConpDITIONS 


a) All coefficients < 0 
1. If ai; = ayy = 0 and if? 


(Jip), |dim|a|ain| then | ajm + Gpm| a’ | Gin + | - 


* If dim = din we say that (jip) automatically holds; similarly below. 
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and if a’ is = either’ 
(jip)2 |aim| <|ain| and |ajm| | ajn|-~- | @pn| 6’ | apm |* and 
| |B” |Qpn|-~- | Gin |B” |Gpm| Or | >| ain | and 
| ajn| B’ and | ajm|B” | dpn|-~-| Gin |B” | dpm, 
2. If ai; = aip = Gpm = O and all the other coefficients. are negative and if 
| Qin + Gjp| a” | a’ | Gin + Gpn| and 
| dim + |B” | | Gin + Omn | , 


where a” + a’ = 6” + ®@’ and the only pairs from a’, B’, a”, B” which can be 
simultaneously equal are a’ and #’ or a” and 8”; if, furthermore, when a’ or f’ 
is =, a and B are < and when a” or #” is =, aand Bare >, then 


(jtpm) 


| Gin + Amn | < | | > | Qin + Opn | 


b) a > 0 and all other coefficients < 0 


1. ay; + aip S a;; + for every p ¥ 7 or 7. 
2. If a;; + dip = 0 


[jiph: | + + Giz | S | pm + Gpn + |. 

[jiple If the = holds above and if | + ai; |a@|@pn | -~- | Gpm|a| ajn + 
ai; | then | @pn| a’ | ajn + ais | | + Gi; | | |. 

[jip]s If the equality holds in the first line and a’ is = then | dim | a” | ain| . 

3. If a3; = —aip = —Gim(* —ain)* then 

{jin}, | + + | S | + Amn + Gip| 

{jin}2 If the = holds and | ajm + ai; | Gpn| | Gmn | o | + ay; |, then 
| @pn | | @ip + | ~~~ | + | | Amn | | + Ayn | 
| Amn + ap |. 


4. If pn = Gum = O and all the conditions [.--] (i.e. conditions 1 above) 
of the diagram hold as well as those obtained from them by interchanging ain 
and a;, and if ain ~ ajn , we say (pnm) is applicable and require 


(pnm): |ain|a|ain| and | ajm + ajp| a! | dim + | 


and if a’ is = then either 


* Another statement of this condition is given near the beginning of section 2. 

“That is | ajm|'B’ | ajn | and | apn | B’ | dpm | are, in virtue of a’ being =, equivalent 
statements. 

5 3. becomes identical with [ jin] if the equality holds. 
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(pnm)2 | @in| < | Gin | and and aj» lie between aj» and ajp 
or | ajn| > | din | and and aj, lie between aim and . 


(If a’ is = and aip = @jm OF Gj, the condition automatically holds. See also 


A 11 in section 3.) ) 
5. If ai; + @ip = 0 = Gp, and if in the complete diagram every {---} (con- 
dition 3. above) and every [---] hold and if none of the following hold: 


1) | @mn + 2| 

2) Gin = Gip and |ajp| > | ajm|, 

3) = Gip and + Apm| = | Gin|, 

4) = and | Gim + Gmn| 2 | aim |, 

5) = Qip and Amn = 0 

then we say [npzj] is applicable or applies and require 
[npijh: | @pm + + Gip| 2 | Gin + Gim + ai; |, 
[npij]2 if the = holds, then | apm | S | Gin + ai; | | @jm| S | mn + 
[npij]s if both equalities hold, then | a;p| | aim |. 


(See A 9 in section 3.) 
6. If ai; + dip = Gi; + Ajn = Ayn = O, if all conditions {---} and [---] hold 
and if 
1) |ajm| <|@jp| and |aim| < | ain |, and 
2) Gim Qip OF Gim = Gip and | dpm + Ajm|<|@in|, Wwe say that 
{npij} or, what is the same thing, {pnjz} applies and require 


{npij}1 | @jp + Gin + ai; | S | Gpm + Gam + Gin | 


{npij}2 if the = holds and | ajp + ai; | dpm | -~+ | + Gip | a | ain | then 
| @ip + | | | dpm + Gip| | ain | , 


{npij}s; if a’ is =, then | aim|a” | ajm |. 


(See A 10 in section 3.) ' 
Nore: In any given diagram not more than one of the following three con- 
ditions can be simultaneously applicable [npij], [pnji], {npij}. 


c) aij > 0, dam > 0 and all other coefficients < 0 


1. ai; + S$ 0 Day; + aj forp orj. 
Gmn + Gnp S 0 = Gmn + Omp for p morn. 
2. + + S O for p = i orjands = morn. 


3. If Gam + Gin + ai; = 0, then 
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(ijnmh, @jp + Gnp + Gin | + Gin | 
and if the = holds 


(ijnmle | | a! | din + nm | | dim + ai; | @’ | Gap | and 
| | &” | din + | | @jm + Anm | a” | |. 


(ijnm]s If a’ is = and a” not then | aip + ai; | a” | Amp + Oman | ; 
if a” is = and a’ not then Gnral"a;; ; 
if @’ and a” are = then a’” and a!” conditions hold. 
4. If a;; + agp = 0 and none of the following hold 

1) aij + + Onm = + Gim + Amn = 0, 

2) aij + Ajm + nm = Ai; + Ain + Amn = O, 

3) the diagram contains J; (see section 4) 

then we impose condition b) 2. 


II. UNsymMmMetric CoNDITIONS 


S aj if <7. 
If ax = aj; where i <j and if | aip| a’ | ajp|, | aim | B’ | | in| 
|ajn | where a’, 8’ and 7’ are not all equalities, then 
1) if none of a’, 6’, y’ are =, two or more are <, 
2) ify’ is = but a’ and f’ not, then a’ is < if p < mwhile #’ is < if m < p; 
and a similar condition if B’ is = or a’ is =, 
3) if two of a’, 8’, y’ are =, the third is <. 
We shall find useful the following relationships among the fundamental 
transformations, which can easily be verified: 


A jipA pnm = Bipnmlin,jm ; A jipAiip = Aipjlmn AjipAipm = Biipm ; 
T_jp,mBipng = ApitBipnjl in ; = [-pnAmpil pn,im ; 


2. The symmetric conditions when a;; < 0 for all 7 and j,i # j 


If aj; = dip = 0, that is 7j = tp = 0, the earlier paper (p. 523) shows that A ji, 
and the transformations obtained from it by permuting the columns take a semi- 
reduced form into a semi-reduced form. We shall use especially 


A jip which interchanges® im and in, 
A jipl mn Which interchanges jm and jn, pn and pm, 
A jipl ip.mn Which interchanges jm and pn, jn and pm. 


These transformations leave unaltered all coefficients not mentioned. In 
virtue of the first line, A ji, is an automorph if im = in but otherwise changes 
the first inequality of (jip), in the introduction and leaves the second. Hence, 
unless a’ is =, if the coefficients of f satisfy (jip), , the application of A jip will 


° This may be seen by applying Aj. to ¢ and finding ¢’. 
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give a form f’ whose coefficients do not satisfy (jp), and if the coefficients of f 
do not satisfy (jip), the coefficients of f’ will. If a’ is =, suppose, for instance, 
jm 6’ jn and jm 8” pn; then if im < in the application of A ;;, will reverse the 
inequality but leave the rest of the line and hence deny the condition unless 
6’ or B” is =, but if im > in, the application of A ji, will yield a form which 
does satisfy the condition. If, on the other hand, jn p’ jm and jm 8” pn the 
same procedure may be carried through. If in (jip)2 B’ is =, A jipT mn is an 
automorph while if 8” is =, A jipl jp,mn is an automorph. Hence, unless one 
of the three transformations is an automorph, the application of A ;;p to a form 
which satisfies (jip) yields a form which denies it and vice versa. In other 
words, every form for which ji = ip = 0 is equivalent to a form which satisfies 
(jip) and A ;;p will not take it into another form satisfying (jip) unless one of the 
three transformations is an automorph. 

Furthermore, inspection shows that the condition (jip) remains unaltered if 
j and p are interchanged, or if m and n are interchanged. These interchanges 
together with their combination are the only permutations of subscripts which 
leave ji = tp = O unaltered. Any other permutation would merely replace 
ijpmn by 7'j’p'm'n’ and hence would still leave the condition (jip), though now 
it would be in terms of 7’, 7’ and p’. As for the case when, for example, A jipl mn 
is an automorph, it may be seen that then the effect of A;;, on the form is the 
same as that of J,,, and therefore A ;;, will be taken care of when we later provide 
for equivalence under the transformation J,,,. Also note that A jipJmn and 
A jipl ip,mn Will have the same effect on (jip) as will A jip . 

The further development is simplified by noting that (jip)2 may be written: 


if im < in then pn and jn are between jm and pm, while 
if im > in then jm and pm are between jn and pn 


and if in either line one of the second two is equal to one of the last two, the 
condition automatically holds since A jipJ mn OF A jipl jp,mn iS an automorph. 

Though the above shows that (jip) can be satisfied in a single case it is con- 
ceivable that in a form in which several such conditions applied we might deny 
the condition for one pair of vanishing coefficients while in the process of satis- 
fying the conditions for another pair. It therefore becomes necessary to in- 
vestigate all the varieties of combinations of such conditions which may occur 
and to show finally that every form is equivalent to a form satisfying a condition 
(jip) for every vanishing pair of coefficients having a subscript in common. 
We will then know from the above theory that, once a form satisfies all such 
conditions, the application of any permissible A ;;, will alter one condition if it 
alters the form unless its application has the same effect on the form as a per- 
mutation of variables. After this is done we proceed to dispose of the trans- 
formations B, C and D. 

In this section, by the diagram of a form we mean a polygon (not necessarily 
closed) containing a line ji for each coefficient ji which vanishes. That is, if 
jit = ip = mp = mj = 0 we would have a “rectangle” with vertices i, j, p and m, 
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(Obviously the shape of the polygon has no significance.) In finding all the 
possible diagrams it should be noted that the corollaries 1 and 2 of the earlier 
paper imply that not more than six lines can occur nor can one point be the end 
of more than three lines if the determinant of f is to be different from zero. If 
there are three lines, for example, the distribution of lines among the vertices 
is one of the following: (3, 1, 1, 1), (2, 2, 1, 1) or (2, 2,2). Proceeding similarly 
for the other cases we have the diagrams of set I together with L,, which is L 
with the addition of line pm. 


| VAN 
E: G: H: G 
P i 


m 
P 
i 
Q: R: 8: 
P I 5 j 


Consider the diagram F. In the discussion of this diagram and those below, 
though we assume im > 0 (which follows from the form being positive) we 
make no assumption about the appearance of other lines in the diagram. We 
show that, whatever the diagram containing F is, we can satisfy the conditions 
. associated with the F portion of the diagram. We list the following conditions: 


(jip) im >in and jm+ pma’ jn + pn, 
(pin) im> ij and pm + nm B’ jp + jn, 
(jin) im> itp and jm+nmvy’' jp + np. 


Since A ;ipImn does not alter the diagram we may assume from previous dis- 
cussion that (jp) holds. Suppose (pin) does not. Then a’ is = fp’ is <. Let 
np + pm & jn + jm and if A pind jm is applied the condition (pin) will hold in the 
resulting form. The transformation leaves unaltered the first part of every 
condition. We have for the new form in terms of the old coefficients: 


(jip)’ jm + jp a + B’ mn + pn 
(jin)’ jm + jn 8 pm + pn. 
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If a’ and B' are =, (jip)s is jn e’ jm e” pn, jn e” pm ¢ pn; (Pin): is nm d jp d pm, 
nm jn pm which implies = ¢” and hence (jip): is mnd + jm pn. 
Hence (jip)’ holds. If (jin) holds, we see from symmetry that (jin)’ would 
hold. In any case we have shown that after the application of A pial jm two 
of the conditions associated with the diagram hold. Hence we may now begin 
with (jip) and (jin) holding. Then, if (pin) does not hold, the above discussion 
may be applied again to complete the proof. 

Diagram G. If jp = pn and (jip) does not hold, apply A;:p which alters 
neither the diagram, jp nor pn and hence (jzp) and (ipm) for the new form will 
hold. Thus it remains to consider the case when im ¥ in and jp # pn. Apply 
Ajpm if necessary to make (pm) hold. We must then consider the case when 
(jip) does not hold. In this case we have im a in and jm a’ pn + jn, jp B pn 
and jm B’ in + mn. First, if a = 6 use A jip to fix (jip). This leaves the third 
inequality and changes the fourth to jm y’ im + mn. But jm B’ in + mnaim 
+mn. Hencey’ = 6’ + wand (pm) is also satisfied by the new form. Second, 
if a = 6 the application of A ;ip yields a new form in which im’ B in’, jp’ 8 pn’ 
and (jtp)’ holds. Then if (¢pm)’ does not hold we may interchange the réles of 
(jip) and (ipm) and proceed as in the first case. Note that here, as in F, we 
did not assume that no other lines were zero in proving that (jp) and (ipm) 
could be satisfied simultaneously. 

Diagram H. If two pairs of im, in; jm, jn; pm, pn were = we could, as in G, 
use the proper transformation if necessary to fix the condition associated with 
the third and the conditions associated with the others would automatically 
hold. Hence we suppose that (jip) holds and (ipj) does not and that im a in 
while pm B pn. It may be shown by methods similar to those above that if 
8 = a, Aip; makes all conditions hold while if 8 = a, A jipA ip; = Apjil mn MAY 
be used. 

Diagrams J and K. In fixing the conditions associated with the lines of 
J or K terminating in p we may use a transformation Aipm which interchanges 
the diagrams J and K. A jpm would have the same effect except that the letters 
would be changed. Hence we assume from the theory for F that the conditions 
(jpm), (ipm), (jp¢) hold for J and (ipn), (ipm), (npm) for K. Denote the second 
inequalities in the conditions for J by a’, 6’ and y’ respectively where each is <. 
First, suppose that (pjt) does not hold in J, that is jm 6 jn, im 4’ pn + in. ‘ The 
inequalities of (pij) are im ¢’ in and jm \’ pn + jn. Write jn + im yp’ jm + in. 
If is S we have = + Hence is < and since pn 0, is < and 
therefore 6’ is >. Apply A,;; and see that all the conditions hold for the new 
form with no equalities holding. On the other hand, if yu’ is >, 6 = y’ + #’ 
shows that 6 is < and hence ¢’ is > while \’ is <. Hence (pij) is denied. The 
interchange of j and i reverses uw’ and hence we may use the immediately pre- 
ceeding case with 7 and j interchanged to complete the theory. Second, consider 
K where the second inequalities of the conditions (ipn), (ipm), (npm) are de- 
noted by p’, 8’ and o’ each being <. From symmetry assume im > in and if 
(jip) is denied jm 7’ jn where ris <. If A jip fixes (ipm) all the other conditions 


yt 
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will bold and the diagram is left unaltered. On the other hand, if it does not 
Biipm = AjipAipm Will fix (ipm), will transform the diagram to J in which, in 
terms of the old coefficients, the new conditions (ipj) and (jpm) are pm < jp 
and in + jm < im + jn; jp > pi and jn + mn > ni, the last resulting from 
p’ S. We then proceed as above. 

Diagram L. The transformations used to fix the conditions (pij) and (ijn) 
do not alter the diagram. Hence we may, from G, suppose that the conditions 
(pij) and (ijn) hold. It may be shown that application of A ;,, and then, if 
necessary, A np; fixes all the conditions. 

Diagram M. We may assume from G, as above, that (pzj) and (¢jn) hold. 
It may be shown that application of A jnm fixes all conditions. 

Diagrams N,P and L;. The transformations adjusting the conditions associ- 
ated with the vertex p of the diagrams permute the diagrams. But condition 
(ipn) for L; cannot hold and thus we need to consider only N and P. Hence 
we assume that in N(jpm) holds which implies im a’ jn + mn where a’ is S and 
(jpi) holds which implies im 6’ jn + in where f’ is S. (ipm) and (%jm) hold 
automatically. (jip) holds if and only if im y’ in where y’ is S. (jmp) holds 
if and only if im e’ mn where ¢’ is S. First, if e’ is >, A jmp will fix (jmp) and 
(jpm), (ipm) and (jpz) still hold. (jip) will hold after the transformation if 
it did previously. In the resulting form im’ < mn’. If then (jzp)’ does not 
hold apply A ji, to f’ to yield a form in which all the conditions hold. If (jip) 
and (jmp) hold, so do (pji) and (pjm). In P we assume as above that (jpn) 
and (jpm) hold. Then Anj, takes P into N with 7 and n interchanged. It 
may be seen that (jpn)’ and (jpm)’ hold and the theory for N carries through 
as above. 

Diagram Q. Assume as above that (jpm), (ipm), (jpi) hold, since all the 
transformations involved leave the form of the diagram unaltered. If in < im 
use A ;;p to give f’ in which in’ = im’ and the conditions above hold. [If inf’, 
jn’ < jm’ use Ajj; which yields f” in which in” = im” and jn” = jm” and all 
the conditions except perhaps (nmp) hold. If (nmp) does not hold use Aamp. 

Diagram R. Assume (pij), (ijn) and (jnm) hold and write their first in- 
equalities in order im a’ in, jp B’ jm, np y' ni and denote their second inequalities 
by a”, B”, y” respectively. Since an interchange of p and m, 7 and n inter- 
changes the first and third conditions and reverses both inequalities of the 
second we assume a = y = 8 ora = Y. In the first case conditions (nmp) 
and (mpt) hold since jp ’ jm a” pn B” im a’ in. In the second case it may be 
seen that y = 6 and Anmp will fix (nmp) if it is denied and all the other conditions 
except perhaps (mpz)’ which holds if and only if (mp7) does. If (mpi)’ does 
not hold apply the above theory with p and m, 7 and n interchanged to complete 
the proof. 

In S all the conditions automatically hold. A jmp takes T into S and Bipm; = 
AipmA pm; takes U into S. 

We now wish to find under what conditions Bj;»m leaves the conditions (jip) 
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and (ipm) in a diagram containing G. Note that A jipAipmn = Bjipm and hence 
this transformation interchanges im and in as well as pn and jp. Suppose 


(jip) imain and jma’ jn + pn 
(ipm) jp Bpn and jmp’ in + mn 
(jip)’ in atm and jma” jn + jp 

(ipm)’ pnB jp and jm B” im + mn. 


Note that 6’ + 6” = a, a + a” = B. When Ajipl, or Aipmly is an 
automorph we need not consider Bjip», since, for example, A jipl mnAipnl mn = 
B jipm and if A jipJ mn is an automorph the application of Bip» has the same effect 
on the form as A ipnJ mn Which has already been provided for. Hence we suppose 
im ~ in and jp ¥ pn and if a’ is =, no equality in (jip). need be considered 
and hence since pm cannot lie between pn and jn we have: 


ife’ is= thenais< andjm> pn,jn > pm = 0, 
if is= thenBis< andjm>in, mn = 0, 
ife”is= thenais << andjm > jp, jn > pm = 0, 
if is = thenBis< andjm>im,mn>ij = 0. 


Note that in the first line pn # 0 ¥ jn and a < imply jm > pnand jn. Also 
a’ and 6” are not both =, 6’ and a” are not both =. The condition in + nm 6’ 
jm a! jn + pn becomes after the transformation Bjipm , im + nm B” jm &” jn 
+ jp. Note that if a’ or B’ is =, a” and 6” are < while if a” or 8” is =, a’ and 
6’ are >. Hence either before or after the application of the transformation 
but not both it will be true that in + nm < jm > jn + pn and we impose the 
condition of the introduction. 

We proceed to show that the above condition need be imposed only if all the 
coefficients not occurring in G are different from zero. We show that otherwise 
if all the (---) conditions hold and Bjipm applies, it must take it into a form 
in which not all the (---) hold. First jm # 0. Second, if pn = 0, the con- 
dition implies that 6 is > and thus a is > and neither a’ nor fp’ is =. Byipm 
takes K into J in which if (zjp)’ held, jn < jm and im + jp S in which contra- 
dictsim >in. Third, if jp = 0, then jp < pn and the condition implies jn S jm 
S jn + pn and im < in while if (pji) holds jm = jn and im 2 pn + in which 
is a contradiction. Fourth, if mn = 0, the condition implies im 8” jm 6’ in and 
neither 6’ nor 8” is = if the form is positive. If (pmn) held we would have 
mt B mj and ni y’ pj + .. But pj + nj a” jm B’ in and hence y’ = B’ + a” 
and (pmn) does not hold. Finally, note from symmetry that we have considered 
all the typical cases. This disposes of condition (jipm). 

We now prove that if C jip,nmJ ;« is applied to a form whose diagram contains K 
and whose coefficients satisfy the conditions already imposed, the coefficients 
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of the resulting form do not satisfy all the conditions imposed unless the trans- 
formation has the same effect as a previous transformation. It leaves the co- 
efficients of the form except for the following changes: jn’ = in, in’ = jm, 
jm! = im, im’ = jn. Hence (pij) is im a’ in and jm a” jn while (pij)’ is jn &” jm 
and im a’ in which is false unless @” or a’ is =. First if a’ is = note that 
C jipnml iy = I_p,jA jipA mpnl mn,ji and since I_y,; and are automorphs, the 
effect of C jip,nml jis the same as that of A mpnJ mn,ij Which by our previous theory 
is an automorph or alters some condition imposed. Second, if a” is = write 
C = jigl nal mn A mpol mn = jipl an A mpal and since A jigl an 
and J_»,; are automorphs we proceed as above. 

Finally we prove that if D;jnmp is applied to a form whose diagram contains R 
and whose coefficients satisfy the conditions already imposed, the coefficients 
of the resulting form do not satisfy all the conditions imposed unless the trans- 
formation is an automorph multiplied by a transformation previously con- 
sidered. The transformation leaves the coefficients of the form except for the 
following changes pn’ = jm, jm’ = jp, jp’ = in, in’ = pn. Hence since (pij) 
is in a’ im and pn a” jm while (ijn) is jm B’ Jp and im B” np we see that (pij)’ 
is pn B” im and jm 6’ jp which does not hold unless 6’ or 6” is =. First if 6’ 
is =, Ajj, is an automorph and we use Djjnmp = AijnBipmnlij,pm. Second, if 
B” is =, Aijnl in,pm iS an automorph and we use Dj jnmp = Aijnd in,pmBipmnl inj - 


3. Symmetric conditions for a;; > 0 and all other coefficients < 0 


(Throughout this section 7 and 7 are understood to be tne subscripts in some 
order of the positive coefficient). Condition b) 1. of the introduction arises 
from the earlier paper. 

If 72 + ip = 0 we shall have occasion to use two transformations: 

A jipl jp which interchanges: im and in; pm and jm + 1j, that is, pm + ip 
and jm; pn and jn + 2j, that is, pn + ip and jn. 

A jipl jp,mn Which interchanges: pn and jm + 7j, that is, pn + ip and jm; 
pm and jn + 2, that is, pm + ip and jn. 

To establish the condition [jzp] of the introduction it can be seen that A jipl jp,mn 
reverses [Jip]; , reverses the first but not the second of the inequalities of [jipls 
and leaves the inequality of [jip];. If jm + ij = pn and pm = jn + 7 the 
transformation is an automorph. If a’ and a” are =, the transformation A jipl jp 
is an automorph. Hence, as in section 2, any form for which ij + ip = 0 can 
be transformed into a form which satisfies [jp] and if one of the above trans- 
formations is applied to a form which satisfies [jip], either one is an automorph 
or the transformation yields a form which does not satisfy [jip]. It should be 
noted that [ip] is left unaltered by an interchange of m and n for the effect of 
such an interchange is to leave [jip]: and reverse all the other inequalities. . 
Also, we could have used A jipl jp above in place of A jipl jp,mn. Note that the 
condition [Jip] is different from [zjp]. 

_ As in section 2 it becomes necessary to investigate all possible diagrams and 
to consider the other permissible transformations listed in the first paper. 
This time the diagrams consist of three types of lines: ij which represents the 
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positive coefficient; some, none or all of ip, im, in, jp, jm, jn which represent 
coefficients which when added to 7j give zero; and some, none or all of mn, pm,nm 
which represent zero coefficients. We call the last three, zero lines. Note that, 
for instance, A jipl jp,mn interchanges the lines jn and pm, jm and pn of any 
diagram. We can reduce the number of diagrams to be considered by means of 
Lemma 1 in which we use the following two transformations: 

I_i,nAmipl jn Which is permissible from the earlier paper if ip = im = —ij 
and interchanges jm and mn + im, that is, jm + ij and mn as well as jp and 
ip + pn, that is, pn and jp + vj. It interchanges the lines mn and jm, jp and 
pn of a diagram. 

B jipnd ip,jn Which is permissible from the earlier paper if ip + ij = 0 = pn 
and interchanges jp and im; pm and in + 1j, that is, pm + ip and in; nm and 
jm + 7, that is, nm + ip and jm. 

Lemma 1. Every diagram containing two or more zero lines may be taken by a 
permissible transformation into a diagram containing fewer zero lines with the 
exceptions below. 

First if ji + ip = pn = pm = 0, A jipl jp,mn reduces the number of zero lines 
unless jn = jm = tp. In this case I_;,pA mjnl ip is effective unless im = in = ip. 
jn = jm = im = in = ip is the first exception. 

Second, ji + ip = pn = mn = 0X pm. Use A jipl jp,mn unless jn or jm = ip. 
If nj = tp use the above with p and n, i and j interchanged. If in = ip we may 
proceed similarly. If jm = ip = im, I_;,nAmipl jn will decrease the number of 
zero lines unless jp = ip. Hence the only exceptions are the first exception and 
jn # jm = tp ¥ in where none or both of im and jp are equal to ip. 

This lemma, though it does eliminate from consideration many diagrams 
does not insure us against being forced to consider a diagram such as Eyam 
below which necessarily arises in the course of the discussion. 

In listing the diagrams of set II we picture only those without zero lines 
and indicate any zero lines by subscripts. For instance if in G, pm = 0 we 
designate the diagram by Gpm. If pm = 0 = mn we call it . 
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Consider the diagram F. Suppose [jim] holds but [jip] does not. Then 
jp + jn + i a pm + mn + ip where a’ <, 
pm + pn + ip B’ jm + jn + Y where f’ <. 


Note that jp + pn a’ + B’ jm + mn. Application of A jipl jp,mn fixes [jip] and 
gives [jim]i: jp + pm y' jn + mn which condition holds if y' is <. First, if 
7’ were = [jim]' would be satisfied unless jp + 7 6 mn and pm & mn where if 
dis =, in’ dip’, that is,6is >. Consider this case below. Second, if y’ were = 
and, when the = holds, the condition in the previous sentence holds, apply 
I_i.nA mipl jn to the original form which takes [jim] into pn + jn a’ + p’ + 7 
pm + jm which is thus satisfied unless perhaps a’, 6’, y’ are all =. In that case 
jp + ij 5 mn and [jim], implies nm 5” jn + ij where if 6” is =, ip in. [jiph, 
denied implies jm + ij € pn, jn + a €' pn and if é’ is =, in € im, that is, € is >. 
a’ + Bp’ = implies e = 6, Also pmé’ + 6” + é pnand therefore jn 5’ + 6” + é jm. 
Now if [jim]; is denied pn + jm + ij, jn 7’ jm and if r’ is =, in > ip and ris >. 
Then + = ¢ which contradicts jn 6’ + 6” + &€ jm unless 7’ is = which would 
imply that ris =. Also the transformation takes [jip] into mn + jn v’ pm + jp 
and [jip]’ holds unless perhaps y’ is =. In that case mn 5 jp + aj, jp 8 jn and 
if 6’ is =, im < inand <. Hence [jip]’ holds. 

Hence we have shown that in diagram F or any diagram containing it [jip] 
and [jim] may be satisfied simultaneously. For this diagram J_;,,A mipl jn is 
also permissible. It may be seen to reverse the inequality of {jin}, and the 
second but not the first of {jin}2. If the equality in {jin}, holds and jm + 7 = 
pn, T_i,nAmipl jnmp iS an automorph while if the equality in {jin}, holds and 
o is =, I_inAmipl jn is an automorph. If p and m are interchanged {jin}, 
remains and all the inequalities of {jin}. are reversed. Hence this condition 
is connected with this transformation in the same way that [jzp] is with A jipl ip . 

We seek now to show that in the diagram in which [j7p] and [jim] hold, {jin} 
may also be made to hold without disturbing the first two conditions. Calling 
the {jin}, inequality x’, we consider the case when a’ is S, 8’ =, «’ =. Note 
that mn + jn 8B’ + jp + pmand pn + jna’ + «' pm + jm. The transforma- 
tion I_;,nA mipl jn fixes {jin} if it is denied and takes [jzp] and [jim] inte the last 
two inequalities respectively. There is thus no trouble unless x’ is = and one of 
6’, «is =. Suppose x’ is =, B’ is =, jm + ij o pn-~-mno jp + aj and jp + 
ij pn. [jiple implies jm + ij pn o’ jn + ij. Now [jipls is mn o jp + and 
jp « + o’ jn which therefore holds. If a’ is = proceed similarly. 

Note that a ee Pe => Ei;.pmnAnijl in and if am = in Ei;,pmn is an auto- 
morph. Also if im = in {jin} becomes identical with [jin]. Hence we have 
also disposed of the diagram K. 

Consider a diagram containing H. If [ijp] holds but [jip] does not the appli- 
cation of A jipl jp,mn May be seen to make all conditions hold. 

Lemma 2. The only diagrams containing two or more zero lines as well as the 
line tp and in which all [---] and {---} conditions hold are Epnm, Hpnm, Gpma 
Nonm and diagrams containing Qmpn - 
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Proor: If pn = pm = 0, [jip] implies jm = jn = ip and then {ijp} implies 
in = im = tp and the diagram contains Qny,. Hence it remains to consider 
only diagrams in which pn = nm = 0 and in ¥ ip ¥ jn. In Foam and Lonm 
{jin} implies jp = ym = tp and hence the diagrams are or contain Nypam. The 
other diagrams in which pn = nm = 0 and in ¥ ip ¥ jn are listed in the lemma. 

In diagrams in which pn = nm = 0 we use the condition (pnm) which is the 
same as the condition (jip) (with n and 7, 7 and m interchanged) of section 2 
and which has there been established. However we need impose it only when a 
form satisfies all the conditions [---] and {---} and when application of A pnm 
leaves the conditions still holding. It may be seen that in any diagram con- 
taining Nypnm OF Qmpn, the condition (pnm) or (mpn) automatically holds. 
Hence the condition (.--) is to be considered only in the case of the first three dia- 
grams listed in Lemma 2. 

We consider next the conditions associated with BjipnZip,nj and the diagram 
E,,. In that case we impose the condition [npij] of the introduction. Byipn 
I ip,nj Teverses all the inequalities of the condition and is an automorph if all the 
equalities hold. We next show that if one of the conditions 1) to 5) holds the 
application of the transformation to any form whose every [---] and {---} is 
satisfied yields a form in which one of these is not satisfied unless the transforma- 
tion has the same effect as some permissible transformation previously considered. 

First we show that if the transformation is applied to a diagram E,, in which 
[jip] holds and jn ¥ ip, [jip]’ holds if and only if mn + jn < in unless the appli- 
cation of the transformation has the same effect as some permissible transforma- 
tion previously considered. B jipnl ip,nj takes [jip], into mn + jn a’ in and hence 
if [j¢p] is to hold a’ is S$. Ifa’ is =, [jip]; is mn B’ pn, pn B” jn + ij and, if 6’ 
is not = but 6” is, jp B’” pm + ip. Hence #’ or 8” is =. In the former case, 
A jipl jp,mn i8 an automorph of the resulting form and B jipnl ip, jnA jipl ip,mn = 
ByjipnA npil ip, ind ip,mn = Ajiplz concludes the proof. The latter case we next 
consider. 

Second consider 2) with all the [---] and {---} holding. We prove [<jn]’ 
holds if and only if jp < jm. After the application of B jipnJ ip, jn [tjn]’ is jp vy’ jm 
and hence if [7jn]’ is to hold, y’ is S$. Hence, in the case postponed above, if 
mn + jn = in and, from [jip]: jm S pm + ip we have jp S pm + ip and 
8’ is S while B’ is =. The case ®’ = has already been considered. If 8’ and 
8” are =, A ipl jp is an automorph for the transformed form and we proceed 
as above. It remains to prove [ijn]’ holds if jp = jm. This follows since [7jn] 
implies im < nm + ip and [ijn]; holds. 

Third consider 3) with all [---] and {.--} holding. Note that the trans- 
formation takes the diagram Fp, into Hy, and if mn + jn < in and 2) does not 
hold we prove [ijp]’ holds if and only if jp + pm < in unless B jipnl ip, in has the 
same effect as some transformation previously provided for. [#jp]' is jp + pm 
in and we need inquire further only if 5’ is =. If {ijp]2 holds then jp + ij ¢’ pn 
€” pm. If e” is = then [jip] implies jm = jn = ip and 2) implies jp = jm. 
5’ = implies jp = in and mn + jn = in which cannot be. If ¢’ is =, Aijplip.mn 
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is an automorph for the transformed form and Bjipnl ip, jinAiipl ip,mn = A jipA ipn 
Apnile = AjipAniply = I-inAmipl, concludes the proof. 

Fourth, consider 4) with all [---] and {---} holding. The transformation 
takes H pn into Fyn and we prove if mn + jn < in, then [jim]’ and {jin}’ hold if 
and only if 4) is denied unless it has the same effect as some previous 
transformation. {jin}’ is im + mn \’ jm and hence is denied if }’ is >. 
If \’ is = and {jin}s is to hold, mn y’ pn, pn wp” im + i and hence one of the 
equalities holds. Then J_;,nA mip/,is an automorph and B jipnl ip, jnd mipl: = 
= A jipAipnAipnA ipjAipmAmpily = AjipAipily = Ajjpl, com- 
plete the argument for {jin}’. If then im + mn < jm, [jim]’ is im + jn < 
in + jm for mn + jn < in implies jn < in. 

Finally we prove that if jm = ip, mn = 0 and [2jm] holds, the transformation 
takes the form into one in which [7jm]’ does not hold unless it has the same effect 
as a transformation previously provided for. [jm] implies in < pm + ip 
while [ijm]’ implies pm + ip S in and hence pm + ip = in. In this case 
Aijml im,pn is an automorph and to complete the proof we use A jjmJ im,pnB jipn 
sp, jn AijmB jmnpl z = A 

From the above discussion, we have the following cases in which [npij] does 
not apply: 

C,: in = ip, for then mn + jn 2 in. 

C2: im = jp = ip, for [ijp] implies in < pm + jp and 3) holds. 

C;: If jp = ip and [npzj] applies, then [npji] does not for im + mn < jm 
implies jm + mn > im. 

C,: If jn = tp and [npij] applies, then [pnjz] does not for [jzp] implies ym < 
pm + ip while [pnji] and [npij] applying imply mp + ip < jp S jm. 

Next consider the transformation I_j),mBipn; which is permissible for the 
diagram G,, and makes the following changes: 


interchanges pj and pm + pi, that is, pj + 7j and pm, 
and interchanges in and jn + nm, that is, in + ij and nm. 


We impose the condition {npij} of the introduction. To see that this may 
be imposed, note that the transformation reverses the inequality of {npzj}1 and 
in the first part of {npzj}2 but leaves all others, whereas jp + 77 = pm implies 
that the transformation is an automorph. If a’ and a” are =, I~ jp,mBipnjl mn,ii 
is an automorph. 

We next prove that if 1) and all conditions [---] and {---} hold, [jzp]’ and 
[¢jn]’ hold and conversely if all [---] and {---} hold and if after the transforma- 
tion [jip]’ and [7jn]’ hold, then 1) must hold unless the transformation has the 
same effect on the form as a transformation previously considered. [jip]’ and 
[¢jn]’ are jm S jp and im & in respectively which proves the first part of the 
above statement. We will prove the second by considering the case when jm = 


jp. Then [jip]s implies jm + a’ pn, pn = jn + ij, im a” jn + nm. a’ is 2 
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while [ijn] implies a” is S. Hence a’ or a” is = and A jipJ, is an automorph 
for some 2. I_jp,mBipnjAjiplz = Bnyijly and hence the application of the 
transformation has the same effect as a previous transformation. We proceed 
similarly if im = in. 

Finally, if im = ip and all [.--] and {---} hold we prove that if 1) and 2) 
hold, then after the transformation {jin}' and [jim]’ hold and conversely that if 
1) holds and if {jin} and {jin}’ hold, then 2) holds unless the application of the 
transformation has the same effect on the form as a transformation previously 
considered. {jin}’ is pm + jm S in and hence is satisfied if 2) holds and in 
that case, by A2 below, [jim]’ also holds. Conversely if {jin}’ holds 2) must 
hold unless pm + jm = in. In that case {jin}; implies jm + ij 6’ pn B” pm 
and hence #’ or 8” is =. If B” is =, [jip] says jm S ip. Hence in either case 
6’ is = and I_;,nApimJ jn is an automorph for the resulting form. J_jp,mBipnj 
Apiml jn = I-i,nApiml, completes the proof. 

Note that 5.2) and 6.1) show that [npzj] and {npzj} are not simultaneously 
applicable. 

We shall make use of the following cases in which various conditions auto- 
matically hold. 

Al. [npij] automatically holds if it applies and jm + ij = 0, for [¢jm] implies 
in S pm + mn + jm and if the = holds, pm S in + ij. If pm = in + 4, 
then mn = 0 and the condition does not apply. 

A2. If in the diagram J», {jin} holds, then [jim] must hold for {jin} is jp + 
jm + S mn + tp and [jim] isjp + jn + a’ pm+mn+im. And if a’ is 2 
we would have pm + mn + im S jp + jn+ iS jp+jm+ mn + ip 
and hence pm = 0, jm = jn, jp + ij = mn which implies that a’ is = and 
[jim]e holds. 

A3. In diagram J, [ijn| automatically holds for im + 77 S mn + pn and if 
the equality holds, im + 77 = pn. 

A4. If in Lym , [jim] holds, {jin} must hold for [jim] is jp + jn + ij S mn + im 
and {jin} is jp + jm + ij a’ pn +mn-+ ip. Ifa’ is = we have jp + jn + i 
S mn + im S pn + ip S jp + jm + and therefore a’ is = and 
{jin}e holds. 

A5. If in Lmn , [jim] holds then [jip] must hold. 

A6. In N {jin} and {ijn} automatically hold. 

AZ. In Lyn [jip] and {jin} imply [jim]. 

A8. In M;.n obtained from Mn» by interchanging p and m, the satisfaction 
of {ijp} implies that {npij} is not applicable for the former is in S mp + jm. 

A9. [npij] is not applicable, from C, if ni occurs in the diagram. If line ym 
occurs, none of jn, jp, in, mn occur. Furthermore, if lines jp and im occur and 
[<jp] holds, the condition is not applicable for [jp] implies in < pm + jp which is 
condition 3). Hence, using lemma 2 we see that, of the diagrams we need 
consider, in only the following can [npij] apply: Epn, Fn, Gpn,Gpm, Jon, 
Lyn, Lom, Eynm, Honm, @ymn Where the primed diagrams are defined below. 
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It is all the more true that no condition [----] is applicable to a diagram con- 
taining beside 7j7 more than three non-zero lines and in which the [---] and 
{---+} conditions hold. 

A10. {npij} is clearly not applicableif either of the lines yp or ni occur. If 
im and jm occur the condition is not applicable if {7p} holds from A8. Hence 
no condition {----} is applicable to a diagram containing beside 77 more than 
three non-zero lines. 

All. The condition (pnm) applies only to Epnm , Hpnm , Gpmn a8 May be seen 
from the discussion above for this condition. 

Consider the diagrams E,, and G. Since A j;ipl jp takes one into the other, 
we may assume in the former that [jzp] holds and in the latter [ijn] holds. If 
in the latter [jip] does not hold, the transformation will take G into Ey, with 
[jip|’ holding. Hence we have either G in which [jzp] and [zjn] hold or E,, in 
which [jip] holds. If [npij] applies but does not hold, use Bjipnl ip, jn as above 
which does not alter the diagram. 

Consider the three diagrams F,,, L and H’,, where the last is Hp, with p 
and m interchanged. A ipl jp,mn interchanges the first two diagrams while 
A jim] jm,pn leaves them unaltered. AijmZim,pn interchanges the second and the 
third diagrams. IJ_;,nA mipl jn interchanges the first and L’ where L’ is obtained 
from L by interchanging p and m. Thus in these diagrams we may assume that 
[jp], [jim] and {jin} hold when they apply. 

First, the only other condition which can apply to F >, is [npij] and by the 
discussion of that condition, if it applies but is not satisfied, the transformation 
B jipnl ipnj takes the form into one in which all [---] and {---} hold as well 
as [npij]’. 

Second, if in L, [jim] but not [ijm] holds, use AijmIim,pn Which converts the 
diagram into H’,,, in which [ijm]' holds. It can be shown that | jim)’ holds also. 
In Hn [npij] is taken care of by previous theory as mentioned in the first case. 

Third, if in Hp, , [¢jp] is satisfied but [jp] is not, apply B jipn Zip, in Which takes 
the diagram into F,,. This, in turn may be taken into F,, or L in which [jip], 
[jim] and {jin} are satisfied and then proceed as above. [nipj] is taken care of 
by previous theory. 

Consider the diagrams containing F,,, and J. A jp,mn interchanges Fpm 
and J and I_;,nAmipI jn leaves them unaltered. Hence we assume [jép], [jim] 
and {jin} hold in both. In the first, [mpzj] and [pmij] do not apply by C; and 
in the second [zjn] automatically holds by A3. 

Consider the diagrams Gj, and the former being from Com 
by interchanging m and n and the latter from Epnm by interchanging 7 and j 
as well as p and m. A jipl; ip.mn leaves while AjimZim interchanges the 
diagrams. If [70] holds in G,» but [ijm] does not use the second transformation 
to yield Eynm in which [ijm] holds. Hence in both diagrams [ijm] may be as- 
sumed to hold as well as [jip] in the first. In G',,{npij] automatically holds 
by Al if it applies. If [nzpj] is denied but applicable in Eyam and [jip] holds, 
the former implies jm ¥ ip and pm + mn + ip S in + jm + 4 which is, after 
the application of BjipnZip.nj, the condition [ijm];. If the equality holds, 
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pm = in + 4% and [ijm]z is ip’ + ij’ < mn’ S in’ + ij’, that is, jm + ij S pm. 
If jm + 4 = pm, then on = ip which contradicts the applicability of [npij]. 
[jip|’ holds if [mpi] is applicable. If now in Eynm, (pnm) is applicable and 
denied, the transformation A pnm may be used with [jip] still holding. If then 
[npij] is denied proceed as above. 

Consider any diagram containing G,, ; we prove that the conditions associated 
with that part of the diagram which is G,, can be satisfied simultaneously. 
Suppose [7jn] holds but does not. Then im < mn + jn and jm = pm + ip. 
First if in > mn + tp and jp S jm, the theory connected with [npij] shows 
that BjipnZip,jn yields a diagram in which [jip}’ and [ijn]' hold. Second, if 
in > im (this is implied by in > mn + ip) and jp > jm, use I_jp,mBipnj. Third, 
if in < mn + ip, A jip] jp leaves the diagram and takes [ijn] into in S mn + ip. 
If the equality holds [ijn]: is im’ + ij’ a’ pn’ = ip’ + ij’ and jm’ 6’ jp’, that is, 
in + yj = pn and pm + ip B’ jp which holds unless f’ is < and in ¥ ip. In 
this case application of BjipnTip, jn OF Bipnj instead of A jp yields a dia- 
gram in which [7jn]’ holds and [jip]’ holds since nm = pn = jn + ij, jp > pm 
+ip. Hence we have a diagram G,, in which [jip] and [ijn] hold. The previous 
theory takes care of the other conditions. 

Consider any diagram containing Gm, obtained from Gpmx by interchanging 
mand n. A jip jp,mn ANd AijmT im,pn leave the portion of the diagram containing 
Gimn- Assume [jm] holds but [jip] does not, that is, in < pm + jm < jn. 
A jipl jp.mn gives as [ijm]’, in < jn. Apnm, if necessary, may be applied to make 
(pnm) hold without disturbing the other conditions. 

Consider any diagram containing Jy». [ijn] is automatically satisfied. 
The transformations for [jip], [jim] and {jin} leave that portion of the diagram 
and no other conditions apply. 

Consider diagrams containing Jpn, Lym and M. Write L',, and M’ for the 
diagrams obtained from Ly» and M respectively by interchanging p and m. 
A jp.mn interchanges Jpn and Lym as well as and M. A jim I jm,pn inter- 
changes Lym and M’ while I_;,.A mipl jn interchanges Jy, and M. Note that, if 
in Jpn , [jim] does not hold {jin} does not from A2 and we use the third trans- 
formation above. Also, if in Lym, [jim] holds, {jin} holds by A4. Hence in 
the above diagrams we may assume [jip], [jim] and {jin} hold. Note that 
though I_;,.A mipJ in was used in fixing [jip] and [jim] in diagram F it is equal to 
A ji] ip,mn A jimIz and hence will yield no new diagrams. 

First, in Jp, the previous theory takes care of [npij], [pnji] and {npij} when 
they apply. 

Second, call Lm the diagram obtained from Lym by the permutation (ij, mpn). 
Suppose [ijp] and [ijn] hold but [jip] does not. If mn + jn < in conditions 2) 
and 4) in [npzj] do not hold and hence BjipnJ ip, jn yields a diagram in which all 
the [---] and {.--} hold. On the other hand, if mn + jn = in, use A jipl jp 
Which leaves the diagram and gives a form for which the conditions [- - -] hold 
and for which A4 implies that {ijm} holds. The conditions [. - - -] are covered by 
previous theory and the conditions { - - -- } do not apply. 

Third, if in M, [ijp], [ijn] and {im} hold, note that [jim] holds from A3. 
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Suppose that [jip] does not hold. If pm S nm, use A jipl jp,mn to fix all condi- 
tions. If pm > mn, {jin} is denied and use 1_;,4 AmipI in Which changes the 
diagram to Jp, with {jin}’ and [jip]’ holding. The conditions [jim] and [ijnJ' 
hold automatically and other conditions are covered by previous theory. Note 
that if pm > mn and {jin} holds, then [jzp] does. 

Consider L;,, and N where L,,, is obtained from Lmn by interchanging p and m. 
A jipl jp,mn interchanges the diagrams while I_i,nAmipl jn and Aijplip,mn leave 
the former. Hence we may suppose [7jp] and [jzp] hold in the former and [7jm] 
and [jim] in the latter. First consider L’m, with [2p] and [jip] holding. [jim] 
holds by A5. If {jin} does not hold, use I_;,nA mip jn Which fixes all the condi- 
tions [---] and {---}. Second, if we have N with [2jm] and [jim] holding, 
from symmetry we take in < jn. Then if [jip] holds, [2jp] will also. If [jp] 
does not hold, use A jipJ jp,mn to fix all [---]. The {---} in N conditions hold 
by A6. 

The transformations which fix the diagram K in K,,, and P interchange or 
leave the diagrams and hence in each the conditions associated with K may be 
assumed to hold. These diagrams are then easily dealt with. 

Consider Ly, and H’,nm where the latter is obtained from H pam by interchang- 
ing Pp and m. A and leave Liga and Aiin 
Tim,pn interchanges L,, and H bites Hence we may assume that in Lyn, [Jip], 
{jin} and hence, by A7 [jim] also holds. If [zjm] does not use Ai jm im,pn Which 
takes Lyn into with [ijm]’ and [jim]’ holding. If one of [jm], [jim] in 
fails to hold the diagram may be taken into Ly, with [zjm] holding. Hence, in 
both these-diagrams we can make the conditions [---] and {---} to hold. [npzj] 
automatically holds if it applies in Z,,. If in Hpnm , [npij] applies but does not 
hold, B jipnd ip.nj Will take the diagram into L,, with all conditions holding. If 
in Hynm(pnm) is applicable, use A pnm to fix all [---] conditions. If, after this, 
[npij]| is denied, proceed as above. 

Consider diagrams containing Ny» and Myn,. A ipl jp,mn interchanges the 
diagrams. First, by previous theory, we may assume that [ijm] and [jim] in 
Nom hold. If [jp] does not hold, we apply A jipl jp,mn to take Npm into Mpn 
in which by the theory for N (assuming from symmetry that in S jn) [jim|’, 
{gin}’ and [ijp]’ hold. [zjn]’ and {ijm}’ hold automatically. Second, 
since Ajjplip,mn leaves the diagram M,, we may assume [ijp] holds. From 
A3 and A4 [jim], [ijn], {77m} automatically hold. Suppose does not hold. 
If pm S nm, the theory for M may be used to show that A jip] jp,mn takes Mn 
into N»ym with all applicable conditions holding. On the other hand, if pm > 
mn, I_:,nA mipl jn takes M>, into itself with all applicable conditions holding. 

Consider the diagrams containing Since A jipljp,mn and Aijpl ip,mn 
leave the diagram Ny, we may assume that [zjp] and [jip] hold. Then {ijn} 
and {jin} automatically hold from A6 and hence [ijm] holds from A7 and [jim] 
from A5. 

Consider the diagram Nynm. The theory for ae together with A5 dispose 
of this case. 

Consider the diagram M;,, obtained from Mn by interchanging p and m. 
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The transformation I_jp,mBipn; leaves the diagram and may be used if necessary 
to make jp + in + 4 S pm + nm + ip. [jip] and [ijn] automatically hold. 
If jp > mn + ip, then in < pm + tp and application of I_;,,A mipl in,pm fixes 
all conditions. ‘The case when in > pm + ip is dealt with symmetrically. 
And finally, if jp S mn + ip, in S pm + ip, {jin} and {jp} hold and hence 
also the other conditions. 

The diagrams Pan, Ppm, Qpn and Qmn are easily dealt with if we first fix the 
conditions of diagram K which they contain. A;jplip,mn takes Q into a diagram 
like Pmn. In R all conditions [---] and {---} automatically hold and no others 
apply. It remains to consider all diagrams containing Nya». These are easily 
disposed of. 

We now show that if the transformation C;jm,pnJijm is permissible, its applica- 
tion to a diagram in which all applicable conditions above hold, yields a form 
in which at least one applicable condition does not hold unless the transformation 
is an automorph. The transformation makes the following changes in coeffi- 
cients jn’ = ip, ip’= jm, jp’ = in, nm’ = ij + nj, in’ = jm, mp’ = ij + jp. If 
the transformation is permissible 747 + jm = mp = nm = 0. [tjm] implies 
ip = in = mj and {jim} implies jp = jn = ip. Then, the transformation is an 
automorph. 

Similarly I_;:,mC'mji,pnl im; makes the following changes in coefficients: jn’ = 
mp + ip, jm’ = in, jp’ = nm + ni, ni’ = nj, mn’ = 0, ip’ = jp, mp’ = 0 and is 
permissible if in = ip = jm = —2j. [tjm]' implies ip’ = in’ = jm’ and {jim}’ 
implies jp’ = jn’ = ip’. Thereforejp = jn = in = nm + ni = mp + ip = 
ip = jm and hence mp = mn = 0 and the transformation is an automorph. 


4. Symmetric conditions for a;; > 0, Gum > 0 and all other coefficients < 0 


Throughout this section 7j7 in some order and mn in some order are the 
subscripts of the two positive coefficients. The first two conditions given in 
the introduction arise from the earlier paper. 

The effect of A jipl jp,mn is given in the previous section and hence we use the 
former condition [jp] when ji + ip = 0 with the exceptions noted. These 
exceptions are dealt with later. Recall that this transformation interchanges 
the lines jn and mp, jm and np in any diagram. Note that if jn + ij + mn = 
mn + jm + ij = 0 the condition [jip] automatically holds. 

If ij + jn + mn = 0, Bijnm is permissible and we accordingly list the changes 
in coefficients resulting from this transformation and one other: 


Biinm jn’ ij’ jm’ jp’ in’ nm’ np’ im’ 
Biinml nm’ in’ np’ jm’ aj’ jp’ im’ 
Original form: jn nm jp—nmij+jmnp— yi in+nm im 
Béinm : ip’ mp’ 
Bi jn,im mp’ tp’ 


Original form: ij — nm + ip mp + nm — ij 
_ We accordingly set up the condition c)3. of the introduction. To establish 
its validity note that B;jamJ jn,im reverses the inequality of the first line and a’ 
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but not a”. It reverses a’” while if a’ and a’” are = it is an automorph. It 
leaves a!” while if a” and a!” are =, Bijnm is an automorph. In the third line 
of [ijnm); if a’” or a!” is =, one or more of the transformations just mentioned 
is an automorph. Note that if m and 7, 7 and n are interchanged the condition 
remains unaltered. 

In this section our diagrams contain the lines 77 and mn, the line jn, for in- 
stance, if ij + jn + nm = 0 and the line jp, for instance, if 77 + jp = 0. 

By means of the following considerations we eliminate from consideration 
certain diagrams. We call ip, jp, np, mp loose lines and jm, jn, im, in joined 
lines. First if just two loose lines ip and pn-appear, use A jipl jp,mn Unless one 
of jn, jm appears or A mnplij,mp unless one of the lines im, jm appears. Hence 
if the number of joined lines is less than two, the number of loose lines in the 
diagram can be decreased unless jm appears. Second if just two loose lines ip 
and jp appear and jn appears use B;jnm unless one of in, jm occurs. Third, 
ifip, np, mp occur, A jipl jp,mn decreases the number of loose lines unless 
both jn and jm occur. Finally, if all four loose lines occur in the diagram it 
may be taken into one containing fewer loose lines unless all four joined lines 
occur. Hence every diagram may be taken by a permissible transformation into 
one of the following types: 

1. Having one or less loose lines, 

2. Having only the lines ip, pn, jm (diagram Hs), 

3. Having only the lines ip and jp (diagram Gs), 

4. Having only the lines ip, pn, mp, jn, jm (diagram J;), 

5. Having at least as many joined lines as loose lines. 

We accordingly display the diagrams of set III to be considered and proceed 
to consider all diagrams of these types. Note that F; and F2 have already been 
considered while Gs has been considered in the previous section. 

We first find a preliminary result. Suppose we have a diagram containing (; 
and that in [ijnm], and [jp]; the equalities hold while [jzp] is satisfied but [ijnm] 
is not. We show that the application of Bij. results in the satisfaction of 
[jip]’ as well as [ijnm]’. By hypothesis jm + 7 a’ np, pn a” jn + ij and jm + ij 
a’ np, in + ij a!” np. [jipls is jp B’ in + nm and in = jn. Hence a’ + a” 
is 2 and jp + np + jn = jm + in implies p’ = a’. If 6’ is = [jip]s is auto- 
matically satisfied. If it is not there is doubt only when in = jn. Then [ jivk 
is im 5’ np — ij andim = in = np — 7j completes the proof. 

Consider the diagrams G, and G2. A jipl jp,mn interchanges the diagrams. 
If in Ge [jtp] or [nmp] is denied, A jipl jp,mn or the corresponding transformation 
will take it into G, with [jp] satisfied. If in G, [jzp] is denied we may send it 
into G; and if necessary back into G,;. Hence we need only consider G; with 
[jtp] satisfied and [ijnm] not. Bi jnm leaves the diagram and [ is jp +jna! 
mp + nm + in + tp and a’ is < from [jip] and [ijnm], the equality holding only 
if the equality [jzp], and [ijnm], holds in which case the result above completes 
the proof. 

Consider the diagrams G; and G,. Bijnml jn,im interchanges the two dia- 


7 
t 
| 
| 
i 
| 
| 
| | 
a 
| 
\ 
4 
| 
| 
ii 
| 


oF 


REDUCTION OF POSITIVE QUATERNARY QUADRATIC FORMS 113 


grams. If in Gs [ijnm] does not hold, BijnmJ jn,im takes the diagram into G, 
whose condition [zjnm] holds. If in G, [¢jnm] does not hold, the diagram may be 
taken into G; and dealt with as above. If in G,, [ijnm] holds and [mnp] does 
not it may be shown that application of A mnpl mp,:; leaves the diagram and yields 
a form for which [ijnm] and [mnp] both hold. 


j j i 
: 


P 
P 
i j P j i i 
G;: G; H, H, 
n m 5 i m n m n 
P P 
j i j iA j i j i 
| H;: : 
P 
J i 4 i i j n m 
H;: : He 
7 na Hs = 1 j 
P 
‘ P 
n m i j i i 
P K P 
Jy | Js: Jaz | Je 
i n m n m n m 


Consider the diagram Gs. BjinmI in,jm does not alter it. If then we assume 
that [¢jmn] holds but [jinm] does not it may be shown that BjinmJ in,im yields a 
form for which both conditions hold. 

Before proceeding with the diagrams H we prove some more general results. 
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Nore 1. If diagram contains Hs, [jinm] is denied unless the lines im and jn 
appear for ip + np + in a’ im + jn implies and is implied by 0 a’ im + jn + 2mn 
+ 2ij. If these two lines do appear the equalities in [jznm]: hold. If, on the 
other hand, they do not both appear, Bjinm will decrease the number of loose 
lines. 

Exception 1. The condition [jip] may be omitted in any diagram containing H,. 
To prove this suppose that all the [----] conditions hold. We show that unless 
A jipl ip,mn has the same effect on the form as a permutation of variables, it takes 
the form into one all of whose [----] conditions do not hold. If A jipl jp,mn is 
applied the new diagram contains Hy and from note 1 [jinm|]’ is denied unless 
jn’ and im’ occur, that is, unless pm and im occur. In this case [jinm] implies 
ip + np = jn while [jimn]’ implies jn 2 pn + ip. Hence jn = pn + ip in 
which case A j;pJ jp is an automorph. 

Nore 2. If in a diagram containing H; the conditions [ijmn] and [jznm] hold, 
the transformation B;jnm may be applied if necessary to make [ijnm] hold 
without disturbing any other conditions. To prove this, notice first that, from 
exception 1 we need consider no [---] condition. Also if a diagram contains 
H, [tjnm] automatically holds unless perhaps the lines jp and np also occur in 
the diagram, in which case a’ and a” of the condition are =. If jp and np 
occur, B;jnm Will leave the diagram H;, with the lines jp and np and investigation 
of the conditions [ijmn] and [jinm] shows that they still hold after the trans- 
formation. If the line 7m occurred in the diagram the condition [jimn] would 
automatically hold in the transformed diagram unless perhaps the lines 7p 
and mp occur in which case B;jnmZ jn,im is an automorph. 3 

Consider the diagrams H, and Hz. Bijmnl jm.in interchanges H, and H; 
where is obtained from Hz by interchanging m and 7. Byinml jm,in inter- 
changes H, and H.. Hence by the discussion for G; we may assume [ijmn] 
and [jinm] hold in both diagrams. Note 2 then disposes of H; and exception 1 
of H. 

Consider H;. If either of the lines im or in appeared we could deal with it 
as above. Since B;jnm leaves H; we can by the theory for G, take it into a dia- 
gram for which [ip] and [zjmn] hold. If [zjnm] does not hold it may be seen 
that B; jnm fixes all conditions. 

Consider H, and Hs. Bijnm interchanges the diagrams. If in Hy [ijmn| 
holds and [ijnm] does not B;jnm converts it into a diagram Hs in which [jip]’ 
holds and, by the discussion for Gs, [zjp]’ also holds. The second paragraph 
of the section shows that [jip] holds automatically in Hy. Since Aijpl ip.mn 
takes the diagram H; into itself, we consider [ijp] to hold. If now [ijnm] does 
not hold, apply B;jnm to take the diagram into Hy with [ijnm] holding and deal 
with it as above. If, on the other hand, [zjnm] does hold, it may be seen that 
[j7p] also holds. 

Consider Hg and Hz. Bijmnl jm,in interchanges the diagrams while Bi jnn 
I jn,im leaves He. We may then consider [ijmn] to hold in both diagrams. If 
then in He, [ijnm] does not hold, it may be seen that application of Bijnml jn,im 
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will leave the diagram and fix conditions [ijnm] and [mnp]. If in He, [ijnm] 
and [mnp] but not [ijmn] hold, it may be seen that application of Bj jmnl jm,in 
changes the diagram into H; where all conditions hold. If in Hg [ijnm] and 
[ijmn] but not [mnp] hold, it may be seen with the help of the theory for G, that 
A mnpl mp,ij Will take the diagram into a different one with all conditions holding. 
It remains to consider H; obtained from H; by interchanging m and n and in 
which [ijnm] holds. If then [jip] does not hold use A ;:pJ j;p which leaves the 
diagram. If in the resulting form [ijnm] is denied use B; jnml jn,im and proceed 
as above. If on the other hand, [ijnm] and [jip] but not [mnp] hold in H;, 
A mnpl mp,ij Will take Hz into He in which, by the theory for G, , [ijnm] and [mnp] 
hold. Then proceed as above. 

Consider Hg. A jipl jp,mn leaves the diagram and may be seen to fix [jip] 
without disturbing [mnp] while if both of these conditions hold [ijmn] must 
necessarily hold. 

Exception 2. The condition [- - -] may be omitted in any diagram containing 
J; which is J; with the line ip added. First [jip] holds automatically since 
A jipl ip,mn 18 an automorph. Also from the introduction it may be seen that 
A sol = seal and hence has the same effect 
on the form as B;jnmI in,jm Which is taken care of above. [pmn] may be dealt 
with similarly. If the line jp occurs [ijnm] holding implies jn = in and hence 
exception 1 comez into play. 

Suppose a diagram contains G;. The transformations used to fix the condi- 
tions [jimn] and [ijnm] leave this portion of the diagram. Note 2 takes care 
of any conditions [jinm], [ijmn] which apply and exception 1 shows that no 
conditions [- - -] need be considered. 

Hence, since the discussion of J; and J2 below also takes care of J ;, it remains 
to consider diagrams containing G; and no other joined lines and two or less 
loose lines. Those with less than two loose lines have already been considered. 

Consider J; and Je. BijnmZ jn,im interchanges J; and J: while jm,in 
interchanges J, and Jz where the latter is obtained from J2 by interchanging 
i and j. It may be seen from the discussion of H; that if [ijnm] holds in J; 
then [j¢p] must also hold and similarly if [jinm] holds then [zjp] holds. If, 
on the other hand, in J; [ijnm] does not hold but [jinm] does it can be shown 
that application of the first transformation above will fix all conditions. If in 
J» does not hold, AjjpIip,mn Will leave the diagram and make hold. 
If then one of the [- - - -] conditions does not hold we may take the diagram into 
J, with one [----] condition holding and proceed as above. In J: [nmp] auto- 
matically holds. 

J; is taken by BijnmJ jn,im into a diagram containing three joined lines, which 
has been dealt with. 

Consider J. Bijnm and Ajjplip leave the diagram. If [ijnm] and [ijmn!] 
hold it can be shown that [ijp] holds. By the theory of H, and H; it remains 
to consider the case in which [ijmmn] and [7jp] but not [ijnm] hold. Application 
of Bi inm then makes all conditions hold. Note that in this diagram [jip] holds 
if the other conditions do. 
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5. Automorphs 


The automorphs will be of the two following types: those consisting of 
permissible transformations A, B, etc., with columns permuted and those 
which consist merely of permutations of the variables. Any automorph must, 
of course, leave the diagram of a form unaltered. We consider first those of the 
first type. Suppose 7’ is a permissible transformation of type A, B, etc., and 
TI, = R where R is an automorph. Then 7 = RI;' = RI,. Hence I, 
will have the same effect on the form as JT. Then, since the application of J, 
will deny no symmetric condition, it follows that TZ, must be an automorph 
for some permutation z which leaves the diagram of 7 unaltered. Then (TT,) 
(I;I,) = R where I;'I, is an automorph and R is thus a product of an auto- 
morph of the first type and an automorph of the second. Hence the only auto- 
morphs of the first type which we consider are TJ, where T is a transformation 
of the type A, B, etc., and z is a permutation of the subscripts which leaves the 
diagram of 7’ unaltered. These have been found above in the process of setting 
up the various conditions associated with these transformations. Even in 
some cases when J, leaves the diagram, 7'J, an automorph implies that T and I, 
are. They are the following: 

1. If in J a) of the table at the close of this paper, A ;:pJ ;p is an automorph, 
Aj,ip and I;, are; for A ;ipl ;p interchanges 7m and in and hence is not an auto- 
morph unless im = in, jm = pm, jn = pn in which case Ajj, and hence Ij, 
are also. 

2. If in J a), one of C jip,nmZi; and C jip,nmlij,nm iS an automorph, the other is or, 
what is an equivalent statement, Z,m is. This may be seen from the table. 

3. In J b)6. Zp» is an automorph. 

As noted in the previous paper, the transformation 7’ on f corresponding to 
any transformation 7 on ¢ dealt with in this paper is obtained by subtracting 
the bottom element of each column of 7' from all the elements of that column — 
and then suppressing the last column and last row. For instance, the trans- 
formation on f corresponding to the transformation A3)2 in the previous paper is 


1 
6 +1 0 0 
0 0 
0 


We can show as follows that the determinant of the transformation T’ is independ- 
ent of the subscripts of T. If 7; and 7, are two transformations which differ 
only in their subscripts, then T, = J,7,J;' where z is a permutation on the sub- 
scripts. Hence by the previous paper 7; = I,7;(I,)~' and hence the deter- 
minant of 7’: is equal to the determinant of 7;. For instance, the transforma- 
tion 7’ for T = As shows that the determinant of each A ;;p is —1. 

Suppose all a;; < 0. Then, by the first fundamental theorem of the previous 
paper all permissible transformations are of the form RT where R is the identity 
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transformation or a product of permissible transformations Ja 5 or 6 and T 
is the identity transformation, a matrix formed by permuting the columns of the 
identity or a permissible transformation A, B, C, D with perhaps its columns 
permuted. Any permissible transformation J_;,, or J_;;,, is an automorph. 
Hence, when a;; S 0 for all i ¥ j, all automorphs are of the form RSU where R 
is the identity or a product of automorphs a5 or a6, S is an automorph of the 
form al to a4 or the identity, and U is an automorph of type II or the identity. 

We proceed to show that any two transformations a5 or a6 which are simul- 
taneously automorphs are commutative. First suppose J_;,,, is an automorph. 
Making use of corollaries 1 and 2 of the previous paper, we see that the only 
transformations are the following typical forms: , jn,m, T-ij.m, I-j.n, 
I_jy,». The first three are obviously commutative with J_;,,. Multiplication 
shows that the fourth and hence the last is. Second, if 7_in,, is an automorph, 
the only other transformations of type a6 which can be automorphs are J_;;,. 
and I_i»,. which are obviously commutative with J_im,, . 

Hence, all the automorphs of any form may be found as follows from the table: 
First, if a;; < 0 for all 77, put in one set all automorphs of forms 1 to 4 in J a), 
in the second set all those of forms 5 or 6 and in the third set all those in JJ. 
In addition to these automorphs there will be all the automorphs of the first set 


- multiplied on the left by those of the second set in some determined order and 


these products in turn multiplied on the right by those of the third set. Second, 
if a;; > 0 for’some 77 the automorphs are those in J, those in JJ and those of I 
multiplied on the right by those of JJ. There will be no duplications except 
obvious repetitions. 

For greater clarification we give two examples. 

ExamMPte 1. If the only zero coefficients are = = = = = O 
and if do; = ay ~ G43 = G53 ¥ a, and all are < 0, we draw the diagram of the 
form, list the permissible transformations and find that the only automorphs 
in the table aze: 


In addition we have J, I_;,4J_2,3 and the last three above multiplied on the left by 
T_44, Is and I_;4J_23 ; then all of these multiplied by —Z. Hence there are 
32 automorphs in all, half of which are of determinant 1. These numbers are 
halved if we omit —J. 

ExamPLe 2. If a;; > 0 and all other coefficients are < 0; if also the diagram 
is Gp, (see section 3) and in = im = jm = jp, pm = nm and in + ij = pm. 
Noting the invariance of the above conditions under an interchange of p and n, 
7 and j, we see that the automorphs in the table are: 


A jipl jp ; Aijnl in ; ; B ip. in Bigni 


We have in addition, the products of the above by J;;,». on the right—making 
twelve automorphs not using —J. If —J is used there are 24 automorphs. 
It happens that all are of determinant 1. 
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A TABLE oF AUTOMORPHS’ 
I. First Type 
a) 0 for all 1, 


. If jz = ip = 0: *A sip if im = in, 
A jip] mn if jm = jn and pn = pm, 
*A sipl ip,mn if jm = pn and jn = pm. 
(If A ;ipl jp is an automorph I ;, and A j;iz are.) 
. If ji = ip = pm = 0: Bijipm if im = in and jp = np, 
B jipml jm,ip 1f tm = pn, in = jp, jn = mn. 


3. If jt = tp = pn = pm = 0: *Cyjip nmi; if jn = in = jm = im. 


4. If ij = jn = mn = mp = pi = 0: *Dijnmp if’ pn = in 
*Dampi; if jp = pn = jm 
*Dmpiin if jp = pn = im 
*Doiinm if in = jp = jm = im. 


. If y = ip = im = 0: *1_Gn. 


. If ip = im = jp = jm = 0: Lijn. 
b) a;; > 0, and other coefficients < 0. 
. If pm = pn = 0: *Ampn if pi = pj, 
A mpnl i; if mi = mj and ni = nj, 


. Ifa + ip = 0: A jipl jp if im = in, jm + tj = pm and jn + ij = pn, 
*A jipl ip,mn if jm + tj = pn and jn + ij = pm. 
. If —i = tp = tm: *I_i,nAmipl jn if jm = mn + im and jp = pn + ip, 
I_i,nA mip] jn,pm if jm = pn + ip and jp = mn + im. . 


_ Ifa + ip = pn = 0: Byipnl ip, in if im = jp, in + ij = pmand mn + ip = 
jm. 


+ ip = + jn = pn = 0: if jp + ij = nm, pm + 
ip = in and im = jm; 
I _pj,mBipnj if pj = tp + pm and in = 
nm + jn. 


7 All starred transformations are of determinant —1. 
* Note that if two of the D’s are automorphs, all are. Also since Dijnmp = Djampilpnimis 
it follows that if these two D’s are automorphs, Ipnim; is also an automorph. 
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6. If jm = jp = jn = ip = in = — and mn = mp = 0: 
7. If —ij = ip = in = im: *Ejj,pnm 3 also E;;,2 where x is any permutation 
of pnm. 
c) ai; > 0, Gmn > O and other coefficients < 0. 
1. If 77 + ip = 0 see b)2. 


2. If ij + yn + mn = 0: Bijnm if tj = mn, jm + mn = jp, in + nm = np; 
Bi jnml jn,im if in + nm = jp, 7 + jm = np and 
mp + nm = tj + ip. 


II. Second Type 

Condition Transformation 
Always 
If ip = jp, im = jm, in = jn *47;; 

If ip = jp = ij, im = jm = pm, in = jn = pn +Tijp . 
If ip = jn, in = jp, im = jm, nm = pm +1 i;,9n 
If in = jn = pn = mn, ip = jm, tj = jp = pm = im *+] iim 
If ip = in = im = jp = jn = jm, pn = nm = pm *+1 55, nm 


If ij = jp = pn = nm = mi and ip = jn = pm = ni = mj Pe oe 
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PIECEMEAL UNIVALENCY OF ANALYTIC FUNCTIONS 
By M. Ropertson 
(Received Feb. 23, 1938, revised May 2, 1938) 
1. Introduction 


The class (S,) of functions 


regular and univalent for | z | < 1 has been studied by many authors. Several 
interesting properties for such functions have been found. To cite only three of 
them, we may mention the following inequalities:' 


(1.2) rl +r) S |f(re®) | — 7)”, r<l, 


(1.3) \f(re”) |da rl — 7)", 


(1.4) <e, 


where A is an absolute constant. 
More recently several writers’ have obtained results, analogous to those 
mentioned above, for the class (S,) of functions 


(1.5) f(2) = An2", 


regular and multivalent of order p for|z|< 1. The corresponding inequali- 
ties, of necessity not as sharp as those above, are as follows: 


(1.6) | fre”) | < — r <i, 
(1.7) [ |d0 < A(p)ug(l — @r <1, 


(1.8) | an |< 


where wg = maximum { | a |, | a@2|,--- ,|a,| }, q being the number of zeros of 
f(z) located within the unit circle. A(p) denotes a constant depending upon p 
but not upon f(z). 


' See L. Bieberbach, Lehrbuch der Funktionentheorie, Vol. 2, 1931, pp. 71-83. 

* See M. Cartwright, Some inequalities in the theory of functions, Math. Annalen, Vol. 
111, (1935), pp. 98-118. See also M. Biernacki, Sur les fonctions multivalentes d’ordre P, 
Paris Comptes Rendus, Vol. 203, (1936), pp. 449-451. 
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In this paper we investigate a subclass (S*) of (S,,) of multivalent functions 


regular for |z|< 1 which have the additional property of being univalent 
within pieces of the unit circle consisting of sectors. Let us state this property 
more explicitly in the following 

DeriniT1ion. Let f(7) be regular for|z|< R. If there is a positive real 
number a < 2 such that f(z) is univalent within every open sector of the circle 
|z| = R of aperture az and vertex at the center of the circle, then f(z) is said 
to be uniformly sectorally univalent of order a with respect to the circle | z | = R. 

Hereafter, the abbreviation u.s.u. (a) will be used for the phrase “uniformly 
sectorally univalent of order a.” 

We now suppose that the class (S“) mentioned above consists of the functions 
f(z) given by (1.9) which are u.s.u (a) with respect to the unit circle. 

A very simple example of a function of class (S*) which is not univalent in the 
unit circle as a whole, but which is u.s.u. (a) is 2‘, k > 1,a@ = 2/k. An example 
which is not univalent in the unit circle as a whole and which has k = 1 is the 
function 


fe) = 24245, 


This function has its radius of univalency equal to = < 1. However, it is 


u.s.u. of order 


2 
a= are cos (3+ 
4p 


with respect to the circle | z | = p for = <p<1. It is multivalent of order 2 


within the unit circle. For this function a — 0 with 1 — p. 

We may note here that if f(z) be u.s.u. (@) where a > 1, and if also f’(0) # 0, 
then f(z) is univalent throughout the whole circle in the ordinary sense. For if 
it were not, there would be two points 2: and z within the unit circle whose 
arguments differ by an amount not greater than 7, and for which 


— = 9. 


This, however, would contradict the assumption that f(z) is u.s.u. (a) where 
a>l. 

The results analogous to (1.6), (1.7), and (1.8) obtained in this paper for the 
subclass (S“) of the class (S,) of multivalent functions are surprisingly much 
sharper in spite of the fact that the order:of multivalency p may be very large. 
The rate of growth expressed by these inequalities for values of r near one is of 
the same order as that for the class (S;) of univalent functions. Thus they 
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more nearly resemble the inequalities (1.2), (1.3) and (1.4) than (1.6), (1.7) and 
(1.8). Indeed, for the class (S“) we have 


(1.10) \f(re”) | < A(a)r(1 — 


(1.12) < e[2/a]A(a), n>k, 


where A(qa) isa constant depending only upon a and not upon f(z). We have 
used the same A(q) in (1.10), (1.11), and (1.12). The symbol [x] denotes here 
the largest integer contained in the positive real number z. 

Before proceeding with the proof of these statements let us observe that 


(1.13) f(z) #0,..0<|2| <1, 


on account of the univalency property within every sector. f’(z) may possibly 
vanish at the origin, however. Furthermore, we have é 


(1.14) #0, O<|z2| <1. 


For if we suppose the contrary to be true, then f(z) vanishes for some point % 
within the circle and different from the origin. We make use of the fact that 
f(z) takes on every value sufficiently near zero in a neighbourhood of z. Thus 
if we let [ be the sector of aperture az whose interior bisector passes through % 
we can find a sufficiently small neighbourhood of the origin so that if z lies 
anywhere within that part of this neighbourhood which is common to the 
interior of T then f(z) will take on a value there which it also takes on in a 
sufficiently small neighbourhood of z within T. This being the case, f(z) could 
not be univalent within [ which is a contradiction. Hence, f(z) can have no 
zeros within the unit circle other than at the origin. 

Again, we should notice that f(z) is at most multivalent of some finite order p 
within the unit circle whenever it is u.s.u. (a). This order p cannot exceed 
[2/a]. To establish the truth of this statement let us observe that if f(z) assumes 
the same value at two points z; and z, then the amplitudes of z; and z must 
differ by an amount not less than az. For if not, 2; and ze would lie interior to 
some sector of aperture ar within which f(z) must be univalent. Hence, since 
there are not more than [2/a] points within the unit circle whose amplitudes 
each differ from one another by at least am, the order of multivalency cannot 
exceed [2/a]. 


2. The mapping of a circle onto a sector 


Before going ahead with the proof of the statements of the preceding section 
of this paper, we need first to obtain the mapping function which will map in 4 
conformal one-to-one fashion the interior of the unit circle | u | = linthew-plane 
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into the interior of the sector [ of aperture az in the z-plane whose boundary 
consists of the two radii of the unit circle which are given by the equations 
aT 
argz= + 
and of that are of the unit circle which crosses the positive real axis. 
Let ¢(u) be defined by the equations 


(2.1) w(u) = bee, 


a [1+ (V2 + 1)w(u) 
o(u) = (V2 — 1) {i 


= (V2 — + 2V2-aw + +++], 


where 0 < a S 2 and (4/2 — 1)* isa positive real number. The function ¢(u) 
transforms | wu | = 1 onto the required sector I’ so that the origin in the u-plane 
goes into the point (1/2 — 1)* of the positive real axis in the ¢-plane. In order 
that uw = 0 shall go into an arbitrary reai point a > 0 within I select the real 
number z of absolute value less than one for which ¢(z) = a. Form the function 


(2.3) = ? |x| < 1. 


By (2.3) the interior of |u| = 1 is mapped in a conformal one-to-one fashion 
into the interior of the sector I in the z-plane so that u = 0 corresponds to z = a. 
By taking the function inverse to ¢(u) we find that the equation ¢(r7) = a has 
the unique solution 


/ 


(2.2) 


where b = a" is a positive real number. 


3. The fundamental inequality for functions of class (S*) 


_ With the notation of the preceding section let f(z) be any function regular and 
univalent inside the open sector I of the z-plane. Since f(z) is regular about the 
point z = a we have 


(3.1) f@ = (2 — a)", f(a) 0, 
(3.2) (ete) = Ant’, a, ~ 0, 


(3.3) f(z) — f(a) = + + + 


(3.4) F(u) =u + + 


id 
_| 
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where 


(3.5) Aya 84 


Since f(z) is regular and univalent in I and since the function (3.2) is also 
univalent for | u | < 1 it follows that F(u) is also univalent for |u| <1. Since 
F’(0) = 1 we have as a consequence of a well known inequality of Bieberbach’ 


a, 
| Ao | 4 2. 


(3.6) 


Simple calculations give 


a = = ¢/(z)(1 — 2’), 


2 2 


Hence (3.6) reduces to the form 


1 — 2’) 
¢'(x) 


Further calculations yield 


a fl + (V2 + 1)w(e)\* 
= (V2 — 1) = (V2 = 


w(x) = w(2) = (1+ (1 + 


(1 — 2°)¢’(zx) < 


| (3.7) SS ( 


(1 + + (1 + {2 — (V2 — 1)(1 + — 1) 


{avV/2(1 + 2”)! — —2 11 2°)", 


(x) 
where b = a". 


Using (2.4) sa the formulae above we finally have 


1+ 
1 (x) 4b” 


3 See L. Bieberbach, loc. cit. 
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We may now write (3.7) as follows: 


af"’(a) | 2/1+0° 


If we now make the additional assumption that f(z) be regular and univalent 
within every sector of aperture am of the unit circle, and a fortiori if f(z) is a 
member of class (S“) we then have the following fundamental inequality for all 


zfor which 0 < |z| < 1: 
2/a@ 
< 2 
a\l — 


af" (z) 4| 2 
This follows from (3.8) on taking the function f(ze") in place of f(z) and evaluat- 
ingitatz =a > 0. 

If f(z) belongs to (S*) then (3.9) holds also for 0 < |z| <1 since the left 
hand side then has a meaning on taking the limit as z approaches zero. Thus 
for z = 0 (3.9) gives 


(3.10) as k < [2/al. 
(3.11) < k < p S[2/al. 
4. Proof of (1.10) 


From (3.9) we have for|z| =r <1 


a(l — — re 
2 of" (2) 


The inequality (4.1) is well known‘ for the special case a = 2, that is for the 
class (S,) of univalent functions. The equality sign in (3.9) and (4.1) is attained 
by the function 2*(1 — z')* where k = 2/a. This function belongs to the class 
(S") if k is a positive integer. ; 

Integrating (4.1) with respect to r from 7 to r where 0 < ro < r < 1 keeping @ 
constant, we have 


4 r + 
a | 


‘See L. Bieberbach, loc. cit. 
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whence for0 <™m 
f'(ve"*) 


r 2/a—1 l+r 2/ a 


The special case a = 2/k is of interest for then 


(4.2) 


lim | (roe) | = k, 
ro 0 
| eh and (4.2) reduces to 
k-1 2k—-1 ( 
(4.3) | < 
However, as a < 2/k by (3.10) in general we may not permit 7 to approach 
zero. To get around this difficulty let us proceeed as follows. Assuming that . 
f(z) belongs to (S“) and is given by the power series (1.9) we know that f(z) is 
multivalent of order p where p S [2/a] as was pointed out in section one of this 
paper. Since also f(z) # 0 for 0 <|z|< 1 we may therefore use a special I 
; case of the inequality (1.8) due to M. Biernacki’ which will state that there 
exists a constant A(p) independent of f(z) so that for all n 
(4.4) | an | A(p)n?™ 
Using (4.4) and (3.11) we can write for 0 < r < } ( 
| < + n| an |r”? S kr**-A(p) ( 
(n + p)” 
where y(p) is a constant depending upon p but not upon f(z). 
Let us now take ro = 3 in the inequality (4.2). Because of (4.5) and (3.11) I 
the inequality (4.2) may be written for 0 < r < 1 in the form 
4.6 
On integrating (4.6) with respect to r from 0 to r keeping @ constant we also ;' 
have 
(4.7) | < 


where A(a) < 2”*“u(p). (4.7) is the desired inequality (1.10). 
For the special case a = 2/k (4.7) can be obtained in a more exact form for 
we may integrate (4.3) and obtain 


(4.8) |f(re”) | — 
This inequality is attained by the function z‘(1 — z*)~* which belongs to (S””). 


5 See M. Biernacki, loc. cit. 
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In case k = p we are able to obtain an estimate for A(a): 

(4.9) p < [2/al. 

In proving (4.9) we may assume a ~ 2/pandp> 1. By (2.3) z = 0 cor- 

responds to a point wu = e”. Since F(u) of (3.4) is univalent for | u| < 1 and 


F(u) is regular at the polehe e” we have’ 


(4.10) 


Replacing a; by its value in terms of a and a@ and then changing the notation 
from a to z we have 


= |Fe”)| 


2f'(z) 2/1+ 
In particular we have 
(4.12) r or log \f (re’*) |= pila 
On integrating from ro to r we have for 7) S r < 1 
Since however, k = p, a, = 1, we have’ 
(4.14) \f(roe”) | (1 — 1)”. 
Hence (4.13) becomes for 0 S$ r < 1 
~2 
4.15 


= 1 —2(2/a—p+2)". Then 


(4.16) 


8xpt+2 


(4.17) lim (1 — r)*|f(re”)| 


‘See L. Bierberbach, loc. cit. 
" See M. Cartwright, loc. cit. 


1. | 
at 
is 
j 
re 
4 
4 
4 F 
i 
) 
, | 
| 
{ 
| 
it 


M. 8. ROBERTSON 


5. The proof of (1.11) and (1.12) 
We shall prove first the following 
Lemna. If f(z) be a member of class (S*) and given by (1.9) then the function F(z) 
defined as 


is regular and u.s.u. (8) where B = a/2 with respect to the unit circle. 

Proor. Since f(z) does not vanish for 0 < |z|< 1 the function /f(z’) is 
regular for|z|< 1. Let 2; and z be any two distinct points within the unit 
circle whose amplitudes differ by less than ar/2. Then the amplitudes of z? 
and 23 differ by less than az. Since f(z) is a member of (S*) we have 


F(a) — F(z) = Vf(zi) — # 0. 


Consequently F(z) is u.s.u. (8) where 8 2 a/2 with respect to the unit circle. 
We should note here that F(z), as defined by (5.1) is multivalent of order not 
exceeding [2/a]. This follows since F(z) has the same order of multivalency* 
as has f(z). 
If F(z) is defined by (5.1) with the aid of (4.7) we obtain immediately the 
inequality: 


(5.2) | F(re”) | < 


We now make use of J. E. Littlewood’s method for the proof of (1.3), to 
obtain (1.11) and (1.12), taking care for the bees aad of F(z), and using our 
new inequality (5. wi This gives 


Jo 


2r Jo 


< max. rer; 


|z|=p 


S [2/a]A(a)r*(1 — 


(5.3) 


Since also 


1 


on taking r = (1 — 1/n) and using (5.3) we obtain 
< [2/a] A(a). 


(5.4) 


RutGers UNIVERSITY, 
NEw Brunswick, N. J. 


* See M. 8. Robertson, Multivalent functions of order p, Bull. Am. Math. Soc., Vol. 44, 
No. 4, (1938), pp. 282-285. 


| 128 ts 
| \ 
| 
| 
b 
0 
d 
a 
| 
lit 
| se 
| | 
| 


2) 


it 


AnnaLs OF MATHEMATICS 
Vol. 40, No. 1, January, 1939 


TWO-DIMENSIONAL METRIC SPACES WITH PRESCRIBED 
GEODESICS 


By Hersert BusEMANN 


(Received May 9, 1938) 


1. If S is a plane SL space, i.e. a two-dimensional complete metric space 
with exactly one geodesic (= shortest line = SL) of infinite length passing 
through two given points (see the precise definition in No. 6), then S can be 
mapped topologically onto the Euclidean Plane z'). Under this mapping the 
geodesics of the SL space will be transformed into curves a with the following 
properties: 

(*) They are homeomorphic to Euclidean straight lines. Either of the 
branches issuing from a point on any one curve extends to infinity. Exactly 
one curve a passes through any two distinct points x and y. The segment &., 
determined by two points x and y on a depends continuously on z and y. 

The present paper is concerned with a kind of converse of the preceding 
assertion. Namely, it will be proved that: 

(I) Given a system A of curves a in the Euclidean plane x, which have the prop- 
erties (*), a distance-function xy, preserving the topology of x, can be found under 
which x is an SL space with the curves of A as shortest lines.” 

The statement (I) can be used to find a variational problem with given extremals. 
For by restricting the nature of the system A in steps one can reduce gradually 
to the usual conditions.* However, a thorough discussion of the manner in 
which the smoothness of the variational problem constructed depends on the 
system A, is possible only after the local properties of variational integrands 
have been investigated more closely. This investigation will be given else- 
where. Here I shall restrict myself to giving a set of conditions covering the 
cases usually considered. From these conditions it will be clear at once that the 
integrand resulting from our construction is smooth and that the given curves 
minimize the corresponding integral. It seems to me that the result thus 
obtained has the advantage of showing immediately that one has a solution in 
the large, whereas the usual method requires a special investigation in each case. 


2. Let + be the Euclidean plane with the Cartesian codérdinates (x, y). The 
Euclidean distance +/[(a2 — 2)° + (ye — y:)’] between two points p(x , y:) 


‘See [2]. The numbers [n] refer to the references at the end of this note. 

_ * By means of Theorem (I) we may construct a plane SL space in which pairs of shortest 
lines occur such that one line of a pair is asymptotically parallel to the other without the 
second being asymptotically parallel to the first. This answers a question which I had 
Teaised in [3], p: 235. See No. 4 of the present paper. 

* See for instance [1], p. 30. 
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and q(z2, y2) will be designated by e(p, q). By U(, ¢), where » is any set in zr, 
we mean the set of all points x at a distance less than «from v. We now state 
the exact assumptions regarding our system A of curves a: 

1) Each curve a of A can be represented in the form 


z=2), <t<o, 


where x(t) and y(t) are continuous, and such that if p(t) = (x(t), y(t), p(t) # 
p(te) for te, 


e(p(t), p(o)) > » for|t|— ~, 


2) Through any two distinct points x, y of x there passes exactly one curve azy of A. 

3) Designating by &z, the set of points on az, between x and y, x and y included, 
when x # y, and setting az: = x otherwise, we require finally: if x, x and y, > y, 
then for a given « > 0 an N(e) can be found such that for v > N(e) 


&z,y, €-) and C U(az,y, , €). 


Since &, is closed one sees that, if z, C U(az,, ¢,) and e, — 0, theneach limit- 
point z of {z,} isin a,,. For there exists on a,, a point ¢, with e(z, , t,) <«. 
If z,, — 2 then e(z, tn,) < e(2, Zn,) + e(Zn,, tn,) 20. Thisenables us to show: 

Ifz,—-2,y,— y, t ¥ yandz, Caz,,,, then each limit-point z of z, is on az, , 
and each point s of a, is an accumulation-point of points s, C a:,,,. Hereafter 
we shall say that az,,, tends to az,. 

The proof is simply this. Let z,,—z. For z,, C &, the assertion follows 
from 3) and the remark just made. Therefore let {z,,,} be a subsequence of 
(z,,} with (z,,,, and assume that z € We consider a,.. Since 
z ¢ a,, the curve a, is different from a,, and therefore x is not on a,.. But 
from 3) it follows that a, ., GC U(ayz, ém) with é¢m—>0. Hence x = lim z,,, C 
a,y:. That each point of a, is an accumulation point of points s, on a;,,, follows 
easily from this consideration and 3). 

A consequence thereof is the statement: Given any two different points x, y 
and two positive numbers ¢ and m, a 6 can be found such that a,,-U(z, m) C 
U(azy , €) for e(r, x) < band e(s, y) < 6. 

Now let the points - be everywhere dense in and (rt, ri), (72,72), 
any ordering of the pairs of different r,. Then, according to the last statement 
the curves a,1,: are dense in A in the following sense: given « > 0, m > 0 and 


two points x, y, @ vo can be found such that 
Azy* U(a, m) €). 


We shall now show that the curves of A have as many of the elementary 
properties of Euclidean straight lines as we shall need later on. 
We call a point set in 7 a-conver if it contains &,, when it contains z and y. 


4 (a, b, c) means that b is ona,, and between a and c. 
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Each curve a in A decomposes z into exactly two open regions p and p’, the 
sides of a. p+ aandp-+ a’ area-convex. For if and y are on a, then C 
a. Ift Ca,y Cop, then &,, cannot contain a point z of p’, since &, would contain 
a point s # « of a, and a,, would have two intersections with a. If, finally, 
zt Cp,y Cpand yet &,, contained a point z of p’, then &,. and &., would each 
contain a point of a. 

The point p decomposes ay¢e(p # g) into two open rays; the one containing q we 
designate by @»,. From the last proof it follows: 

If p Caand Cp, then ay, C p. 

We wish to show that, if (r, p, q), then @>, lies in p’. 

Assume r C p; then @)r C p. pq, &pr decompose p, and the side p’ of a is 
completely contained in one of the sides, p; say, of a», , whereas the other side 
is contained in p. Since p + a and p; + ap», are convex, their intersection 8 
(which is not empty because a is in it) is convex. 8 is therefore connected, 
but 6 — pis not connected. It consists of two disjoint connected parts, g and r 
belonging to different parts. Let 1’ Ca belong to the same part as r; then r’ and 
q belong to different parts. Hence &,,, must pass through p. This means that 
a,,’, and a have the two different points p and r’ in common. 

We can express our result as follows: 

If a and a intersect at p, then the two rays into which a(a;) decomposes a;(a) 
are on different sides of a(as). 

We see furthermore that the two sides p and p’ of a curve a in A are a-convex. 
If a has the sides p; and p; and a-a, = p, then a + a; decomposes x into four 
a-convex regions, namely p-p; , pip: , p’-pt, pi-p. The point p and any two 
rays a-rays a and a; issuing from a point p but not belonging to the same 
a-curve, decompose the plane 7 into two open regions, one of which is a-convex 
and the other not. The convex region will be called the angle with the sides 
a’ andaj. Ifl Ca* andl, C a; we designate this angle by (a*, at) or + lpl;. 
(a*, at) + a* + af + pis convex and closed; it contains &, ; and the interior 
points of this a-segment are contained in (a*, a;). 

Let p be that side of ay, which contains p and let p’ be the other side. The 
intersection 8B = p-(a*, aj) is not empty, for if (Jkp) and (1,k,p) hold, then the 
interior points of d,., are in p as well as in (a*, a). Hence Bis open, a-convex, 
and connected. On the other hand, since 6 = @u, + &1,» + &p, is a simple 
closed Jordan curve, it decomposes 7 into exactly two domains. Take s and 8, 
such that (sll;) and (U,s;). Then 


+ an+ + + Failip. 


Ife Cp’, then Cp’ + and aro, Cp’ + IfyC slp, then a. C 
*slp + and if z C then C + Therefore — 5 — B 
is connected; hence 8 must be the interior of 6. From the preceding discussion 
one easily concludes that the curves of A have all those properties of the Eu- 
clidean straight lines, which are usually derived from the axioms of order and 
connexion in the foundations of geometry. If, in particular p is in the interior 
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of the a-triangle abc then each ray issuing from p cuts Gq» + Ge + Geo exactly 
once. Therefore, the rays issuing from p, considered as elements of a set, can 
be mapped topologically on the circumference of a circle. After having fixed a 
positive sense of rotation in + we may speak of revolving the ray @»z continu- 
ously around p in the positive sense. 


3. Now let p € aw ; take g such that (q, p, b); and let x traverse a. + b 
monotonically from b to infinity. Then a,, turns around p monotonically 
but never passes @,,. Hence a», tends to a limit-curve a in A which we call an 
asymptote to aw through p; in particular, we call the limit-ray of 2 on a the 
asymptote tO aa through p. There are two possibly coinciding asymptotes 
a and a through p toaw. If they coincide, a is the only curve of A through p 
which does not intersect a ; in this case we call a a parallel to a» through p. 
If @ is different from a, and if a* (aj) denotes that ray of a(a:) issuing from p 
which is on the same side of a;(a) as a», the rays issuing from p and lying in 
(a*, af) intersect a» and the other rays issuing from p do not. 


If p’ Ca” then a is also an asymptote to aw through p’. We note first that 
two non-intersecting curves of A decompose z into three parts, one of which 
itself decomposes the plane. Each subset of this last set will be said to be 
between the two curves of A. We continue as follows: if our assertion were not 
true, the ray ag through p’, which is the asymptote to da» through p’, would be 
between a and aw. If k Caz, then &,, would also be between a and a,» and 
would not intersect a. Then a could not be the asymptote to &» through p. 

If (p”, p, p’), a is also an asymptote to ds through p”. If a3 2p a were 
the ray asymptotic to a» through p” this ray would again be between a and 
aw. The ray a; asymptotic to af through p would be different from a”, since 
a and az intersect at p’’. Because (p’’, p, p’), ag is between a and as ; so that 
a’ could not be the asymptote to aa through p. We see that: 

If a is an asymptote to Gaz» through one of its points, then it is an asymptote to 
Ga» through each of its points. We therefore call a an asymptote to Ga» without 
mentioning a point on it. If we call aw an asymptote to itself, we can say that 
through each point of the plane there passes exactly one asymptote to Ga . 
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These asymptotes are continuous in the following sense: 

If p, > p then the asymptote a, to Ga» through p, tends to the asymptote a to Ga 
through p. 

We have to show that if q,, C a, and q,, — 4, theng Ca. Assume q Ca 
and let a’ be the asymptote to a, through g. Since ¢ ¥ p, ap», crosses a and 
a’ at g and p respectively. But because ay», tends to ap, it would have to 
cross a and a’ too, whereas different asymptotes to @,, have no common points. 


4. We see that many of the properties of asymptotes in Euclidean and hyber- 
bolic geometries hold for any system A of curves a satisfying conditions 1), 2), 
and 3). There is, however, an important property of the asymptotes which 
holds in the elementary cases but fails to hold in the general case, namely, 
the concept of an asymptote is no longer symmetric, i.e., if a ray aj is asymptotic 
to the ray a3, then a} is not necessarily an asymptote to a; . 

In order to construct an example which will prove this assertion we consider, 
inan (z, y)-plane, the branch x < 0 of the hyperbola zy = 1. We designate it by 


i. 6’ has x = 0 and y = O as asymptotes in the usual sense. Moreover, — 


there exists exactly one tangent of 4’ parallel to a given straight line (SL) y = az, 
a < 0, and there exists no tangent parallel to an SL y = az with a 2 0, or to 
«=0. If we make a secant T, traverse monotonically all the secants parallel 
toa fixed tangent 7’ to 6’, then, starting with 7’, the lengths of the chords cut out 
by T, increase monotonically in the strict sense from 0 to ~, also, there are no 
other chords of 6’ parallel to 7. Designating by D the family cf curves 6 derived 
from 6’ by translations xz’ = x + ¢, y’ = y + d and designating by pq the Eu- 
clidean SL through p and q, we can say: 

Corresponding to each pair of points p, g, p + q, such that pq has an equation 
of the form 


I. y=azr+b, a<0dO, 


there exists exactly one curve 6 in D passing through p and g. 
Let E be the family of all SL, whose equations can be written either in form 


I y=ar+b, a20 or Il’ t= 


Then A = D + Eis a system of curves satisfying the conditions 1), 2), and 3), 
but for which the property of being an asymptote is, in general, not symmetric. 
For, take the point (—1, —1). The asymptote to the negative y-axis through 
this point is our curve 8’. The asymptote to the ray y < —1 of the SL2 = —1 
through (0, 0) is the y-axis. Hence this last ray and the negative y-axis form a 
palr of rays of which the latter is asymptotic to the first, without the first ray 
being asymptotic to the second. 

One should notice that to each line II there exists a parallel through every 
point of the plane, and to a line x = e there exists a parallel through each point 


. iy with x > e, but there exist two different asymptotes through each point 
with < 
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The system A is transformed into itself by all translations of the plane, and, 
as we shall see later, there exists an SL space for which the curves of A are the 
geodesics or shortest lines. It is, however, remarkable that there is no SL space, 
such that, in addition, the distances in it remain unchanged under the transla- 
tions of x. This is an immediate consequence of theorem (4.1) in [3]. 


5. We return now to the general considerations of no. 3. Let O be the origin 
of a system of Cartesian coérdinates x, y and Ke, the circle gt+y = 4n. 
Choose the points 2; , 2, --- 2m in this order on Ke, so densely that &,,.,,,(v = 
1, +++, mM; 2%my1 = 2) is contained in U(x, , n/4). Since Ke, separates O from 


infinity, p = >. &-,z,,, does too. The proof follows the usual lines by showing 


that the indices of O and infinity with respect to Ke, are the same as with respect 
top. Since p-U(0, n) = 0, p separates all points of U(0, n) from infinity. 

We shall now show that p has a bounded a-convex closure; by this we mean 
the smallest a-convex set 8 containing p. Such a set exists, namely, the inter- 
section of all a-convex sets containing p. Furthermore, 8 is obviously also the 
a-convex closure of the set x; + --- + 2m. We fix any ray a’ issuing from 0 
and draw the asymptotes to a* through 2, --- , 2m. Since of three asymptotes 
to a’ one is always between the other two, there is one, say a; among these m 
asymptotes such that the others either coincide with a or are all on the same 
side p; of a,. We now fix a sense on a. With respect to this orientation let 
xi, be the first and 2;, the last of the points z;0n a. Let aj be the ray of those 
points of a, which follow 2z;, and let a; be the ray of the points of a preceding 
x,,. Define a positive sense of rotation in x such that aj is turned around 2;, 
through p; into the position a; by a rotation in the positive sense. Now revolve 
&} positively until it meets for the first time a point z, and call x;, the last point 
x, following x;, on the ray thus obtained. Then revolve the ray @z;.2;, — Gzizi, 
positively around z;, until it hits the next point 2, ; the last point z, on this ray 


will be z;,; and so forth. This process must end after a finite number of steps, 


say I, and leads back to 2;,, such that x;, = 2;,. Therefore = >> 


polygon which bounds an a-convex region. This region together with 6 con- 
tains p and U(0,n). Wesee that: 

There exists a sequence of polygons 6;, 42, --- bounding a-convex regions, 
and such that 6,,; contains 6, and U(0, v + 1) in its interior. 

We now make the following construction: We map 6, topologically onto 
the unit circle r = 1 of an (r, g) plane so that points on the same a-curve through 
O are mapped on diametrically opposite points of the circle. Let a} be the ray 
issuing from O and passing through the point of 6, corresponding to ¢g. Con- 
sider now 4, and 6,4; and draw all a-rays aj , --- , ati, = af issuing from 0 and 
passing through a vertex of 4, or 5,4:. Let af intersect 6, in y? and 6,4. in yi- 


isa 


5 Comp. [4] p. 84. 
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We map a,°,! topologically onto 0 < ¢ < 1 in such a way that y; corresponds to 
dandy} to 1. The point corresponding to ¢ will be denoted by y;. We draw 
8 
all the a-segments <¢< 1,7 = 1,---,s8. The polygon = 
dyty!, 0 < ¢t < 1, is star-shaped with respect to O. For O and 6, we make an 
analogous construction, connecting O to the vertices of 6,, and define thus 
a-polygons 6, for0 <¢ <1also. Each point of z, except O, is on exactly one 
polygon 6,,0 <r < ©, and on exactly one ray a, . We map the point on 6, 
and on a, on the point (7, ¢) of the (r,¢) plane. If we complete this mapping by 
associating O with the point r = 0 of the (r, ¢) plane, we get a honteomorphism 
under which the a-curves through O are mapped on the straight lines through 


r=0. Mapping the (r, g) plane by (r, ¢) > (—F5 ; e) onto the interior 8 of the 


unit circle, we have finally a representation of our system A with the following 
properties : 

The a-curves through O are the diameters of 8; for each circle r = c < 1 or e(0, x) 
= ¢ there exists a closed a-polygon bounding an a-convex region containing the 
circle; either end of any a-curve tends towards a definite point of the unit-circle. 

That the last property holds, is a consequence of the fact that if by traversing 
the curve a in one sense, one did not approach a definite point, then one would 
approach the points of a whole arc of the unit circle; and a radius of 8, ending 
at an interior point of this arc, would have infinitely many points in common 
with a. 

From now on we hold to this representation of A. Besides polar coérdinates 
we introduce Cartesian coérdinates in B. The segment —1 <z<lofy=0 
is a curve ao of A; call ag the ray x < 0 of a. We consider the family of 
asymptotes to ag. If a and a’ are any two such asymptotes in y > 0, one of 
them, a say, separates the other from ap. There exists a uniquely determined 
Euclidean circle around O which has points in common with a, but whose 
interior is completely on one side of a. Let ¢(a) be the radius of this circle. 
Of course t(a) is the distance of a from O. We have t(a) < t(a’). In the same 
manner there corresponds a radius ¢t to each asymptote a to as in y < 0; how- 
ever, in this case we put f(a) = — t. We complete this definition by putting 
t(a) = 0. The important properties of this association are: 

(a) to different asymptotes a, a’ there correspond different values t(a) and t(a’). 

(b) If a’ is between a and a’, then either 


t(a) > t(a’) > t(a”’) or tla) < < ta”). 


It is clear that t(a,) — t(a) for a, a. We must know furthermore that there 
belongs an asymptote to each value ¢ between —1 and 1. One sees first that, if 
there belongs an asymptote to each of the values ¢, , and t, — to, | | < 1, then 
an asymptote corresponds to f& also. For let p, be on a, and on the circle of 
radius t, = t(e,) around O and let {p,,} be a converging subsequence of {pr}. 
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Its limit po is on the limit ao of {a,,} and on the circle with radius t. a cannot 
contain an interior point of this circle, since such a point cannot be an accumula- 
tion-point of points g, C a, ; therefore, t = t(ao). Thus the set of values ¢ 
corresponding to the asymptotes is closed relatively to -—1 < ¢ < 1. Its 
complement is open or empty, but the first possibility can easily be excluded 
with the help of the fact that t(a,) — t(a) for a,—> a. We have therefore: 

(c) For each t, — 1 < t <1, there exists exactly one asymptote a(t) to ay and 
vice versa; for t, — t one has a(t,) — a(t) and for a, — a one has t(a,) — t(a). 


6. For this section it is not essential that the curves a(t) should be a family of 
asymptotes to the same ray. We shall only use the property that each curve a 
of A belongs to a system F of curves in A such that through a given point q¢ 
there passes exactly one curve a, of F with the property a,, — a, for g, — q, and 
F satisfies the conditions (a), (b), (c). Using an artifice it is now easy to con- 
struct a metric which makes the curves of A the shortest lines of an SL space. 
We first give the exact definition of an SL space: 

A complete metric space with the distance function p(x, y) is an SL space if to 
each pair of points a, b there exists exactly one point c, the center of a and b, for 
which p(a, c) + p(c, b) = p(a, b) and p(a, c) = ple, b), and, furthermore, there 
exist exactly two points d and d’ such that b is the center of a and d and a is the 
center of b and d’. 

For three different points a, b, c, we express the relation p(a, b) + p(b, c) = 
p(a, b) by [a, b, c]. In this number we shall show then, that a metric preserving 
the topology of 8 can be found such the relations (a, b, c) and [a, b, c] are equiva- 
lent for all triples of distinct points. ’ 

We start with a family F of curves a in A as described before. Through any 
point p there passes exactly one curve a, of F; the number t(a,) therefore is 
uniquely determined by p. We put 


q) = | tap) — |. 
We have (1) 0 < d(p, q) < 2. 
(2) d(p, g) = Oif, and only if, a, = a,. 
(3) d(p, + dq, 7) 2 d(p, 


(4) d(p, q) + d(q, r) = d(p, r) either if a, coincides with one of the lines a, 
or a, , or if a, is between a, and a, . 


(5) d(p, q) + dq, r) > d(p, 7), if ap , ag, a, are different and a, is not between 
a, and a,, or if ap = a, ¥ ag. 


d(p, q) depends on the family F. Each curve a belongs to such a family. 
Let now a, = a;,1,2 be a countable set of a-curves dense in A, as constructed in 
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no. 2. Let a, belong to the family F,. To each F, we associate a function 
d,(p, 9) satisfying conditions (1), -,- (5). We are going to prove that 


r(p, q) = 


defines 2 metric space for which the relations (a, b, c) and [a, b, c] are equivalent. 
(p,q) is finite on account of (1). The relations r(p,q) = 0 for p = qand r(p,q) + 
r(q, r) 2 r(p, 7) are immediate consequences of (2) and (3). r(p, g) > 0 for 
p ~ qcan be shown thus: Call a,,, the curve of F, through p. If p ¥ q then a 
curve a in A exists separating p from gq. Hence also some curve a; of {a,} will 
separate p from q, and aj,» and a;,_ will also be separated by a; ; (2) shows that 
dj(p,q) > 0. In order to prove that (p, q, r) if, and only if, [p, q, r], assume first 
(p,q, 7). If a,» = then d,(p, g) = = 0. If a» a,,, the 
domain bounded by these two curves is a-convex and g is in that domain. 
Hence a,,, is between a,,, and a,,, , and we have, on account of (4), that d,(p, q) 
+ d(q, r) = d,(p, r). By summing we see that r(p, g) + r(q, r) = r(p, r) or 
[p, q, r]. Now let g & &,. Then a curve in A exists which separates g from 
ar. Therefore, a curve a; can be found in {a,} separating gfrom @),. Hence q 
cannot be between a;,, and a;,- nor can it coincide with a; or a;,. It follows 
then from (3) and (5) that r(p, g) + r(q, r) > r(p, r). 

It will be clear that any two points p and q possess a unique center if we can 
prove that r(p, x) changes continuously as x traverses &,, from p tog. It is 
easy to see that r(p, x) > 0,ifx—p. For one has a,,.— a,,, for x — p; hence, 
on account of property (c) of F,, d,(p,z) O0forz—p. d,(p’,q’) < 2 for any 
p’ and q’, and the definition of r(p’, q’) show then that r(p, x) — 0 for x — p. 
That « — p for r(x, p) — 0 is contained in the considerations of the preceding 
paragraph; so that the metric r(p’, g’) is topologically equivalent with the 
Euclidean metric. From this follows, in particular, that r(p, x) changes con- 
tinuously as x traverses &»,. We thus have obtained a metric r( ) topologically 
equivalent to e( ), for which the curves of A are the shortest lines, but r(_) does not 
define an SL space, since r( ) < 2, and in an SL space the shortest lines must 
have infinite lengths. 


7. In order to meet this last requirement, we have to make a construction 
which is a little more complicated than the one used before, but based on the 
same principle. Take again the previous representation of A in the interior 8 of 
the unit circle. The a-rays issuing from 0 are the Euclidean radii of 6. Let 
a, 0 < y < Qn, be these radii. Take a definite one, ay say, and draw the two 
asymptotes a; , ag to ay which touch the | circle e(0,z) = 1—1/n,n>1. Let 
a; Ca; decompose a; into the two rays a; and a; (i = 1, 2), where the notation is 
such that ay and af are on the same side of aa,a, as are the points of ay + sufficiently 
remote from O. Designate by p? the point on the unit-circle which one approaches 
as one traverses at. Then p; is different from (1,y). For otherwise one would 
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have pi = p; = (1, y) and there would be radii of 6 intersecting a; twice. 
Now take the asymptotes 6, , 5: to ay thropgh points b; , bz with (a2, a, b,) 
and (a, dz, bs), respectively. Let gz be the endpoints of 8;, gi # q7; one 
of the open arcs of the unit circle founded by gj and 9; does not contain (1,y) 
in the interior. Call 5, the open set consisting of these two ares gi q;. To 
each point (1, ¢) of the unit-circle there belongs such an are S, ; we can find a 
finite number of points (1, ¢:), --- , (1, ge) such that the corresponding arcs 
Sp, cover the unit-circle. 

We now define a distance as follows: Let (1, ¥) be one of these points with the 
notations as before. To each circle e(0, x) = ¢ < 1 there belong two uniquely 
determined asymptotes to ay touching this circle. Making the same association 


Fig. 2 


as in no. 5 we get a function ¢(a), where the values ¢t between —1 and 1 are in 
one-to-one continuous correspondence with asymptotes to ay. Let ¢(6;) = ti. 
We havet, > 1 — 1/n > — 1+ 1/n > & (or this relation with ¢, and é inter- 
changed). We form a strictly monotonic function f(t) defined for —1 <t < 1 
with f(1 — 1/n) = 1/(k-2"), f(—1 + 1/n) = —1/(k-2”), f(a) = 1, f(a) = —1. 
If p is on the asymptote to a% corresponding to ¢’ and q on the one corresponding 
to t’’, we put 


d’(p, = | f(t’) — fe’) |. 
We remark that for all pairs p, q between a; and az, and therefore in particular 
for the pairs p, qin U(0, 1 — 1/n), we have the inequality 


2 
d'(p, q) < 
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and that each ray a” issuing from a point of U(0, 1 — 1/n) and ending at a 
point of Sy has length at least 1 — 1/(1.2”). 

The function d has been constructed with respect to a definite S,;. We 
construct a similar function for every one of these sets S,;. We get the func- 
tions ), ). We then put 


d"(p,q) = dlp, 


We have d"(p, g) © 2/2” for p, gin U(O, 1 — 1/n), and the length of any ray 
issuing from a point of U(0O, 1 — 1/n) is at least 1 — 1/(1.2") > 1/2. We form 


@) = 2, d"(p, 9). 
This sum converges for every pair of points p, g. For if no is sufficiently large 
we have p + q C U(0,1 — 1/n) forn > m. Therefore 


(p,q) < d"(p,q) + d"(p,q) < d"(p, q) + 1/2". 


Let a* be any ray leading from the point r to the point r’ of the unit circle and 
rCU(0,1—1/n). Ifr,—r’ and N > 0 is given, we can choose v(N) 
so large, that for »y > vo(N), 


> 4, n=1,2,.---,2N. 


Then p'(r, 7,) > N for vy > vo(N). As in number 6, we see that the p(p, q) defined 
by 


9) = e'(p, + 9), 


where r(_ ) is the metric defined in that number, converts the interior B of the unit 
circle into a metric space with the curves of A as shortest lines. p(p, q) converts B 
into an SL space since every a-ray has infinite length. 


8. The method developed here can be applied to find a variational problem 
with given extremals. For instance, let A be a system of curves satisfying 
conditions 1), 2), and 3) of no. 2; assume, furthermore, that each curve a in A 
has a continuous tangent and that through a given line element there passes 
exactly one curve of A. Each curve a belongs to a one-parameter-family 
F = a(t) of curves in A as described in no. 6, such that through any point r 
there passes exactly one curve a(t,) of F. We assume that t, is a differentiable 
function of the arc-length on & as r traverses a curve &@in A. For every & we 
associate this derivative of ¢, with the line element consisting of r and the direc- 
tiony of @atr. Thus we get a function f(r, ¢) defined for all line elements in 8. 
We finally assume that f(r, g) is a continuous function of r and g. Evidently, 
ifp and q are any two points, one has 


ay; = [ fi; vids, 
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r traversing &,,, ¢ being the direction of ap, at r, and ds being considered 
positive. 

As in No. 6 we now take a set {a,} of curves of A and dense in A. Each a, 
belongs to a family F, with the properties indicated. The functions f(r, g) and 
d(p, q) belonging to F, we designate by f,(r, ¢) and d,(p, q) respectively. Let 
| f, | be less than some suitable R, forr <1 —1/vandallg. Then we form 


d,(p, 
r(p, q) = ‘(1 


As before, r(p, q) converts 8 into a metric space with the curves of A as unique 
shortest lines. Setting 


= 


r(p,q) = [ F(r, ¢) ds, 


and F(r, g) depends continuously onrandg. It is easy to see that &,, minimizes 
F(r, g)-ds among all piecewise continuously differentiable curves C connecting 
c 


p tog. Actually &,, minimizes this integral among all rectifiable curves between 
p and q. A proof for this more general fact is contained in the results of K. 
Menger in [5]. 
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ON UNITARY METRICS IN PROJECTIVE SPACE 


By Hermann WEYL 
(Received September 29, 1938) 


For the purpose of investigating meromorphic curves, my son Joachim and I 
introduced in the k-dimensional projective space R with the homogeneous 
codrdinates 2), --- , 2% a unitary metric’ by defining the distance || || of a 
plane ¢ and a point x and the distance [[zz’]] of two points z, x’ by means of the 
equations 


(13) = | — | PQ | |*). 


The question arose to what extent these distances depend on the codrdinate 
system. Let us therefore subject the x to an arbitrary non-singular linear 
transformation 


while the plane codrdinates £; undergo the contragredient transformation 
(3) han. 


By passing to the new codrdinate system y the two distances || éz ||, [[x2’]] 
take on a factor varying between fixed positive limits, independent of fand z, 
or of z and 2’ respectively. We shall here determine the exact limits of both 
distances and discuss in more detail this problem which seems to deserve some 
attention on its own merits. 

I use the notation of matrix calculus, designating by zx the column of the 
numbers ao, 21, --- , 2% (vector) and by A* the transposed matrix of A. Uni- 
tary geometry is based upon the “‘scalar product”’ 


(x, x’) = oto = 
In particular 
(x, 2) =|m[+--- + 


‘Annals of Math. 39 (1938), pp. 516-538 (quoted as M). I take this opportunity to cor- 
rect a few misprints: 
P. 517, line 14: read “TI? and instead of “I and y’’. 
P. 533, line 15: cancel the factor k in a 
P. 588, line 6 (last line of the Wronskian): read “x”? instead of “x.” 
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The inequality 
(4) | (x, x’) (x, x): (z’, x’) 


proves that both our distances (1) lie between 0 and 1. The numerator in (1,) 
may be written as the determinant 


(z,z) 2’) 


(z’,z) 2’) 


By the transformation (2), y = Hz, one gets 
(y, y) = (Hz, Hz) = #*H*Hz = (x, Cz), 


where 
C = 
is Hermitian: 
C*=C or (a, Cz’) = (2’, Cz). 
The vectors é , --- , e form a unitary basis if 


@=)) 


One knows that with a given Hermitian transformation C one is able to de- 
termine a unitary basis e; such that ' 


Ce; = 
We arrange the real eigen-values \; which are the roots of the secular equation 
det (AE — C) = 0 (EZ = unit matrix) 
in increasing order, \y S A; S --- SA. One then has for any vector 
L=hot--- + he (t; numbers) 
the equations 
(x, 2) =| +--- +] 
(x, Cx) = tol’ + + 
(transformation onto principal axes). This shows at once that 
No: (x, x) S (a, Cx) 2). 


In our case C = H*H, the Hermitian form (x, Cz) is positive definite and there- 
fore all eigen-values \; are positive. We set 


and then have 
(7) -(2, x) (y, y) 2 (a, x). 


7’ and I” are the minimum and maximum of (y, y) under the condition (z, x) = 1. 


(5) 
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All this is very well known. In denoting by d,, d, the distances in the old 
and the new coérdinate system, we have for the point-plane-distance (1): 


(4) 

By (7) we have succeeded in determining the exact bounds of the first factor. 
In the same fashion we should be able to compute those limits for the second 
factor. However, it is superfluous to go through the same process again; our 
transformation to principal axes settles the question concerning both factors. 
Indeed, let us designate the column of the &; by & and the column of the 
nx by 1 so that 


(8) 


= 
The maximum and minimum of the quotient 


_ &,&) 
(an) 


are the greatest and least eigen-values of 

D = 
But these eigen-values are the same as for 

C = A*H, 


while the eigen-vectors of D are 
fi = 
Indeed one realizes at once that 
(fi, fi) = = Afi 
Hence the codrdinates 7; as introduced by 
n = tofo + + 

satisfy the relations 


and thus the exact bounds of (9) turn out the same, 7’ and I”, as for the first 
factor in (8). The final result is 


(10) d,/d, = 


It should be observed that the transformations 2; — ¢;, & — 7: are by no 
means contragredient. Instead one has ; 


| 
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as follows readily from 
i + 


The investigation for the point distance d, = [[xz’]] first follows the same 
track: After a suitable unitary transformation we obtain 


(x, (2, 2’) 
(11,) d; 2) 2’) & x)(z’, x ry 


L(z,z) L(a, 2’) 
L(z',z) L(z’, 2’) #) 


where 


L(z, = 2 


This time we have been less pedantic by allowing the new variables ¢; to be 
denoted again by z;. The numerator in dj may be written as 
p Rid; | 
i<i 
with 
(12) Zig = — 
This sum differs from 


i<j 
by a factor between the bounds AoA; and Together with 
(x, x) S L(x, x) S (a, 2) 


and the same inequality for x’ this results in the estimate 


Ni 

On replacing \x1\, by the bigger \; and AoA, by the lesser Aj one finds that 
d,/d, certainly lies between (I'/y)’ and (y/I)’ as maintained in the paper M. 
But this rough estimate is far from being exact. I am going to prove that the 
precise limits are '/y and y/T again. 

In the one-dimensional case k = 1 this follows at once from (13) pcmnne the 
left- and right-hand sides of this inequality equal 


No/Ar and 


respectively. The lower limit is attained when z and x’ coincide at the point 
1:0, and the upper limit when x = 2’ = (0:1). 
On returning to arbitrary k, this result may be. applied to any straight line j 
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in R. For any two points 2, x’ on 3 the distance quotient d,/d, varies between 
two reciprocal limits « = «(3) 2 1 and 1/« each of which will be attained if 
z, z’ coincide at a certain point on the straight line. I proceed to compute x 
explicitly. When the straight line is thought of as determined by two points 
z, 2, its codrdinates 2;; will be given by (12). In (11,), (11,) we have to sub- 
stitute for z, x’ two arbitrary points of this straight line, viz. 


(14) or + o22', mx + 


respectively. In denoting the matrix 


L(x, x’) by In Ly 
| L(z’,x) L(z', 2’) In Lee 


the squared distance d? of the two points (14) will come out as 


(Lu Le — Ly2Lm) | 0172 — 9271 
where L(c) is the Hermitian form 
+ + + Lee 


of two variables o; , o2. Hence 


() _ L(o)-L(r)_ det (1) 
d,) ~ We)-Wr) det (L)’ 


The maximum and minimum of the Hermitian form L(c) under the condition 
l(c) = 1 are the two roots J of the secular equation 


Mu — In, Ne — Le 


Alex — Ler, — Lee 
The limits of d,/d, on the straight line under consideration are therefore the two 


values 
det 1\! 


which are the roots of the equation 


Lee + lee Lu Lye Lei 1= 0. 


Vdet L-+/det 
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This confirms our former statement that the two bounds «, 1/« are reciprocal, 
and by computing the middle coefficient we get 


After this piece of elementary calculation our next step will be to ascertain 
the maximum of the quotient at the right side, with the straight line 3 = (z;;) 
taking on all possible positions. For any two numbers « 2 1, x 2 1 the 
inequality 


K Ko 


and vice versa. Instead of determining the maximum xo of «(3) and hence the 


minimum 1/xo of 1/x(3) we therefore proceed to calculate the maximum Kp + - 


of k + ~. To this end we apply our fundamental inequality (4), 
Pp 
in the following way. Let p range over the pairs 77 with z < j, and set 
Up = 2ij, Vp = (Ae + 
We thus get 
{ + | 2i; [+ (ds + | 


i<i 
The square of the quotient (15) is therefore " 
< (di + 4)” | | zig 
1<72 


On putting 


| = V» = = (*) (*) 


we resort to the trivial inequality 


se DV, 


where p is the biggest of the k(k + 1)/2 numbers p,, and we thus find the 


quotient (15) to be 
< max| { — 
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This upper bound for « + : implies 


as we maintained.” 
Any | points 
a, (lslsk) 


determine an (1 — 1)-spread with the coédrdinates 


* * 
- -1 
Vi; . * 


Any skew-symmetric numbers 7;,...;, dependent on the codrdinate system which 
transform like these determinants describe a (J — 1)-complex x(l). The (J — 1)- 
complexes form a projective space R; of k; dimensions, 


Spreads are special complexes. In R; one can introduce a unitary metric based 
on the form 


(16) 
For special complexes the formula 
(x, x), (z, x’), , (x, 


(17) |? = 


holds. We compare (16) with the corresponding expression in a new codérdinate 
system as introduced by (2). According to the method formerly employed we 
may assume without loss of generality that 


(y, y) + rz | |’. 


We then obtain from the expression (17) for y(J), first for special complexes and 
then in general, 


= det 
a,B=0, 


* Instead of adopting our elementary method one could resort to the infinitesimal 


process of comparing locally at any point the lengths of an arbitrary line element in the 
two metrics. 
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Thus the values I’; , y; similar to T and y in R; are given by 


vi = Art, Ti = 


From this exact estimate one may derive, if one so desires, the simpler though 
less complete result 
nev; 


InstTITUTE FoR ADVANCED Stupy 
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h ON UNITARY REPRESENTATIONS OF THE INHOMOGENEOUS 
LORENTZ GROUP* 


_ By E. 
(Received December 22, 1937) 


1. ORIGIN AND CHARACTERIZATION OF THE PROBLEM 


It is perhaps the most fundamental principle of Quantum Mechanics that the 
system of states forms a linear manifold,’ in which a unitary scalar product is 
defined.” The states are generally represented by wave functions’ in such a way 
that y and constant multiples of g represent the same physical state. It is 


possible, therefore, to normalize the wave function, i.e., to multiply it by a i 
constant factor such that its scalar product with itself becomes 1. Then, only a : 
constant factor of modulus 1, the so-called phase, will be left undetermined 4 


in the wave function. The linear character of the wave function is called the 4 
superposition principle. The square of the modulus of the unitary scalar i 
product (¥, ¢) of two normalized wave functions y and ¢ is called the transition 
probability from the state y into ¢g, or conversely. This is supposed to give the 
probability that an experiment performed on a system in the state ¢g, to see . 14 
whether or not the state is y, gives the result that it is y. If there are two or 
more different experiments to decide this (e.g., essentially the same experiment, 


* Parts of the present paper were presented at the Pittsburgh Symposium on Group 
Theory and Quantum Mechanies. Cf. Bull. Amer. Math. Soc., 41, p. 306, 1935. 

1 The possibility of a future non linear character of the quantum mechanics must be 
admitted, of course. An indication in this direction is given by the theory of the positron, 
as developed by P. A. M. Dirac (Proc. Camb. Phil. Soc. 30, 150, 1934, cf. also W. Heisenberg, 
Zeits. f. Phys. 90, 209, 1934; 92, 623, 1934; W. Heisenberg and H. Euler, ibid. 98, 714, 1936 
and R. Serber, Phys. Rev. 48, 49, 1935; 49, 545, 1936) which does not use wave functions 
and is a non linear theory. 

* Cf. P. A. M. Dirac, The Principles of Quantum M. pa Che Oxford 1935, Chapters I and 
Il; J. v. Neumann, M. athematische Grundlagen der Quantenmechanik, Berlin 1932, pages 
19-24. 

* The wave functions represent throughout this paper states in the sense of the ‘“‘Heisen- 
berg picture,”’ i.e. a single wave function represents the state for all past and future. On 
the other hand, the operator which refers to a measurement at a certain time ¢ contains 
this tas a parameter. (Cf. e. g. Dirac, l.c. ref. 2, pages 115-123). One obtains the wave 
function ¢,(t) of the Schrédinger picture from the wave function yy of the Heisenberg 
Picture by ¢,(t) = exp (— iHt/h)gy . The operator of the Heisenberg picture is Q(t) = 
exp(iHt/h) Qexp (—iHt/h), where Qis the operator in the Schrédinger picture which does not 
depend on time. Cf. also E. Schrodinger, Sitz. d. Kén. Preuss. Akad. p. 418, 1930. _ 

The wave functions are complex quantities and the undetermined factors in them are ef 
complex also. Recently attempts have been made toward a theory with real wave func- 
tions. Cf. E. Majorana, Nuovo Cim. 14, 171, 1937 and P. A. M. Dirac, in print. 
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performed at different times) they are all supposed to give the same result, 
i.e., the transition probability hes an invariant physical sense. 

The wave functions form a description of the physical state, not an invariant 
however, since the same state will be described in different coérdinate systems 
by different wave functions. In order to put this into evidence, we shall affix 
an index to our wave functions, denoting the Lorentz frame of reference for which 
the wave function is given. Thus g and g, represent the same state, but they 
are different functions. The first is the wave function of the state in the co- 
ordinate system 1, the second in the codrdinate system l’. If g; = Wy the 
state y behaves in the codrdinate system | exactly as y behaves in the codrdinate 
system l’. If g; is given, all g are determined up toa constant factor. Because 
of the invariance of the transition probability we have 


(1) | ad | (gv ’ 


and it can be shown‘ that the aforementioned constants in the g; can be chosen 
in such a way that the gy are obtained from the g, by a linear unitary operation, 
depending, of course, on / and I’ 


(2) gv = Dv, Der 


The unitary operators D are determined by the physical content of the theory 
up to a constant factor again, which can depend onl andl’. Apart from this 
constant however, the operations D(I’, 1) and D(l; , l,) must be identical if I’ 
arises from | by the same Lorentz transformation, by which I, arises from |,. 
If this were not true, there would be a real difference between the frames of 
reference / and 1,. Thus the unitary operator D(l’, 1) = D(ZL) is in every 
Lorentz invariant quantum mechanical theory (apart from the constant factor 
which has no physical significance) completely determined by the Lorentz 
transformation L which carries | into l’ = Ll. One can write, instead of (2) 


(2a) gu = 
By going over from a first system of reference I to a second l’ = L,l and then toa 


third = LLyl or directly to the third l’’ = (L2I,)l, one must obtain—apart 


from the above mentioned constant—the same set of wave functions. Hence 
from 


= VY) DV, Dex 
evr = Dl", Dex 

it follows 


‘E. Wigner, Gruppentheorie und ihre Anwendungen auf die Quantenmechanik der Atoms- 
pektren. Braunschweig 1931, pages 251-254. 
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or 


(3a) D(I2)D(In) = wD(L21,), 


where w is a number of modulus 1 and can depend on Lz and L;. Thus the 
D(L) form, up to a factor, a representation of the inhomogeneous Lorentz 
group by linear, unitary operators. 

We see thus’ that there corresponds to every invariant quantum mechanical 
system of equations such a representation of the inhomogeneous Lorentz group. 
This representation, on the other hand, though not sufficient to replace the 
quantum mechanical equations entirely, can replace them to a large extent. 
If we knew, e.g., the operator K corresponding to the measurement of a physical 
quantity at the time ¢ = 0, we could follow up the change of this quantity 
throughout time. In order to obtain its value for the time ¢ = t,, we could 
transform the original wave function g by D(l’, l) to a coérdinate system I’ 
the time scale of which begins a time ¢, later. The measurement of the quantity 
in question in this coérdinate system for the time 0 is given—as in the original 
one--by the operator K. This measurement is identical, however, with the 
measurement of the quantity at time ¢, in the original system. One can say that 
the representation can replace the equation of motion, it cannot replace, how- 
ever, connections holding between operators at one instant of time. 

It may be mentioned, finally, that these developments apply not only in 
quantum mechanics, but also to all linear theories, e.g., the Maxwell equations 
in empty space. The only difference is that there is no arbitrary factor in the 
description and the w can be omitted in (3a) and one is led to real representations 
instead of representations up to a factor. On the other hand, the unitary char- 
acter of the representation is not a consequence of the basic assumptions. 

The increase in generality, obtained by the present calculus, as compared 
with the usual tensor theory, consists in that no assumptions regarding the 
field nature of the underlying equations are necessary. Thus more general 
equations, as far as they exist (e.g., in which the codrdinate is quantized, etc.) 
are also included in the present treatment. It must be realized, however, 
that some assumptions concerning the continuity of space have been made by 
assuming Lorentz frames of reference in the classical sense. We should like to 
mention, on the other hand, that the previous remarks concerning the time- 
parameter in the observables, have only an explanatory character, and we do not 
make assumptions of the kind that measurements can be performed instan- 
taneously. 

We shall endeavor, in the ensuing sections, to determine all the continuous’ 
unitary representations up to a factor of the inhomogeneous Lorentz group, 
i.e., all continuous systems of linear, unitary operators satisfying (3a). 


* E. Wigner, l.c. Chapter XX. 
* The exact definition of the continuous character of a representation up to a factor will 


be given in Section 5A. The definition of the inhomogeneous Lorewte group is contained 
in Section 4A. 
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2. ComPARISON WiTH Previous TREATMENTS AND SOME IMMEDIATE 
SIMPLIFICATIONS 


A. Previous treatments 


The representations of the Lorentz group have been investigated repeatedly. 
The first investigation is due to Majorana,’ who in fact found all representations 
i of the class to be dealt with in the present work excepting two sets of representa- 
| tions. Dirac® and Proca® gave more elegant derivations of Majorana’s results 

iF and brought them into a form which can be handled more easily. Klein’s 
| work’ does not endeavor to derive irreducible representations and seems to be 
in a less close connection with the present work. 

The difference between the present paper and that of Majorana and Dirac 
lies—apart from the finding of new representations—mainly in its greater 
mathematical rigor. Majorana and Dirac freely use the notion of infinitesimal 
operators and a set of functions to all members of which every infinitesimal 
operator can be applied. This procedure cannot be mathematically justified 
at present, and no such assumption will be used in the present paper. Aliso the 
conditions of reducibility and irreducibility could be, in general, somewhat more 
complicated than assumed by Majorana and Dirac. Finally, the previous 
| treatments assume from the outset that the space and time codrdinates will be 
H continuous variables of the wave function in the usual way. This will not be 
| done, of course, in the present work. 

B. Some immediate simplifications 

Two representations are physically equivalent if there is a one to one cor- 
respondence between the states of both which is 1. invariant under Lorentz 
transformations and 2. of such a character that the transition probabilities 
between corresponding states are the same. 

It follows from the second condition’ that there either exists a senda operator 
S by which the wave functions 6” of the second representation. can be obtained 
from the corresponding wave functions ©” of the first represestation: 

(4) Se” { 

| or that this is true for the conjugate imaginary of ®”. Although, in the 
A latter case, the two representations are still equivalent physically, we shall, in 
Hl keeping with the mathematical convention, not call them equivalent. 

4 The first condition now means that if the states 6°, 6° = So” correspond 
i to each other in one coérdinate system, the states D® (L)®” and D® (L)e* 
correspond to each other also. We have then 


(4a) D® (L) SD” (L) SD” (L) So? 


i 7 E. Majorana, Nuovo Cim. 9, 335, 1932. 
*P. A. M. Dirac, Proc. Roy. Soc. A. 155, 447, 1936; Al. Proca, J. de Phys. Rad. 7, 347, 
1936. 
® Klein, Arkiv f. Matem. Astr. och Fysik, 265A, No. 15, 1936. I am indebted to Mr. 
Darling for an interesting conversation on this paper. 
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As this shall hold for every ©”, the existence of a unitary S which transforms 
D” into D® is the condition for the equivalence of these two representations. 
Equivalent representations are not considered to be really different and it will 
be sufficient to find one sample from every infinite class of equivalent repre- 
sentations. 

If there is a closed linear manifold of states which is invariant under all 
Lorentz transformations, i.e. which contains D(L)y if it contains y, the linear 
manifold perpendicular to this one will be invariant also. In fact, if ¢ belongs 
to the second manifold, D(L)¢ will be, on account of the unitary character of 
D(L), perpendicular to D(L)y’ if y’ belongs to the first manifold. However, 
D(L“") belongs to the first manifold if y does and thus D(L)¢ will be orthogonal 
to D(L)D(L™)y = wyi-e. toall members of the first manifold and belong itself to 
the second manifold also. The original representation then “decomposes” 
into two representations, corresponding to the two linear manifolds. It is 
clear that, conversely, one can form a representation, by simply “adding” 
several other representations together, i.e. by considering as states linear 
combinations of the states of several representations and assume that the states 
which originate from different representations are perpendicular to each other. 

Representations which are equivalent to sums of already known representa- 
tions are not really new and, in order to master all representations, it will be 
sufficient to determine those, out of which all others can be obtained by “adding” 
a finite or infinite number of them together. 

Two simple theorems shall be mentioned here which will be proved later 
(Sections 7A and 8C respectively). The first one refers to unitary representa- 
tions of any closed group, the second to irreducible unitary representations of 
any (closed or open) group. 

The representations of a closed group by unitary operators can be transformed 
into the sum of unitary representations with matrices of finite dimensions. 

Given two non equivalent irreducible unitary representations of an arbitrary 
group. If the scalar product between the wave functions is invariant under the 
operations of the group, the wave functions belonging”* to the first representa- 
tion are orthogonal to all wave functions belonging to the second representation. 


C. Classification of unitary representations according to von Neumann 
and Murray” 


Given the operators D(L) of a unitary representations, or a representation 
up to a factor, one. can consider the algebra of these operators, i.e. all linear 
combinations 


a,D(L,) + a2D(L2) + asD(Ls) + 
of the D(L) and all limits of such linear combinations which are bounded 


operators. According to the properties of this representation algebra, three 
classes of unitary representations can be distinguished. 


°F. J. Murray and J. v. Neumann, Ann. of Math. 37, 116, 1936; J. v. Neumann, to be 
published soon. 
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The first class of irreducible representations has a representation algebra 
which contains all bounded operators, i.e. if y and ¢ are two arbitrary states, 
there is an operator A of the representation algebra for which Ay = ¢ and 
Ay’ = Oif y’ is orthogonal to y. It is clear that the center of the algebra con- 
tains only the unit operator and multiply thereof. In fact, if C is in the center 
one can decompose Cy = ay + y’ so that y’ shall be orthogonal to y. However, 
y’ must vanish since otherwise C would not commute with the operator which 
leaves y invariant and transforms every function orthogonal to it into 0. For 
similar reasons, a must be the same for all y. For irreducible representations 
there is no closed linear manifold of states, (excepting the manifold of all states) 
which is invariant under all Lorentz transformations. In fact, according to the 
above definition, a yg’ arbitrarily close to any ¢ can be represented by a finite 
linear combination 


+ a2D(La)p + + 


Hence, a closed linear invariant manifold contains every state if it contains one. 
This is, in fact, the more customary definition for irreducible representations 
and the one which will be used subsequently. It is well known that all finite 
dimensional representations are sums of irreducible representations. This is 
not true,” in general, in an infinite number of dimensions. 

The second class of representations will be called factorial. For these, the 
center of the representation algebra still contains only multiples of the unit 


operator. Clearly, the irreducible representations are all faetorial, but not 
conversely. For finite dimensions, the factorial representations may contain 
one irreducible representation several times. This is also possible in an infinite 
number of dimensions, but in addition to this, there are the “continuous” 


representations of Murray and von Neumann.” These are not irreducible as 


there are invariant linear manifolds of states. On the other hand, it is impossible 
to carry the decomposition so far as to obtain as parts only irreducible repre- 
sentations. In all the examples known so far, the representations into which 
these continuous representations can be decomposed, are equivalent to the 
original representation. 

The third class contains all possible unitary representations. In a finite 
number of dimensions, these can be decomposed first into factorial repre- 
sentations, and these, in turn, in irreducible ones. Von Neumann™ has shown 
that the first step still is possible in infinite dimensions. We can assume, 
therefore, from the outset that we are dealing with factorial representations. 

In the theory of representations of finite dimensions, it is sufficient to deter- 
mine only the irreducible ones, all others are equivalent to sums of these. Here, 
it will be necessary to determine all factorial representations. Having done 
that, we shall know from the dbove theorem of von Neumann, that all repre- 
sentations are equivalent to finite or infinite sums of factorial representations. 

It will be one of the results of the detailed investigation that the inhomo- 
geneous Lorentz group has no “continuous” representations, all representations 
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can be decomposed into irreducible ones. Thus the work of Majorana and 
Dirac appears to be justified from this point of view a posteriori. 


D. Classification of unitary representations from the point of view of 

The existence of an infinitesimal operator of a continuous one parametric 
(cyclic, abelian) unitary group has been shown by Stone." He proved that the 
operators of such a group can be written as exp(tHt) where H is a (bounded or 
unbounded) hermitean operator and ¢ is the group parameter. However, the 
Lorentz group has many one parametric subgroups, and the corresponding 
infinitesimal operators H,, Hz,--- are all unbounded. For every H; an 
everywhere dense set of functions ¢ can be found such that Hi can be defined. 
It is not clear, however, that an everywhere dense set can be found, to all 
members of which every H can be applied. In fact, it is not clear that one 
such y can be found. 

Indeed, it may be interesting to remark that for an irreducible representation 
the existence of one function ¢ to which all infinitesimal operators can be applied, 
entails the existence of an everywhere dense set of such functions. This again 
has the consequence that one can operate with infinitesimal operators to a large 
extent in the usual way. 

Proor: Let Q(t) be a one parametric subgroup such that Q()Q(t’) = Q(t + ¢’). 
If the infinitesimal operator of all subgroups can be applied to ¢, the 


(5) lim t (Q(t) — l)e 


exists. It follows, then, that the infinitesimal operators can be applied to Re 
also where R is an arbitrary operator of the representation: Since RQ(t) R is 


also a one parametric subgroup 


lim — De = lim — Re 


also exists and hence also (R is unitary) 
iim t — 1)R¢. 
Every infinitesimal operator can be applied to Rg if they all can be applied to ¢, 
and the same holds for sums of the kind 
(6) aRig + + --- + arkng. 


These form, however, an everywhere dense set of functions if the representation 
is irreducible. 

If the representation is not irreducible, one can consider the set No of such 
wave functions to which every infinitesimal operator can be applied. This set is 


"'M. H. Stone, Proc. Nat. Acad. 16, 173, 1930, Ann. of Math. 33, 643, 1932, also J. v. 
Neumann, ibid, 33, 567, 1932. 
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clearly linear and, according to the previous paragraph, invariant under the 


operations of the group (i.e. contains every Rg if it contains gy). The same 


holds for the closed set N generated by No and also of the set P of functions 
which are perpendicular to all functions of N. In fact, if ¢, is perpendicular to 
all y, of N, it is perpendicular also to all R™'g, and, for the unitary character of 
R, the Rg, is perpendicular to all ¢, , i.e. is also contained in the set P. 

We can decompose thus, by a unitary transformation, every unitary repre- 
sentation into a “normal” and a “pathological’”’ part. For the former, there is 
an everywhere dense set of functions, to which all infinitesimal operators can be 
applied. There is no single wave functions to which all infinitesimal operators 
of a “pathological” representation could be applied. 

According to Murray and von Neumann, if the original representation was 
factorial, all representations into which it can be decomposed will be factorial 
also. Thus every representation is equivalent to a sum of factorial repre- 
sentations, part of which is “normal,” the other part “pathological.” 

It will turn out again that the inhomogeneous Lorentz group has no path- 
ological representations. Thus this assumption of Majorana and Dirac also 
will be justified a posteriori. Every unitary representation of the inhomogenous 
Lorentz group can be decomposed into normal irreducible representations. It 
should be stated, however, that the representations in which the unit operator 
corresponds to every translation have not been determined to date (cf. also 
section 3, end). Hence, the above statements are not proved for these repre- 
sentations, which are, however, more truly representations of the homogeneous 
Lorentz group, than of the inhomogeneous group. 

While all these points may be of interest to the mathematician only, the new 
representation of the Lorentz group which will be described in section 7 may 
interest the physicist also. It describes a particle with a continuous spin. 


Acknowledgement. The subject of this paper was suggested to me as early as_ 


1928 by P. A. M. Dirac who realised even at that date the connection of repre- 
sentations with quantum mechanical equations. I am greatly indebted to him 
also for many fruitful conversations about this subject, especially during the 
years 1934/35, the outgrowth of which the present paper is. 

I am indebted also to J. v. Neumann for his help and friendly advice. 


3. SuMMARY OF ENSUING SECTIONS 


Section 4 will be devoted to the definition of the inhomogeneous Lorentz 
group and the theory of characteristic values and characteristic vectors of a 
homogeneous (ordinary) Lorentz transformation. The discussion will follow 
very closely the corresponding, well-known theory of the group of motions in 
ordinary space and the theory of characteristic values of orthogonal trans- 
formations.” It will contain only a straightforward generalization of the 
methods usually applied in those discussions. 


12 Cf. e.g. E. Wigner, l.c. Chapter III. O. Veblen and J. W. Young, Projective Geometry, 
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In Section 5, it will be proved that one can determine the physically meaning- 
less constants in the D(L) in such a way that instead of (3a) the more special 


equation 
(7) = +D(IyL2) 


will be valid. This means that instead of a representation up to a factor, we 
can consider representations up to the sign. For the case that either L, or Le 
isa pure translation, Dirac” has given a proof of (7) using infinitesimal operators. 
A consideration very similar to his can be carried out, however, also using only 
finite transformations. | 

For representations with a finite number of dimensions (corresponding to an 
only finite number of linearly independent states), (7) could be proved also if 
both LZ; and Le, are homogeneous Lorentz transformations, by a straightforward 
application of the method of Weyl and Schreier." However, the Lorentz group 
has no finite dimensional representation (apart from the trivial one in which the 
unit operation corresponds to every L). Thus the method of Weyl and Schreier 
cannot be applied. Its first step is to normalize the indeterminate constants in 
every matrix D(L) in such a way that the determinant of D(L) becomes 1. 
No determinant can be defined for general unitary operators. 

The method to be employed here will be to decompose every L into a product 
of two involutions L = MN with M* = N? =1. Then D(M) and D(N) will be 
normalized so that their squares become unity and D(L) = D(M)DV(N) set. 
It will be possible, then, to prove (7) without going back to the topology of the 
group. 

_ Sections 6, 7, and 8 will contain the determination of the representations. 
The pure translations form an invariant subgroup of the whole inhomogeneous 
Lorentz group and Frobenius’ method” will be applied in Section 6 to build 
up the representations of the whole group out of representations of the subgroup, 
by means of a “little group.” In Section 6, it will be shown on the basis of an as 
yet unpublished work™ of J. v. Neumann that there is a characteristic (in- 
variant) set of “momentum vectors” for every irreducible representation. The 
irreducible representations of the Lorentz group will be divided into four classes. 
The momentum vectors of the 

Ist class are time-like, 

2nd class are null-vectors, but not all their components will be zero, 

3rd class vanish (i.e., all their components will be zero), 

4th class are space-like. ) 

Only the first two cases will be considered in Section 7, although the last case 


*P. A. M. Dirac, mimeographed notes of lectures delivered at Princeton University, 
1934/35, page 5a. : 

“ H. Weyl, Mathem. Zeits. 23, 271; 24, 328, 377, 789, 1925; O. Schreier, Abhandl. Mathem. 
Seminar Hamburg, 4, 15, 1926; 5, 233, 1927. 

” G. Frobenius, Sitz. d. Kén. Preuss. Akad. p. 501, 1898, I. Schur, ibid, p. 164, 1906; 
F. Seitz, Ann. of Math. 87, 17, 1986. 4 
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may be the most interesting from the mathematical point of view. I hope to 
return to it in another paper. I did not succeed so far in giving a complete 
discussion of the 3rd class. (All these restrictions appear in the previous 


treatments also.) 
In Section 7, we shall find again all known representations of the inhomo- 


geneous Lorentz group (i.e., all known Lorentz invariant equations) and two 
new sets. 

Sections 5, 6. 7 will deal with the “restricted Lorentz group” only, i.e. Lorentz 
transformations with determinant 1 which do not reverse the direction of the 
time axis. In section 8, the representations of the extended Lorentz group will 
be considered, the transformations of which are not subject to these conditions. 


4. DESCRIPTION OF THE INHOMOGENEOUS LORENTZ GROUP 
A. 


An inhomogeneous Lorentz transformation L = (a, A) is the product of a 
translation by a real vector a 


(8) y= (i = 1, 2, 3, 4) 


and a homogeneous Lorentz transformation A with real coefficients 
A 
(9) = Aik 
k=1 


The translation shall be performed after the homogeneous transformation. 
The coefficients of the homogeneous transformation satisfy three conditions: 
(1) They are real and A leaves the indefinite quadratic form —2zj — x3 — 23 + 2; 
invariant: 

(10) AFA’ = F 


where the prime denotes the interchange of rows and columns and F is the 
diagonal matrix with the diagonal elements —1, —1, —1, +1.—(2) The deter- 
minant | Ay | = 1 and—(3) Aw > 0. 

We shall denote the Lorentz-hermitean product of two vectors x and y by 


(11) {z, y} = — 22y2 — + 


(The star denotes the conjugate imaginary.) If {z, x} < 0 the vector z is 
called space-like, if {z, x} = 0, it is a null vector, if {x, x} > 0, it is called time- 
like. A real time-like vector lies in the positive light cone if a, > 0; it lies in the 
negative light cone if 2, < 0. Two vectors x and y are called orthogonal if 
{z, y} = 0. 

On account of its linear character a homogeneous Lorentz transformation is 
completely defined if Av is given for four linearly independent vectors vw, 

From (11) and (10) it follows that {v, w} = { Av, Aw} for every pair of vectors 
v, w. This will be satisfied for every pair if it is satisfied for all pairs v"’, y 
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of four linearly independent vectors. The reality condition is satisfied if 
(Av®)* = A(v*) holds for four such vectors. 

The scalar product of two vectors x and y is positive if both lie in the positive 
light cone or both in the negative light cone. It is negative if one lies in the 
positive, the other in the negative light cone. Since both zx and y are time-like 
inf lal +lyelP + Hence, by 
Schwarz’s inequality | ys| > lary + Ye +23 ys | and the sign of the scalar 
product of two real time-like vectors is determined by the product of their 
time components. 

A time-like vector is transformed by a Lorentz transformation into a time-like 
vector. Furthermore, on account of the condition Ay > 0, the vector v® 
with the components 0, 0, 0, 1 remains in the positive light cone, since the fourth 
component of Av” is Aw. If v is another vector’® in the positive light cone 
(v", v} > O and hence also { Av”, Av} > 0 and Av” is in the positive light 
cone also. The third condition for a Lorentz transformation can be formulated 
also as the requirement that every vector in (or on) the positive light cone shall 
remain in (or, respectively, on) the positive light cone. 

This formulation of the third condition shows that the third condition holds 
for the product of two homogeneous Lorentz transformations if it holds for both 
factors. The same is evident for the first two conditions. 

From AFA’ = F one obtains by multiplying with A” from the left and 
A’ = (A”’)’ from the right F = A-‘F(A™’)’ so that the reciprocal of a homo- 
geneous Lorentz transformation is again such a transformation. The homo- 
geneous Lorentz transformations form a group, therefore. 

* One easily calculates that the product of two inhomogeneous Lorentz trans- 
formations (b, M) and (c, N) is again an inhomogeneous Lorentz transformation 
(a, A) 


(12) (b, M)(c, N) = (a, A) 
where 
(12a) Au = Mi Nix; a; = + 
or, somewhat shorter 
(12b) A=MN; a=b+ Me. 
B. Theory of characteristic values and characteristic vectors of a homogeneous 
Lorentz transformation 


Linear homogeneous transformations are most simply described by their 
characteristic values and vectors. Before doing this for the homogeneous 
Lorentz group, however, we shall need two rules about orthogonal vectors. 


‘* Wherever a confusion between vectors and vector components appears to be possible, 
upper indices will be used for distinguishing different vectors and lower indices for denoting 
the components of a vector. 
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[1] If {v, w} = 0 and {v, v} > 0, then {w, w} < 0; of {v, w} = 0, {v, vo} = 0, 
thon 10 either space-tihe, or parallel to v (either {w, w} < 0, or w = ov). 
‘PROOF: 


(13) = + + 
By Schwarz’s inequality, then 
(14) + | oP + | | + | we + | ws 


For | v4 |? > | v1 |? + | v2 |? + | 0g | it follows that | ws |? < | wi |? + | we |? + | we’. 
Hf |u|? + + | the second inequality still follows if the in- 
equality ‘sign holds in (14). The equality sign can hold only, however, if the 
first three components of the vectors v and w are proportional. Then, on 
account of (13) and both being null vectors, the fourth components are in the 
same ratio also. 

[2] If four vectors v, v®, v®, vo are mutually orthogonal and linearly inde- 
pendent, one of them is time-like, three are space-like. 

Proor: It follows from the previous paragraph that only one of four mutually 
orthogonal, linearly independent vectors can-be time-like or a null vector. It 
remains to be shown therefore only that one of them 7s time-like. Since they 
are Tnearly independent, it is possible to express by them any time-like vector 


-> anv” 


The scalar product of the left side of this equation with itself is — and 
therefore 


Las) >o 


or 
(15) lax |? >0 
and one {v™, v} must be positive. Four mutually orthogonal vectors are not 


necessarily linearly independent, because a null vector is perpendicular to itself. 
The linear independence follows, however, if none of the four is a null vector. 
We go over now to the characteristic values \ of A. These make the deter- 
minant | A — Al | of the matrix A — Al vanish. ; 
[3] If \ is a characieristic value, \*, \~' and d*" are characteristic values also. 
Proor: For \* this follows from the fact that A is real. Furthermore, from 
| A — A1| = 0 also| A’ — A1| = 0 follows, and this multiplied by the deter- 
minants of AF and F™ gives 


| =| — =|1— ra] =0, 


so that \~ is a characteristic value also. 
[4] The characteristic vectors v; and v2 belonging to two characteristic pares A, and 
de are orthogonal if ¥ 1. 
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PROOF: 


ve} = {Am , Avg} = (ins Neve} = , v2}. 


Thus if {vm , v2} 0, = 1, 
[5] If the modulus of a characteristic value d is|d| # 1, the corresponding 


characteristic vector v is a null vector and » itself real and woclliie. 

From {v, v} = {Av, Av} = | A }{v, v} the {v, v} = 0 follows immediately for 
|\| # 1. If \ were complex, \* would be a characteristic value also. The 
characteristic vectors of A and X* would be two different null vectors and, 
because of [4], orthogonal to each other. This is impossible on account of [1). 
Thus \ is real and v a real null vector. Then, on account of the third venue 
for a homogeneous Lorentz transformation, \ must be positive. s 

[6] The characteristic value d of a characteristic vector v of length null is veal pts 
positive. 

If \ were not real, \* would be a characteristic value also. The corresponding 
characteristic vector v* would be different from v, a null vector also, and per- 
pendicular to » on account of [4]. This is impossible because of [1]. 

[7] The characteristic vector v of a complex characteristic value (the modulus of 
which is 1 on account of [5]) is space-like: {v, v} < 0. 

Proor: \* is a characteristic value also, the corresponding characteristic 
vector is v*. Since (A*)*\ = dX” ¥ 1, {v*, v} = 0. Since they are different, at 
least one is space-like. On account of {v, v} = {v*, v*} both are space-like. If 
all four characteristic values were complex and the corresponding characteristic 
vectors linearly independent (which is true except if A has elementary divisors) 
we should have four space-like, mutually orthogonal vectors. This is impossible, 
on account of [2]. Hence 

[8] There is not more than one pair of conjugate complex characteristic values, 
if A has no elementary divisors. Similarly, under the same condition, there is 
not more than one pair , \' of characteristic values whose modulus is different 
from 1. Otherwise their characteristic vectors would be orthogonal, which 
they cannot be, being null vectors. 

For hotnogeseoul Lorentz transformations which do not have elementary 
divisors, the following possibilities remain: 

(a) There i is a pair of complex characteristic values, their modulus is 1, on 
account of [5] 


(16) =a; =lel=1, 

and also a pair of characteristic values \;, \,, the modulus of which is not 1° 
These must be real and positive: ; 

(16a) > 0. 

The characteristic vectors of the conjugate complex characteristic values are 


conjugate complex, perpendicular to each other and space-like so that they can 
be normalized to —1 : 


(17) n=; {n,m} = 1} =0 


= {ve,%} = —1 
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those of the real characteristic values are real null vectors, their scalar product 
can be normalized to 1 


{v3 , vs} {v4 » M4} = 0. 


Finally, the former pair of characteristic vectors is perpendicular to the latter 
kind 
(17b) , vs} = {m1 , v4} = {02,03} = = 0. 


It will turn out that all the other cases in which A has no elementary divisor 
are special cases of (a). 


A, 


Fig. 1. Position of the characteristic values for the general case a) in the complex plane. 
In case b), As and \, coincide and are equal 1; in case c), \, and dz coincide and are either 
+lor—1. Incase d) both pairs \; = \, = land \; = A, = +1 coincide. 


(b) There is a pair of complex characteristic values = = 


~ AT, | | = |A2| = 1. No pair with | ;| #1, however. Then on account 
of [8], still As = 3 which gives with | \3| = 1, As = + 1. Since the product 


' MiAedAsAy = 1, On account of the second condition for homogeneous Lorentz 


transformations, also \y = 43 = +1. The double characteristic value +1 has 
two linearly independent characteristic vectors v; and », which can be, assumed 
to be perpendicular to each other, {v;, 4} = 0. According to [2], one of the 
four characteristic vectors must be time-like and since those of \; and As are 
space-like, the time-like one must belong to +1. This must be positive, 
therefore As = 44 = 1. Out of the time-like and space-like vectors {vs , v3} = —1 
and {v, v4} = 1, one can build two null vectors »% + »; and »% — v;. Doing 
this, case (b) becomes the special case of (a) in which the real positive char- 
acteristic values become equal = = 1. 

(c) All characteristic values are real; there is however one pair \3; = >s; 
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\, = As, the modulus of which is not unity. Then {v;, v3} = {u, m%} = 0 
and }; > 0 and one can conclude for A; and dz , as before for \; and \y that A, = 
hy = +1. This again is a special case of (a); here the two characteristic values 
of modulus 1 become equal. 

(d) All characteristic values are real and of modulus 1. If all of them are +1, 
we have the unit matrix which clearly can be considered as a special case of (a). 
The other case is \y = Ae = —1, As = Ay = +1. The characteristic vectors of 
\, and Az must be space-like, on account of the third condition for a homogeneous 
Lorentz transformation; they can be assumed to be orthogonal and normalized 
to —1. This is then a special case of (b) and hence of (a) also. The cases 
(a), (b), (c), (d) are illustrated in Fig. 1. 

The cases remain to be considered in which A has an elementary divisor. 
We set therefore 


(18) NeVe = Dede ; = AcWe + 


It follows from [5] that either | A, | = 1, or = 0. We have {v,, w.} = 
{Aeve, = |*fve, We} + {ve, ve}. From this equation 


(19) {v., ve} = 0 


follows for |A,| = 1, so that (19) holds in any case. It follows then from 
[6] that A, is real, positive and v, , w. can be assumed to be real also. The last 
equation now becomes {v, , we} = AZ {v. , we} so that either Ae = lor {vy , we} = 0. 
Finally, we have 


, We} = {AgWe, Ac We} = {We , + We , Ve} + {v. , 
This equation now shows that 
(19a) {We, ve} =0 


even if A. = 1. From (19), (19a) it follows that w, is space-like and can be 
normalized to 


(19b) {We, We} = —1. 
Inserting (19a) into the preceding equation we finally obtain 
(19¢) A. = 1. 


[9] If A. has an elementary divisor, all its characteristic roots are 1. 

From (19¢) we see that the root of the elementary divisor is 1 and this is ot 
least a double root. If A had a pair of characteristic values \: ~ 1, \2 = i, 
the corresponding characteristic vectors v; and v2 would be Whoguel to v, and 
therefore space-like. On account of [5], then | | = | | = land , »} = 0. 
Furthermore, from {w., 1} = { Act, Ati} = Afwe, + and from 
{%, 1} = Oalso {we, v1} = Ofollows. Thusall the four vectors v2, we would 
be mutually orthogonal. This is excluded by [2] and (19). 
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4 Two cases are conceivable now. Either the fourfold characteristic root has ns) 
) I only one characteristic vector, or there is in addition to v, (at least) another fo 

# characteristic vector v;. In the former case four linearly independent vectors 


Ve , We , Ze , Xe could be found such that 


Ade = Ve = We + Ve ph 
= + We Ace = Le Ze. 
However te} = , Acte} = {ve, Ze} + {ve, Ze} from which {v, , z.} = 0 
: follows. On the other hand. 
{we , Ze} = (Ace, Ate} = {We, Ze} + {We, We} + Ze} + {¥e, we}. 
' This gives with (19a) and (19b) {v. , z.} = 1 so that this case must, be excluded. 
4 (e) There is thus a vector v; so that in addition to (18) 
(18a) | 
holds. From {w., = { Agwe , Aw} = {we, ru} + {ve, follows 
(19d) {ue = 0. 


The equations (18), (18a) wi'l remain unchanged if we add to w, and »; a multiple 
of ve. We can achieve in this way that the fourth components of both w, and 


1 », vanish. Furthermore, v; can be normalized to —1 and added to w, also with TI 
an arbitrary coefficient, to make it orthogonal tov,. Hence, we can assume that wl 
| (19e) = Wa = 0; = —1; {we, = 0. ‘ 

We can finally define the null vector z, to be orthogonal to w, and », and have a A, 
scalar product 1 with », th 
(19f) (20, 2} = {ze, We} = = 0; ve} = 1. 
Then the null vectors v, and z, represent the momenta of two light beams in C. 
opposite directions. If we set A,z = av. + bw. + cz. + dv, the conditions 
{z.,v} = {Az , Aw} give, if we set for v the vectors v, , w. , 2. , the conditions 

= 1;b =c;2ac — b’ —d’ =0;d =0. Hence 

(20) Ave = AW. = We + of 

AM = Ale = Ze + We + fre. 

_ A Lorentz transformation with an elementary divisor can be best characterized an 
; by the null vector v, which is invariant under it and the space part of which th 

f forms with the two other vectors w, and »; three mutually orthogonal vectors in ev 
} ordinary space. The two vectors w, and »; are normalized, »; is invariant under We 
fi A. while the vector v, is added to w, upon application of A,. The result of the (2 
fa application of A, to a vector which is linearly independent of v, , w. and » is, , 
a as we saw, already determined by the expressions for Aw. , Aw, and Aa . a 


a The A.(y) which have the invariant null vector v, and also w, (and hence also 


2 


| 

| 
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»,) in common and differ only by adding to w, different multiples y», of v, , 
form a cyclic group with y = 0, the unit transformation as unity: 
Ad(y) Aely’) = Acly + 7’). 


The Lorentz transformation M(a) which leaves v,; and w, invariant but re- 
places v, by av, (and z, by a 2.) has the property of transforming A,(7) into 


= A.(ay). (+) 
An example of A.(y) and M(q) is 
1 0 0 
0 1 
Ady) = 4 


0 -y -h* 


1 0 0 0 
M 0 1 0 0 
0 0 Hata’) 
00 }a- +a’) 


These Lorentz trenaformations play an important réle in the mpmeentefinns 
with space like momentum vectors. 

A behavior like (+) is impossible for finite unitary matrices canis the 
characteristic values of M(a)*A.(y)M(a) and A.(y) are the same—those of 
A.(ya) = A.(y)* the at powers of those of A.(vy). This shows very simply that 
the Lorentz group has no true wtaeind conpiomecgen in a finite number of 
dimensions. 


C. Decomposition of a homogeneous Lorentz transformation into rotations and 
an acceleration in a given direction 

The homogeneous Lorentz transformation is, from the point of view of the 
physicist, a transformation to a uniformly moving coérdinate system, the origin 
of which coincided at t = 0 with the origin of the first codrdinate system. One 
can, therefore, first perform a rotation which brings the direction of motion of 
the second system into a given direction—say the direction of the third axis— 
and impart it a velocity in this direction, which will bring it to rest. After 
this, the two codrdinate systems can differ only in a rotation. This means that 


every homogeneous Lorentz transformation can be decomposed in the following 
way” 


(21) A = 


" Cf. e.g. L. Silberstein, The Theory of Relativity, London 1924, p. 142. 


. 
ia 
A 
| | 
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3 where R and S are pure rotations, (i.e. Ru = Ru = Sa = Sac = Ofori + 4 all v 
and Ryu = Su = 1, also R’ = R™“, S’ = S"') and Z is an acceleration in the tion 
i direction of the third axis, i.e. for V 
1000 A(to) 
W 
00a b A(t) 
i with a? — b? = 1,a > b > 0. The decomposition (21) is clearly not unique. cont 
* It will be shown, however, that Z is uniquely determined, i.e. the same in every fold, 
i decomposition of the form (21). conn 
é In order to prove this mathematically, we chose R so that in RA = I the actu 
. first two components in the fourth column I, = I~ = 0 become zero: R™ W 
i shall bring the vector with the components Ay, As, Ass into the third axis. the « 
i Then we take I = (Ais + Ads + Ais)? and Iu = Au for b and a to form Z; = 
: they satisfy the equation Ij, — Ij, = 1. Hence, the first three components of the defo 
fourth column of J = Z “J = A will become zero and J4 = 1, because of elem 
3 ; ! Ji, — Jig — J — Ji = 1. Furthermore, the first three components of the elem 
4 fourth row of J will vanish also, on account of Ji — Ji — Jiz2 — Jis = 1, ie. Al(t 
{ J = S = Z"R" Aisa pure rotation. This proves the possibility of the de- elem 
composition (21). corr 
| The trace of AA’ = RZ’R™ is equal to the trace of Z’, i.e. equal to 2a” + grou 
2b* + 2 = 4a” = 4b” + 4 which shows that the a and b of Z are uniquely deter- tran 
mined. In particular a = 1, b = 0 and Z the unit matrix if AA’ = l,ie. Aa Ey 
pure rotation. sing] 
It is easy to show now that the group space of the homogeneous Lorentz corre 
transformations is only doubly connected. If a continuous series A(t) of over 
homogeneous Lorentz transformations is given, which is unity both for t = 0 
and for t = 1, we can decompose it according to (21) 
(21a) | A(t) = 
i ‘I It is also clear from the foregoing, that R(t) can be assumed to be continuous We: 
; in t, except for values of t, for which Ay = Ag = Ag = 0, ie. for which Aisa of (2 
‘ pure rotation. Similarly, Z(¢) will be continuous in ¢ and this will hold even = 
: where A(t) is a pure rotation. Finally, S = Z‘R™'A will be continuous also, and 
. J except where A(t) is a pure rotation. subg 
} 4 Let us consider now the series of Lorentz transformations prod 
we ¢ 
i (21b) A,(t) = 
4 where the b of Z(t)’ is s times the b of Z(t). By decreasing s from 1 to 0 we — 
| continuously deform the set A;(¢) = A(t) of Lorentz transformations into a set of 18 | 
rotations Ao(t) = R(é)S(é). Both the beginning Ao(0) = 1 and the end A,(1) = 1 2nd e 
of the set remain the unit matrix and the sets A,(#) remain continuous in ¢ for same 
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all values of s. This last fact is evident for such ¢ for which A(¢) is not a rota- 
tion: for such ¢ all factors of (21b) are continuous. But it is true also for & 
for which A(t) is a rotation, and for which, hence Z(t) = 1 and A,(é&) = Ay(to) = 
A(t). As Z(t) is everywhere. continuous, there will be a neighborhood of & 
in which Z(t) and hence also Z(t)’ is arbitrarily close to the unit matrix. In 
this neighborhood A,(t) = A(é). S(t) is arbitrarily close to 
A(t); and, if the neighborhood is small enough, this is arbitrarily close to 
= A,(t). 

fie (21b) replaces the continuous set A(¢) of Lorentz transformations by a 
continuous set of rotations. Since these form an only doubly connected mani- 
fold, the manifold of Lorentz transformations can not be more than doubly 
connected. The existence of a two valued representation” shows that it is 
actually doubly and not simply connected. 

We can form a new group" from the Lorentz group, the elements of which are 
the elements of the Lorentz group, together with a way A(¢), connecting A(1) 
= A with the unity A(0) = Z. However, two ways which can be continuously 
deformed into each other are not considered different. The product of the 
element ‘A with the way A(t)” with the element “J with the way I(t)” is the 
element AJ with the way which goes from EF along A(t) to A and hence along 
AI(t) to AI. Clearly, the Lorentz group is isomorphic with this group and two 
elements (corresponding to the two essentially different ways to A) of this group 
correspond to one element of the Lorentz group. It is well known,” that this 
group is holomorphic with the group of unimodular complex two dimensional 
transformations. 

Every continuous representation of the Lorentz group “up to the sign” is a 
singlevalued, continuous representation of this group. The transformation which 
corresponds to “‘A with the way A(t)” is that d(A) which is obtained by going 
over from d(EZ) = d(A(0)) = 1 continuously along d(A(é)) to d(A(1)) = d(A). 


D. The homogeneous Lorentz group is simple 


It will be shown, first, that an invariant subgroup of the homogeneous Lorentz 
group contains a rotation (i.e. a transformation which leaves 2 invariant).— 
We can write an arbitrary element of the invariant subgroup in the form RZS 
of (21). From its presence in the invariant subgroup follows that of S-RZS-S™ 
= SRZ = TZ. If X, is the rotation by x about the first axis, X,ZX, = Zz 
and X,TZX,' = X,TX,X,ZX, = X,TX,Z" is contained in the invariant 
subgroup also and thus the transform of this with Z, ie. Z’X,7TX, also. The 
product of this with TZ is TX,7X, which leaves x invariant. If TX,TX, = 1 
we can take T'Y,7Y,. If this is the unity also, TX.7X, = TY,TY, and T 
commutes with X,Y, , i.e. is a rotation about the third axis. In this case the 


'* Cf. H. Weyl, Gruppentheorie und Quantenmechanik, Ist. ed. Leipzig 1928, pages 110-114, 
2nd ed. Leipzig 1931, pages 130-133. It may be interesting to remark that essentially the 
Same isomorphism has been recognized already by L. Silberstein, 1.c. pages 148-157. 
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a space like (complex) characteristic vectors of TZ lie in the plane of the first two TI 

H coérdinate axes. Transforming TZ by an acceleration in the direction of the rules 

| : first coérdinate axis we obtain a new element of the invariant subgroup tor relat. 

PE which the space like characteristic vector will,.have a not vanishing fourth We : 

i} component. Taking this for RZS we can transform it with S again to obtain a whic 

ti new SRZ = TZ. However, since S leaves 2, invariant, the fourth component : 

“i of the space like characteristic vectors of this TZ will not vanish and we can (22') 


obtain from it by the procedure just described a rotation which must be con- 
tained in the invariant subgroup. It 
It remains to be shown that an invariant subgroup which contains a rotation, 


ii contains the whole homogeneous Lorentz group. Since the three-dimensional ca 
f rotation group is simple, all rotations must be contained in the invariant sub- . 
4 group. Thus the rotation by 7 around the first axis X, and also its transform ea 
with Z and also 
4 gx = = conti 
: is contained in the invariant subgroup. However, the general acceleration in of a 
the direction of the third axis can be written in this form. As all rotations are Pi 
. if contained in the invariant subgroup also, (21) shows that this holds for all up t 
elements of the homogeneous Lorentz group. eg 
It follows from this that the homogeneous Lorentz group has apart from the borh 
, representation with unit matrices only true representations. It follows then modt 


from the remark at the end of part B, that these have all infinite dimensions. (23) 
This holds even for the two-valued representations to which we shall be led in 


only up to a factor of modulus unity, a “phase,’’ which will leave only the sign 
Te Ee of the representation operators undetermined. The unitary operator cor- (23’) 


; Section 5 equ. (52D), as the group elements to which the positive or negative Le 

i unit matrix corresponds must form an invariant subgroup also, and because the funet 

‘| argument at the end of part B holds for two-valued representations also. One es 

easily sees furthermore from the equations (52B), (52C) that it holds for the «om 

inhomogeneous Lorentz group equally well. nibs, 

ow 

5. Repuction or REPRESENTATIONS Up To a Factor To Two-VALUED We v 

REPRESENTATIONS (depe 

The reduction will be effected by giving each unitary transformation, which is rege 

: defined by the physical content of the theory and the consideration of reference Riss 

i 0 


H responding to the translation a will be denoted by T(a), that to the homogeneous 
: Lorentz transformation A by d(A). To the general inhomogeneous Lorentz the ( 
1 transformation then D(a, A) = T(a)d(A) will correspond. Instead of the hear 
relations (12), we shall use the following ones. — 
where 
' (22B) T(a)T(b) = w(a, b)T(a + b) 
i (22C) d(A)T(a) = w(A, a)T(Aa)d(A) per 
(22D) d(A)d(I) = w(A, Id(Al). 4, 14 
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The w are numbers of modulus 1. They enter because the multiplication 
rules (12) hold for the representatives only up to a factor. Otherwise, the 
relations (22) are consequences of (12) and can in their return replace (12). 
We shall replace the 7'(a), d(A) by Q(@)7(a) and Q(A)d(A) respectively, for 
which equations similar to (22) hold, however with 


(22') w(a,b)=1; wf(A,a)=1; ofA, = +1. 
A. 


It is necessary, first, to show that the undetermined factors in the representa- 
tion D(L) can be assumed in such a way that the w(a, b), w(A, a), w(A, I) become 
—apart from regions of lower dimensionality—continuous functions of their 
arguments. This is a consequence of the continuous character of the representa- 
tion and shall be discussed first. 

(a) From the point of view of the physicist, the natural definition of the 
continuity of a representation up to a factor is as follows. The neighborhood 6 
of a Lorentz transformation LZ) = (6, J) shall contain all the transformations 
L = (a, A) for which | a, — 6, | < 6and| Aw — Iu | <6. The representation 
up to a factor D(L) is continuous if there is to every positive number e, every 
normalized wave function ¢g and every Lorentz transformation Ly such a neigh- 
borhood 6 of Lo that for every L of this neighborhood one can find an 2 of 
modulus 1 (the Q depending on L and ¢) such that (u, , up) < ¢ where 


(23) up = (D(In) — QD(L))¢. 


Let us now take a point Zo in the group space and find a normalized wave 
function y for which | (g, D(Lo)¢) | > 1/6. There always exists a ¢ with this 
property, if |(p, D(Lo)¢)| < 1/6 then y = ag + BD(Lo)¢ with suitably chosen 
a and 8 will be normalized and | (¥, D(Zo)¥) | > 1/6. We consider then such 
a neighborhood 9 of Lo for all L of which | (vy, D(L)g)| > 1/12. It is well 
known” that the whole group space can be covered with such neighborhoods. 
We want to show now that the D(L)¢ can be multiplied with such phase factors 
(depending on L) of modulus unity that it becomes strongly continuous in the 
region Jt. 

We shall chose that phase factor so that (y, D(L)g) becomes real and positive. 
Denoting then 


(23' (D(L:) — D(L))e = Up, 


the (U,, U,) can be made arbitrarily small by letting L approach sufficiently 
near to Ly, if L; is in 9. Indeed, on account of the continuity, as defined 
above, there is an @ = e“ such that (u, u) < « if L is sufficiently near to I; 
where 


u = (D(L) — e*D(L))e. 


Pe * This condition is the “‘separability’’ of the group. Cf. e.g. A. Haar, Ann. of Math., 
» 147, 1938. 
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Taking the absolute value of the scalar product of u with g one obtains 
| (vy, D(Li)e) — cos D(L)y) — isin «(y, D(L)¢g) | = | &, u) | S Ve, 


because of Schwartz’s inequality. If only ~/e < 1/12, the x must be smaller 
than 2/2 because the absolute value is certainly greater than the real part, and 
both (y, D(L;)¢) and (y, D(L)¢) are real and greater than 1/12. 

As the absolute value is also greater than the imaginary part, we 


sink < 12/e. 
On the other hand, 
U, = ut (e* — 1)D(L)g, 
and thus 
(U,, U,)' (u, + —1| SVe + «/2 
(U,, Us) S 625 «. 


(b) It shall be shown next that if D(L)¢ is strongly continuous in a region 
and D(L) is continuous in the sense defined at the beginning of this section, 
then D(L)y with an arbitrary y is (strongly) continuous in that region also. 
We shall see, hence, that the D(L), with any normalization which makes a 
D(L)¢ strongly continuous, is continuous in the ordinary sense: There is to 
every L, , cand every so that (Uy , Uy) < «where 


Uy = (DLs) 


if L is in the neighborhood 6 of L, . 

It is sufficient to show the continuity of D(L)y where v is orthogonal to ¢. 
Indeed, every y’ can be decomposed into two terms, y’ = ay + fy the one of 
which is parallel, the other perpendicular to yg. Since D(L)¢ is continuous, 
according to supposition, D(L)y’ = aD(L)y + BD(L)y will be continuous also if 
D(L)y is continuous. 

The continuity of the representation up to a factor requires that it is possible 
to achieve that (uy , uy) < eand (uysy, Uyry) < € where | 


(23a) uy = (DU) — 2yD(L))y, 
(23b) Uyte = (Dn) — + ¢), 


with suitably chosen ©’s. According to the foregoing, it also is possible to 
choose Land I; so close that (U, , U,) < «. 
Subtracting (23’) and (23a) from (23b) and applying D(L) * on both sides gives 


(Qy — + (1 — = D(L)*(uyig — uy — Us) 


The scalar wgmerd of the right side with welt i is less than 9e. Hence both 
— < 3¢ and|1 — Q,,| < Be or |1 — | < 6¢. Because of 
Uy = uy — (1 — Qy)D(L)y, the (Uy, Uy) < (uy, wy)! + 1 — Q, | and thus 
(Uy, Uy) < 49e. 
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This completes the proof of the theorem stated under (b). It also shows that 
not only the continuity of D(L)g has been achieved in the neighborhood of Lo 
by the normalization used in (a) but also that of D(L)y with every y, i.e., the 
continuity of D(L). 

It is clear also that every finite part of the group space can be covered by a 
finite number of neighborhoods in which D(L) can be made continuous. It is 
easy to see that the w of (22) will be also continuous in these neighborhoods so 
that is is possible to make them continuous, apart from regions of lower dimen- 
sionality than their variables have. In the following only the fact will be used 
that they can be made continuous in the neighborhood of any a, b and A. 


B. 
(a) We want to show next that all T(a) commute. From (22B) we have 
(24) T(a)T(b)T(a)* = e(a, b)T(b) 
where c(a, b) = w(a, b)/w(b, a) and hence 
(24a) c(a, b) = c(b, a)". 


Transforming (24) with 7'(a’) one obtains 
F(a’)T(a)T(b)T (a) T(a’)* = c(a, b)T(a’)T(b)T(a’)* 
or ala’, a) T(a’ + a)T@)w(a’, a) "Tie! + = e(a, d)e(a’, b)T() 


or 


(25) c(a, b)c(a’, b) = cla + a’, d). 
It follows” from (25) and the partial continuity of c(a, b) that 
(26) c(a, b) = exp a.flt)) 


and, since this is equal to c(b, = exp(—2zi > f.(a)) 


(27) (a,f.(b) + b.f.(@)) = n(a, 6) 


where n(a, b) is an integer. Setting in (27) for b the vector e” the \ component 
of which is 1, all the others zero and for f.(e™) = —fea 


fila) = n(a,e™) + Dada, 
and putting this back into (27) we obtain 


(28) falanb, + + a,n(b, + b.n(a, e) = n(a, b). 


— 


_*°G. Hamel, Math. Ann. 60, 460, 1905, quoted from H. Hahn, Theorie der reellen Funk- 
tionen. Berlin 1921, pages 581-583. 
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Assuming for the components of a and 6 such values which are transcendental 
both with respect to each other and the f., (which are fixed numbers), one sees 
that (28) cannot hold except if the coefficient of every one vanishes 


(29) fa the = 0; e) = 0, 
so that (26) becomes 


(30) c(a, b) = exp (201 


It is necessary now to consider the existence of an operator d( A) satisfying (22C). 
Transforming this equation with the similar equation containing b instead of a 


'd(A)* 

= w(A, b)T(Ab)w(A, a)T(Aa)w(A, Ab) = w(A, a)e(Ab, Aa)T'(Aa), 
while the first line is clearly d(A)c(b, a)T(a)d(A)~* = w(A, a)e(b, a)T( Aa) 
whence 
(31) c(b, a) = c(Ab, Aa) 
holds for every Lorentz transformation A. Combined with (30) this gives 


(faacbs An den) = n'(a, b), 

where n’(a, b) is again an integer. As this equation holds for every a, b 
Sar = Sou {[= A'fA 


must hold also, for every Lorentz transformation. However, the only form 
invariant under all Lorentz transformations are multiples of the F of (10). 
Actually, because of (29), f must vanish and c(a, b) = 1, all the operators 
corresponding to translations commute 


(32) T(a)T(b) = T(b)T(a@). 


It is well to remember that it was necessary for se «os this result to use the 
existence of d(A) satisfying (22C). 
(b) Equation (32) is clearly independent of the csiauitidaai of the T(a). 


If we could fix the translation operators in four linearly independent directions 


e, e®, e®, e® so that for each of these directions 


(33) T(ae“)T (be) = T((a + b)e“) 

be valid for every pair of numbers a, b, then the normalization 

(33a) T(ae” + + age + ae) = T(axe)T (axe) T (ase)T (ae) 
and (32) would ensure the general validity of 

(34) T(a)T(b) = T(a + B). 
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As the four limearly independent directions e“”, ... , e we shall take four 
null vectors. Ifeisa null vector, there is, eet to aliens 3, a homogeneous 
Lorentz transformation” A, such that A.e = 2e. 

We normalize T'(e) so that 


(35), d(A.)T(e)d(A.)* = Te)’. 

This is clearly independent of the normalization of d(A.). We further normalize 
for all (positive and negative) integers n 

(35a) = T(2"e). 

It follows from this equation also that 

(36) T(2"e)” = = = T(2"*"e). 
This allows us to normalize for every positive integer k 

(85b) T(k-2-"e) = T(2e)* 


in such a way that the normalization remains the same if we replace k by 2”k 
andnbyn +m. This ensures, together with (36), the validity of 


T(ve)T (ue) = T( + 
= T(2ve) 


for all dyadic fractions v and uy. 

It must be shown that if 1, v2, v3, --- is a sequence of dyadic fractions, 
converging to 0, lim T(ve) = 1. From T(a)-T(0) = w(a, 0)7(a) it follows that 
T(0) is a constant. According to the theorem of part (A)(b), the T(ve), if 
multiplied by proper constants Q, will converge-to 1, i.e., by choosing an arbi- 
trary @ it is possible to make both (1 — ,7(ve))p = u and (1 — QT (ve))- 
d(A.)‘¢ = w’ arbitrarily small, by making y small. Applying d(A.) to the 
second expression, one obtains, for (36a), that (1 — ,7(2ve))p = d(A,)u’ is 
also small. On the other hand, applying 7T'(ve) to the first expression one sees 
that (T'(ve) — 0,7(2ve))p = T(ve)u approaches zero also. Hence, the difference 
of these two quantities (1 — T'(ve))y goes to zero, i.e. 7'(ve)p converges to ¢ 
if, v2, ¥3, --- is a sequence of dyadic fractions approaching 0. 

_ Now 1, v2, v3, --- be a sequence of dyadic fractions converging to an arbi- 
trary number a. It will be shown then that 7'(v,c) converges to a multiple of 
T(ae) and this multiple of T'(ae) will be the normalized T(ae). Again, it follows 
from the continuity that there are such Q; that 2;7'(vie)e converges to T(ae)¢. 
The 2;'T'(v,e)'2,T(v.e)g will converge to ¢, therefore, as both i and j tend to 
infinity. However, according to the previous paragraph, T((vi — vee tends 
tog and thus 9519, tends to 1. It follows that 0;° converges to a definite 
number 2. Hence converges to (ae)y which will be denoted, 
henceforth, by T'(ae). For the T(ae), normalized in this way, (33) will hold, 


(ma) 


‘ # The index e denotes here the vector e for which A. ¢ = 2e; this A. has no elementary 
Visor. 
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since if 4, u2, “3, --- are dyadic fractions converging to b, we obtain, with the 
help (36a) 
T(ae)T(be)p = im T((%i + = T((a + dee. 
This argument not only shows that it is possible to normalize the T (ae) and 


hence by (33a) the 7'(a) so that (34) holds for them but, in addition to this, 
that these 7'(a) will be continuous in the ordinary sense. 


Cc. 


It is clear that (34) will remain valid if one replaces T(a) by exp (2xi{a, c})7'(a) 
where c is an arbitrary vector. This remaining freedom in the normalization of 
T (a) will be used to eliminate the w(A, a) from (22C). 

Transforming (22C) d(A)T(a)d(A) = w(A, a)T(Aa) with d(M) one obtains 
on the left side w(M, A)d(MA)T(a)w(M, A) d(MA)* = w(MA, a)T(M Aa) 
while the right side becomes w(A, a)w(M, Aa)T(M Aa). Hence 


(37) w(M A, a) = w(M, Aa)w(A, a). 


On the other hand, the product of two equations (22C) with the same A but 
with a and b respectively, instead of a yields with the help of (34) 


w(A, a)w(A, b) = w(A(a + B)). 
Hence 
w(A, a)= exp (2mi{a, f(A)}), 


where f(A) is a vector which can depend on A. Inserting this back into (37) 
one obtains 


{a, f(MA)} = { Aa, f(M)} + {a, f(A)} +n, 
{a, f(MA) f(M) — f(A)} = Nn, 


where n is an integer which must vanish since it is a linear function of a. Hence 


(38) f(MA) = A“f(M) + f(A). 
If we can show that the most general solution of the equation is 
(39) f(A) = (A* — 


where wv is a vector independent of A, the wit, a) will become w(A, a) = exp 
(2mi{(A — 1)a, v}). Then (A, a) in (22C) will disappear if we replace T'(a) by 
exp (2mi{a, v})T(a). 
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The proof that (39) is a consequence of (38) is somewhat laborious. One can 
first consider the following homogeneous Lorentz transformations 


XxX = Y > = 
‘Ss 0 0.GQG 
(40) 
C3 83 0 0 
—s cs 
(as 0 0 C; S; 
0 0 Ss C; 


where ¢; = COS a;; 8; = sin a; ; C; = Chyi; 8S; = Shy;:. All the X(a, y) com- 
mute. Let us choose, therefore, two angles a , y: for which 1 — X(a, y1)~ 
has a reciprocal. It follows then from (38) 


X(a, f(X(aa , + f(X(a, v)) = 1) f(X(@, y)) + f(X(m , 

(41) or f(X(a,v)) = [1 — X(a,m) TU — X(q@, vy) , 1)) 
f(X(a, v)) = (1 — X(a, 
where vx is independent of a, y. Similar equations hold for the f(Y(a, y)) and 
f(Z(a, y)). Let us denote now X(x,0) = X; Y(x,0) = Y;Z(x,0) = Z. These 
anticommute in the following sense with the transformations (40): 
(42) YX(e,7)¥ = ZX(a, y)Z = X(a,)". 
From (38) one easily calculates 

f(YX(a, v)¥) = (YX(a, + + Yf(X(a, y)), 
or, because of (41) and (42), after some trivial transformations 
(43) (1 — X(a, v))(1 — Y)(vx — ov) = 0. 
As a, y can be taken arbitrarily, the first factor can be dropped. This leaves 
(1 — Y)(vx — vy) = 0, or that the first and third components of vx and vy are 
equal. One similarly concludes, however, that (1 — X)(vy — vx) = 0 and thus 
that the first three components of vx , vy and also of vz are equal. 

For 71 = y2 = y; = 0 the transformations (40) are the generators of all 
rotations, i.e. all Lorentz transformations R not affecting the fourth coérdinate. 
As the 4~4 matrix element of these transformations is 1, the expression (1 — Ryo 
is independent of the fourth component of v and (1 — R“)ux = (1 — R)ur = 
(1— R“)vz. It follows from (38) that if f(R) = (1 — R™“)vx and f(S) = 
(1 — S “ox, then f(SR) = (1 — Thus f(R) = (1 — is 
‘ with the same vx for all rotations. 

ow 


i(X(a,y)R) = — X(a, + (1 — R™)ox = (1 — (X(a,7)R) 
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One easily concludes from (38) that the f(£) corresponding to the unit operation 
vanishes and f(A’) = —Af(A). Hence f(R'X(a, = (1 — X(a, y)R)ox ; 
and one concludes further that for all Lorentz transformations A = RX(a, y)8, 
{ (39) holds with » = —vx if R and S are rotations. However, every homogene- 
! ous Lorentz transformation can be brought into this form (Section 4C). This 
completes the proof of (39) and thus of w(A, a) = 1. 


D. 


# The quantities w(a, b) and w(A, a) for which it has just been shown that they 
1 can be assumed to be 1, are independent from the normalization of d(A). We 
i can affix therefore an arbitrary factor of modulus 1 to all the d(A), without 
Wl interfering with the normalizations so far accomplished. In consequence 
| hereof, the ensuing discussion will be simply a discussion of the normalization 


2 


of the operators for the homogeneous Lorentz group and the result to be obtained 
will be valid for that group also. 

‘i Partly because the representations up to a factor of the three dimensional 
tg rotation group may be interesting in themselves, but more particularly because 
the procedure to be followed for the Lorentz group can be especially simply 
demonstrated for this group, the three dimensional rotation group shall be taken 
up first. 

It is well known that the normalization cannot be carried so far thatw(A, J) =1 
in (22D) and there are well known representations for which w(A, J) = +1. 
We shall allow this ambiguity therefore from the outset. 

One can observe, first, that the operator corresponding to the unity of the 
group is a constant. This follows simply from d(A)d(Z) = (A, E)d(A). 
The square of an operator corresponding to an involution is a constant, therefore. 
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The operator corresponding to the rotation about the axis e by the angle x, 
normalized so that its square be actually 1, will be denoted by é;@ = 1. The 
@are—apart from the sign—uniquely defined. 

A rotation R about v by the angle a is the product of twe rotations by + 
about and where and és are perpendicular to v and arises from e; by 
rotation about v with a/2. Choosing for every v an arbitrary e; perpendicular to 
v, we can normalize, therefore 


(44) a(R) = 


Now d(R) commutes with every d(S) if S is also a rotation about v. This is 
proved in equations (24)-(30). The fu in (30) must vanish on account of (29). 


Fig. 3 


(Also, both R and S can be arbitrarily accurately represented as powers of a 
very small rotation about v). Hence, transforming (44) by d(S) one obtains 


(44a) d(R) = 


Now d(S)éd(S)~ corresponds to a rotation by about an axis, perpendicular 
to v and enclosing an angle 6 with e,, where £ is the angle of rotation of S. 
Since the square of d(8)éd(S)~ is also 1, (44a) is simply another way of writing 
d(R) = &é as a product of two @ and we see that the normalization (44) is 
independent of the choice of the axis e, (Cf. Fig. 2). 

For computing d(R)d(T’) we can draw the planes perpendicular to the axes of 
rotation of R and 7 and use for d(R) = égéc such a development that the axis ec 
of the second involution coincide with the intersection line of the above-men- 
tioned planes, while for d(T’) = &@r we choose the first involution to be a rota- 
tion about this intersection line (Fig. 3). Then, the product 


(45) d(R)d(T) = = 


an 
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will automatically have the normalization corresponding to (44). This shows 
that the operators normalized in (44) give a representation up to the sign. 

For the Lorentz group, the proof can be performed along the same line, only 
the underlying geometrical facts are less obvious. Let A be a Lorentz trans- 
formation without elementary divisors with the characteristic values e”7, e*”, 
e*, and the characteristic vectors 0: , ¥2 = 0; , 03, Us, a8 described in section 
4B. 
We want to make A = MN with M* = N* = 1. For AN = M, we have 


ANAN = land thus ANA = N. Setting No; = > azz, we obtain AN Av; = 


> Auauwrtwi = >> anv,. Because of the linear independence of the this 
amounts to Acai. = ax: all ai, are zero, except those for which \;A, = 1. As 
in none of the cases (a), (b), (c), (d) of section 4B is \; or Az reciprocal to one of 
the last two A, the vectors v; and v2 will be transformed by N into a linear com- 
bination of v; and v, again, and the same holds for v3 and». This means that N 
can be considered as the product of two transformations N = N,N, , the first 
in the vw, plane, the second iu the vs, plane. (Instead of vy, plane one really 
should say v1 + v2, 71 — iv2 plane, as v; and v2 are complex themselves. This 
will be meant always by v2 plane, etc.). The same holds for M also. 

Both N, and N; must satisfy the first and third condition for Lorentz trans- 
formations (cf. 4A) and both determinants must be either 1, or —1. Further- 
more, the square of both of them must be unity. 

If both determinants were +1, the N; had to be unity itself, while NV, could 
be the unity or a rotation by 7 in the vw, plane. Thus 2, v2, v3 , vg would be 
characteristic vectors of N itself. 

If both determinants are —1 (this will turn out to be the case), N, is a re- 
flection on a line in the vw. plane and WN, a reflection in the v sv, plane, inter- 
changing v3; and »%. In this case v , v2, v3, vs would not all be characteristic 
vectors of N. 

If v1 , v2 , vs , v4 are characteristic vectors of N, they are characteristic vectors 
of M = AN also. Then both M and N would be either unity, or a rotation by 7 
in the v2 plane. If both of them were rotations in the v,v2 plane, their product A 
would be the unity which we want to exclude for the present. We canexclude 
the remaining cases in which the determinants of N, and N; are +1 by further 
stipulating that neither M nor N shall be the unity in the decomposition A = 
MN. 

Hence N is the product of a reflection in the v2 plane 


(46a) Ns,=s,; Ns, 

where s, and s, are two perpendicular real vectors in the vw. plane 
(46b) =e'nte’nm; = — 
and of a reflection in the vgs plane 

(46c) Ni=%; N= —t, 
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where again t, , t, are real vectors in ng v3v4 plane, perpendicular to each other, 
t, being space-like, t,, time-like: 


(46d) t = ern, — ey. 
Thus N becomes a rotation by x in the purely space like s,t, plane. The M 
can be calculated from M = AN i 
Ms, = ANs, = As, = + 

= — is,) + + ts) = cos 2y- -s, + sin 2y-s, 
Ms, = sin 27- cos 2y-8, 
Mt, = ANt, = At, = + 

= $e*(t, + t,) + — t,) = Ch 2x-t, + Sh 2x-t, 
Mt, = —Sh 2x-t, — Ch 2x-t,. 
Thus M also becomes a product of two reflections, one in the vv. = s/s, the 
other in the v3v, = tit, plane. This completes the decomposition of A into two 
involutions. One of the involutions can be taken to be a rotation by 7 in an 
arbitrary space like plane, intersecting both the v,v2 and the vy, planes, as the 
freedom in choosing v and yu allows us to fix the lines s, and ¢, arbitrarily in 
those planes. The involution characterized by (46) will be called N,, hence- 
forth. The other involution M is then a similar rotation, in a plane, however, 
which is completely determined once the s,t, plane is fixed. It will be denoted 
by M,, (it is, in fact M,, = Ny+, +x). One sees the complete analogy to the 
three dimensional case if one remembers that y and x are the half angles of 
rotation. 


The d(M) and d(N) so normalized that their squares be 1 shall be denoted by 
d,(M,,) and d,(N,,). We must show that the normalization for 


(47) d(A) = +d,(M, m)dy(N. on) 
is independent of yand w. For this purpose, we transform 
(47a) d(A) = 


with d(Ay) where A; has the same characteristic vectors as A but different 

characteristic values, namely e”, e”, ande”. Since AiMwAi' = M,, and 

AiNo Ar’ = N,, we have = wdi(M,,) where = +1, as 

Ps squares of both sides are 1. Hence, (47a) becomes if transformed with 
Ai) just 


(47b) = 


The normalization (47) would be clearly independent of v and y if d(A:) com- 
muted with d(A). 


Again, the argument contained in equations (24)-(30) can be applied and 
shows that 


(48) = exp (2rif(2yu — 2xv))d(A) 
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holds for every y, x, ¥, #. However, the exponential in (48) must be 1 if y = 0; 
y = 2n/n; x = 4nm since in this case A = Ay. Thus exp (—4atfu) = 1 for 
every » and f = 0 and the left side of (47b) can be replaced by d( A); the normali- 
zation in (47) is independent of v and yp. 

In order to have the analogue of (45), we must show that, having two Lorentz 
transformations A = M,,N,, and I = PasQas we can chose v, » and a, 8 so 
that N,, = Pag i.e. that the plane of rotation s,t, of N,, coincide with the plane 
of rotation of Ps. As the latter plane can be made to an arbitrary space- 
like plane intersecting both the ww: and the wsw, planes (where wi, w2, ws, wy 
are the characteristic vectors of J), we must show the existence of a space like 
plane, intersecting all four planes v2, v304, Wiw2, Wsv4. Both the first and 
the second pair of planes are orthogonal. 

One can show” that if A and J have no common null vector as characteristic 


22 We first suppose the existence of a real plane p intersecting all four planes 2,02 , v3», , 
W,W. , Wsw,. If p intersects v,v2 the plane q perpendicular to p will intersect the plane v,», 
perpendicular to v,v.. Indeed, the line which is perpendicular to both p and 40 (there is 
such a line as p and v2 intersect) is contained in both q and v3». This shows that if there 
is a plane intersecting all four planes, the plane perpendicular to this will have this property 
also. 


Fig. 4 gives a projection of all lines into the 2:22 plane. One sees that there are, in 
general, two intersecting planes, only in exceptional cases is there only one. 


If the plane p—the existence of which we suppose for the time being—contains a time-like 
vector, g will be space-like (Section 4B, [1]). Both in this case and if p contains only 
space-like vectors, the theorem in the text is valid. There is a last possibility, that p is 
tangent to the light cone, i.e. contains only space like vectors and a null vector v. The 
space-like vectors of p are all orthogonal to v, otherwise p would contain time-like vectors 
also. In this case the plane g, perpendicular to p will contain v also. The line in which 
0,02 intersects p is space-like and orthogonal to the vector in which v3», intersects p. The 
latter intersection must coincide with v, therefore, as no other vector of p is orthogonal to 
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vector, there are always two planes, perpendicular to each other which intersect 
four such planes. One of these is always space like. It is possible to assume, 
therefore, that both N,, and Pas are the rotation by 7 in this plane. Thus 


= 
= +d,(M, vu) d1(Qas), 


and d(A)d(I) has the normalization corresponding to the product of two involu- 
tions, neither of which is unity. This is, however, also the normalization 
adopted for d(AI). Hence 

(49a) d(A)d(I) = +d(AI) 

holds if A, J and AJ are Lorentz transformations corresponding to one of the 
cases (a), (b), (c) or (d) of section 4B and if A and J have no common character- 
istic null vector. In addition to this (49a) holds also, assuming d(#) = +1, 
if any of the transformations A, J, AJ is unity, or if both characteristic null 
vectors of A and J are equal,as in this case the planes vs», and w;w, and also 
vi02 and wwe coincide and there are many space like planes intersecting all. 

If Aand J have one common characteristic null vector, vs = w;, the others, v4, and 
w, respectively, being different, one can use an aritifice to prove (49a) which will 
be used in later parts of this section extensively. One can find a Lorentz 
transformation J so that none of the pairs J] — J; A — IJ; AlJ — J hasa 
common characteristic null vector. This will be true, e.g. if the characteristic 
null vectors of J are »% and another null vector, different from vs, w, and the 
characteristic vectors of AJ. Then (49a) will hold for all the above pairs and 


d(A)d(I) = = +d(A)d(IJ)d(J™) 
= +d(AlJ)d(J~ +d(Al). | 


(49) 


any space-like vector in it. Hence, v is the intersection of p and v3, and is either v; or 4. 
One can conclude in the same way that v coincides with either w; or w, also and we see that 
if p is tangent to the light cone the two transformations A and J have a common null vector 
as characteristic vector. Thus the theorem in the text is correct if we can show the exist- 
ence of an arbitrary real plane p intersecting all four planes 0,02 , v3v4, WiW2 , Ws . 

Let us draw a coérdinate system in our four dimensional space, the zz; plane of which is 
the vv, plane, the zs and 2, axes having the directions of the vectors v; — » and v; + %, 
respectively. The three dimensional manifold M characterized by z, = 1 intersects all 
planes in a line, the v,v2 plane in the line at infinity of the z:2; plane, the v3», plane in the z; 
axis. The intersection of M with the w,w2 and wsw, planes will be lines in M with directions 
perpendicular to each other. They will have a common normal through the origin of M, 
intersecting it at reciprocal distances. This follows from their orthogonality in the four 
dimensional space. 

A plane intersecting v,v2 and v3v, will be a line parallel to 2,22 through the z; axis. If we 
draw such lines through all points of the line corresponding to w:w, , the direction of this 
line will turn by = if we go from one end of this line to the other. Similarly, the lines going 
through the line corresponding to w3w, will turn by x in the opposite direction. Thus the 
first set of lines will have at least one line in common with the second set and this line will 
correspond to a real plane intersecting all four planes v,v2 , v0, , Wit. , Wsw,. This com- 
Pletes the proof of the theorem referred to in the text. ; 
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This completes the proof of (49a) for all cases in which A, J and AJ have no 
elementary divisors. It is evident also that we can replace in the normalization 
(47) thed, byd. One also concludes easily that d(M)’ is in the same representa- 
tion either +1 for all involutions M, or —1 for every involution. The former 
ones will give real representations, the latter ones representations up to the 
sign. 

If A has an elementary divisor, it can be expressed in the v, , we , Ze , v: scheme 
as the matrix (Cf. equ. (20)) 


0 0 


and can be written, in the same scheme, as the product of two Lorentz trans- 
formations with the square 1 


Ae = = 


1 3 1 
0 1 0 
0 1 0 


We can normalize therefore d(A,) = +d(Mo)d(No). If A can be written as the 
product of two other involutions also A, = M,N, the corresponding normaliza- 
tion will be identical with the original one. In order to prove this, let us con- 
sider a Lorentz transformation J such that neither of the Lorentz transforma- 
tions J, NoJ, Nid, AeJ = MoNoJ = MiN,J have an elementary divisor. Since 
the number of free parameters is only 4 in case (e), while 6 for case (a), this is 
always possible. Then, for (45a) 


d(Mo)d(No)d(J) = +d(Mo)d(NoJ) = +d(MoNdJ) 
= +d(MiNiJ) = = +d(M,)d(Ni)d(J) 
and thus d(Mo)d(No) = +d(M;)d(Ni). This shows also that even if AJ is in 
case (e), w(A, J) = +1, since (49) leads to the correct normalization. 
If A = MN has an elementary divisor, I not, d(A)d(J) still will have the 
normalization corresponding to the product of two involutions. One can find 


again a J such that neither of the transformations J, J, IJ, NIJ, MNIJ, 
have an elementary divisor. Then 


d(M)d(N)d(I) = 
= +d(M)d(N)d(IJ)d(J)* = +d(M)d(NIJ)d(J)~ 
= d(AlJ)d(J~). 


The last product has, however, the normalization corresponding to two involu- 
tions, as was shown in (49a), since neither AJJ, nor J’ is in case (e). 
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Lastly, we must consider the case when both A and J may have an elementary 
divisor. In this case, we need a J such that neither of J, J~’, IJ have one. 
Then, because of the generalization of (49a) just proved, in which the first 
factor is in case (e) 


d(A)d(I) = = +d(A)d(IJ)d(J™) 
= +d(AIJ)d(J™) 


which has the right normalization. 
This completes the proof of 


(50) w(A, D = +1 


for all possible cases, and the normalization of all D(L) of a representation of the 
inhomogeneous Lorentz group up to a factor, is carried out in such a way that the 
normalized operators give a representation up to the sign. It is even carried 
so far that in the first two of equations (22) w = 1 can be set. We shall consider 
henceforth systems of operators satisfying (7), or, more specifically, (22B) and 
(22C) with w(a, b) = w(A, a) = 1 and (22D) with w(A, J) = +1. 


E. 


Lastly, it shall be shown that the renormalization not only did not spoil the 
partly continuous character of the representation, attained at the first normali- 
zation in part (A) of this section, but that the same holds now everywhere, 
in the ordinary sense for T(a) and, apart from the ambiguity of sign, also for 
d(A). For T(a) this was proved in part (B)(b) of this section, for d(A) it means 
that toevery A; , «and ¢ there is such a 6 that one of the two quantities 


(51) ((d(Ay) d(A))y, d(A))e) < « 
if A is in the neighborhood 6 of Ai. The inequality (51) is equivalent to 
(51a) ((1 (1 d(Ao))e) < «, 


where Aj = Aj A now can be assumed to be in the neighborhood of the unity. 
Thus, the continuity of d(A) at A = E entails the continuity everywhere.” 
In fact, it would be sufficient to show that the d(X), d(Y) and d(Z) correspond- 
ing to the transformations (40) converge to +1, as a, y approach 0, since one 
can write every transformation in the neighborhood of the unit element as a 
product A = Z(0, ¥3)¥(0, 12)X(O, (a1, 0)¥ (a2, 0)Z (as, 0) and the param- 
eters a1, --- , ys will converge to 0 as A converges to 1. However, we shall 
carry out the proof for an arbitrary A without an elementary divisor. 

For d(A), equations (46) show that as A approaches E (i.e.,as y and x approach 
zero) both Mo and Nw approach the same involution, which we shall call K. 
Let us now consider a wave function y = ¢ + d;(K)¢ or, if this vanishes ¥ = 
¢ — d(K)g. We have d,(K)y = +y. If A is sufficiently near to unity, 


. ¥3. von Neumann, Sitz. d. kon. Preuss. Akad. p. 76, 1927. 
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d,(Noo)W will be sufficiently near to Qd,(K)y = +y and all we have to show 
is that 2 approaches +1. The same thing will hold for d;(Mo). Indeed from 
di(Nw)¥ — = wu it follows by applying di(No) on both sides y = 
Pee (di(No) + Q)u. As (u, u) goes to zero, 2 must go to +1, and consequently, 
also d,(No)¥ goes to y or to —y. Applying d;(Mo) to this, one sees that 
d;(Mw)di(Now)¥ = d( A) goes to +y as A goes to unity. The argument given in 
(A)(b) shows that this holds not only for y but for every other function also, 
i.e. d(A) converges to +1 = d(E) as A approaches E. Thus d(A) is continuous 
in the neighborhood of E and hence everywhere. _ 

According to the last remark in part 4, the operators 4+d(A) form a hits 
valued representation of the group of complex unimodular two dimensional 
a, matrices C. Let us denote the homogeneous. Lorentz transformation which 
iW corresponds in the isomorphism to C by C. Our task of solving the equs. 
{ (22) has been reduced to finding all single valued unitary representation of the 


group with the elements [a, C] = {a, 1] [0, C], the multiplication rule of which i is 


i [a, Cy] [b, Co] = [a + C,C.].. For the of this group Dia, Cl = 

T(a)T() = T(a +0) 

(52a) d{c]T(a) = T(Ca)a{C] 


It would be more natural, perhaps, from thé mathematical point of view, to use 
henceforth this new notation for the representations and let the d depend on the 
C rather than on the C or A. However, in order to be reminded on the geometri- 
cal significance of the group elements, it appeared to me to be better to keep the 
old notation. Instead of the equations (22B), (22C), (22D) we a then — 


(52B) T(a)T(b) = + b) 
(52C) d(A)T(a) = T(Aa) d(A) 
(52D) d(A) = +d(Al). 


6. REDUCTION OF THE REPRESENTATIONS OF THE INHOMOGENEOUS LORENTZ 
Group To REPRESENTATIONS OF A “LitrLE Group” 


This section, unlike the other ones, will often make use of methods, which 
: , though commonly accepted in physics, must be further justified from a rigorous 
i mathematical point of view. This has been done, in the meanwhile, by J. 
: von Neumann in an as yet unpublished article and I am much indebted to him 
for his coéperation in this respect and for his readiness in communicating his 
results to me. A reference to his paper™ will be made whenever his work is 
necessary for making inexact considerations of this section rigorous. 


*4 J. von Neumann, Ann. of Math. to appear shortly. 
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A. 


Since the translation operators all commute, it is possible” to introduce such a 
coérdinate system in Hilbert space that the wave functions ¢(p, ¢) contain 
momentum variables p; , pz , Ps , ~« and a discrete variable ¢ so that 


(53) T(a)o(p, = 


p will stand for the four variables p; , pz , ps , ps - 

Of course, the fact that the Lorentzian scalar product enters in the exponent, 
rather than the ordinary, is entirely arbitrary and could be changed by changing 
the signs of pi , Pe , Ds . 

The unitary scalar product of two wave functions is not yet completely defined 
by the requirements so far made on the codrdinate system. It can be a sum- 
mation over ¢ and an arbitrary Stieltjes integral over the components of p: 


(54) Vp, Daflp, 0. 


The importance of introducing a weight factor, depending on p, for the scalar 
product lies not so much in the possibility of giving finite but different weights to 
different regions in p space. Such a weight distribution g(p, ¢) always could be 
absorbed into the wave functions, replacing all y(p, ¢) by Vg(p, £)-¢(p, ¢). The 
necessity of introducing the f(p, ¢) lies rather in the possibility of some regions 
of p having zero weight while, on the other hand, at other places points may have 
finite weights. On account of the definite metric in Hilbert space, the integral 
J df(p, £) over any region r, for any {, is either positive, or zero, since it is the 
scalar product of that function with itself, which is 1 in the region r of p and the 
value ¢ of the discrete variable, zero otherwise. 
Let us now define the operators 


(55) P(A)e(p, = o(A‘p, 


This equation defines the function P(A)¢, which is, at the point p, ¢, as great as 
the function yg at the point A™‘p, ¢. The operator P(A) is not necessarily uni- 
tary, on account of the weight factor in (54). We can easily calculate 


P(A)T(a)o(p, $) = T(a)e(A*p, = 8), 
so that, for {A~"p, a} = {p, Aa}, we have 
(56)  P(A)T(@) = T(Aa)P(A). 


This, together with (52C), shows that d(A)P(A)’ = Q(A) commutes with all 
T(a) and, therefore, with the multiplication with every function of p, since the 
exponentials form a complete set of functions of pi , p2 , Ps , Pa. Thus 


(57) d(A) = Q(A)P(A), 
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where Q(A) is an operator in the space of the ¢ alone” which can depend, how- 
ever, on the particular value of p in the underlying space: 

(57a) Q(A)g(p, 6) = Q(p, 1). 


Here, Q(p, A), are the components of an ordinary (finite or infinite) matrix, 
depending on p and A. From (57), we obtain 


d(A)e(p, 6) Q(p, A)pP(A)e(p, n) 
= ¥ Q(p, p, 7). 
As the exponentials form a complete set of functions, we can approximate the 


operation of multiplication with any function of pi, pe, Ps, ps by a linear 
combination 


(57b) 


(58) ioe = 
If we choose f(p) to be such a function that 
(58a) S(p) = 


the operation of multiplication with f(p) will commute with all operations of 
the group. It commutes evidently with the T(a) and the Q(p, A), and on 
account of (56) and (58), (58a) also with P(A). Thus the operation of (58) 
belongs to the centrum of the algebra of our representation. Since, however, 
we assume that the representation is factorial (cf. 2), the centrum eontains only 
multiples of the unity and 


(58b) S(p)e(p, 5) = eg(p, 5). 


This can be true only if ¢ is different from zero only for such momenta p which 


can be obtained from each other by homogeneous Lorentz transformations, 
because f(p) needs to be equal to f(p’) only if there is a A which brings them 
into each other. 

It will be sufficient, henceforth, to consider only such representations, the 
wave functions of which vanish except for such momenta which can be obtained 
from one by homogeneous Lorentz transformations. soa can restrict, then, 
the definition domain of the ¢ to these momenta. 

These representations can now naturally be divided into the four classes 
enumerated in section 3, and two classes contain two subclasses. There will be 
representations, the wave functions of which are defined for such p that 


(1) {p, p} =P >O0 (3) p=0 
(2) {p, p} =P =0;p 40 (4) {p,p} =P <9. 


The classes 1 and 2 contain two sub-classes each. In the positive subclasses 
P.. and 0, the time components of all momenta are ~, > 0, in the negative 
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subclasses P_ and O_ the fourth components of the momenta are negative. 
Class 3 will be denoted by 0). If P is negative, it has no index. 

From the condition that d(A) shall be a unitary operator, it is possible to 
infer” that one can introduce a codrdinate system in Hilbert space in such a 


way that 
(5) [ = 


if Q(p, A)rq ¥ 0 for the p of the domain r, Otherwise, r is an arbitrary domain 
in the space of pi , p2, Ps, ps and Ar is the domain which contains Ap if r con- 
tains p. Equation (59) holds for all ¢, 7, except for such pairs for which 
Q(p, A)ry = 0. It is possible, hence, to decompose the original representation 
in such a way that (59) holds within every reduced part. Neither 7'(a) nor 
d(A) can have matrix elements between such 7 and ¢ for which (59) does not hold. 

In the third class of representations, the variable p can be dropped entirely, 
and 7'(a)g(¢) = ¢(f), i-e., all wave functions are invariant under the operations 
of the invariant subgroup, formed by the translations. The equation 7'(a)¢(f) 
= ¢(f) is an invariant characterization of the representations of the third class, 
ie., a characterization which is not affected by a similarity transformation. 
Hence, the reduced parts of a representation of class 3 also belong to this class. 

Since no wave function of the other classes can remain invariant under all 
translations, no representation of the third class can be contained in any repre- 
sentation of one of the other classes. In the other classes, the variability 
domain of p remains three dimensional. It is possible, therefore, to introduce 
instead of pi , P2 , Ps , Ps three independent variables. In the cases 1 and 2 with 
which we shall be concerned most, p; , pz , ps can be kept for these three variables. 
On account of (59), the Stieltjes integral can be replaced by an ordinary integral” 
over these variables, the weight factor being | ps4{~ = (P + pi + pi + ps)? 


el = [. Vp, )* ep, £) | pel dps. 


In fact, with the weight factor | p, | the weight of the domain r i.e., W, = 
| | ps dps dpe dp; is equal to the weight of the domain W,, as required” 


by (59). Having the scalar product fixed in this way, P(A) becomes a unitary 
operator and, hence, Q(A) will be unitary also. 

We want to give next a characterization of the representations with a given P, 
which is independent of the codrdinate system in Hilbert space. It follows from 


* The invariance of integrals of the character of (59a) is frequently made use of in 
relativity theory. One can prove it by calculating the Jacobian of the transformation 


Pi = + + Assps + (P + pi + pi + (= 1,2,3) 


used in later parts of this paper. 


| 
which comes out to be (P + + p? + + p? + p? + Equ. (59a) will not be 
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(53), that in a representation with a given P the wave functions 1, ys, -.. 
which are different from zero only in a finite domain of p, form an everywhere 
dense set, to all elements of which the infinitesimal operators of translation can 
be applied arbitrarily often 


lim h~"(T (he) 1)" lim 1)"y 
(60) 
a"{p, e}"y, 


where ¢ will be a unit vector in the direction of a coérdinate axis or oppositely 
directed to it. Hence for all members y of this everywhere dense set 


(61) lim + h°(T(2hex) — 2T (hex) + = (pi + + ps — —Py, 


where ¢; is a unit vector in (or opposite) the k*" codrdinate axis and the + is + 
fork = 4, and — fork = 1, 2,3. 
On the other hand, there is no ¢ for which 


(61a) lim > + h(T(2her) — 2T (her) + De 


if it exists, would be different from —Py. Suppose the limit in (61a) exists and 
is —Pg +’. Let us choose then a normalized y, from the above set, such that 
(y, v’) = 5 with 6 > 0 and an h so that the expression after the lim sign in 
(61a) assumes the value — Py + ¢g’ + u with (u, u) < 6/3 and also the expression 
after the lim sign in (61), with oppositely directed e, becomes —Py + wu’ with 
(u’, u’) < 6/3. Then, on account of the unitary character of 7'(a) and because 
of T(—a) = 


(¥ + h(T(2her.) — 2T (her) + 
= (2 + h*(T(—2he,) — 2T(—hex) + 


or 


— PY, 9) + ¢’) + u) = ¢) + 9), 


which is clearly impossible. 

Thus if the lim in (61a) exists, it is — Py and this constitutes a characterization 
of the representation which is independent of similarity transformations. 
Since, according to-the foregoing, it is always possible to find wave functions 
for a representation, to which (61a) can be applied, every reduced part of a 
representation with a given P must have this same P and no representation 
with one P can be contained in a representation with an other P. The same 
argument can be applied evidently to the dues and negative sub-classes of 
class 1 and 2. 
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Every automorphism L — L° of the group allows us to construct from one 
representation D(L) another representation 


(62) = D(L°). 


This principle will allow us to restrict ourselves, for representations with finite, 
positive or negative P, to one value of P which can be taken respectively, to be 
+1, and —1. It will also allow in cases 1 and 2 to construct the representations 
of the negative sub-classes out of representations of the positive sub-classes. _ 

The first automorphism is a° = aa, A° = A. Evidently Equs. (12) are invari- 
ant under this transformation. If we set, however, 


= T(aa)p; d°(A)y = d(A)g, 
then the occurring p 
T°(a)p = T(aa)y = = 


will be the p occurring for the unprimed representation, multiplied by a. This 
allows, with a real positive a, to construct all representations with all possible 
numerical values of P, from all representation with one numerical value of P. 
If we take a negative, the representations of the negative sub-classes are e obtained 
from the representations of the positive sub-class. 

In case P = 0 evidently all representations go over into themselves by the 
transformation (62). In case P = 0, and P = 0_ it will turn out that for 
positive a, (62) carries every representation into an equivalent one. 


On account of (53) and (56), (57), the equs. (52B) a (520) are automatically 
satisfied and the Q(p, A);, must be determined by (52D). This gives 


(63) Q(p, 7471p, 8) = + Q(p, Ap, 8). 


Since this must hold for every g, one would conclude 


(68a) Q(p, A) Q(A*p, =+ Q(p, Al) 


Actually, this conclusion is not justified, since two wave functions must be 
considered to be equal even if they are different on a set of measure zero. Thus 
one cannot conclude, without further consideration, that the two sides of (63a) 
are equal at every point p. On the other hand,” the value of Q, A)s, can be 
changed on a set of measure zero and one can make it continuous in the neighbor- 
hood of every point, if the representation is continuous. This allows then, to 
justify (63a). It follows from (68a) that Q(p, 1)s_. = dre - 
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Let us choose” now a basic po arbitrarily. We can consider then the subgroup 
of all homogeneous Lorentz transformations which leave this po unchanged. 
For all elements A, « of this “little group,” we have 


= + 


where g(A) is the matrix q(A);, = Q(po, A)rq- Because of the unitary character of 
Q(A), the Q(po, A)r, is unitary matrix and (A) is unitary also. 

If we consider, according to the last paragraph of Section 5, the group formed 
out of the translations and unimodular two-dimensional matrices, rather than 
Lorentz transformations, the + sign in (64) can be replaced by a + sign. In 
this case, \ and ¢ are unimodular two-dimensional matrices and the little group 
is formed by those matrices, the corresponding Lorentz transformations 4, i to 
which leave po unchanged \po = ipo = po. 

Adopting this interpretation of (64), one can also see, conversely, that the 
representation g(A) of the little group, together with the class and P of the 
representation of the whole group, determines the latter representation, apart 
from a similarity transformation. In order to prove this, let us define for every 
p a two-dimensional unimodular matrix a(p) in such a way that the correspond- 
ing Lorentz transformation 


(65) a(p)po = p 


(64) 


brings po into p. The a(p) can be quite arbitrary except of being an almost 
everywhere continuous function of p, especially continuous for p = po and 
a(po) = 1. Then, we can set 


d(a(p))e(p, $) = (po, 
This is equivalent to setting in (58) 


(66a) Q(p, a(p)) = 1 


and can be achieved by a similarity transformation which replaces ¢(p, {) by 
1). As the matrix Q(p>, is unitary, this is a 
unitary transformation. It does not affect, furthermore, (53) since it contains p 
only as a parameter. 

Assuming this transformation to be carried out, (66) will be valid and will 
define, together with the d(A), all the remaining Q(p, A) uniquely. In fact, 
calculating d(A)y(p, ¢), we can decompose A into three factors 


(67) =a(p). a(A*p)* 


(66) 
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The second factor 8 = a(p)Aa(A™'p) | belongs into the little group: a(p)™ 
= ap) A-A'p = a&(p)'p = po. We can write, therefore 
= p’) 
(67a) = , 
= 0) = 2X 2). 


This shows that all representations of the whole inhomogeneous Lorentz group 
are equivalent which have the same P and the same representation of the little 
group. Further than this, the same holds even if the representations of the 
little group are not the same for the two representations but only equivalent 
to each other. Let us assume g:(A) = sq2(A)s’. Then by replacing ¢(p, ¢) by 
>, 8(¢, »)e(p, 1) we obtain a new form of the representation for which (53) still 
holds but q2(8) for the little group is replaced by q:(8). Then, by the trans- 
formation just described (Eq. (66)), we can bring d(A) for both into the form 
(674). The equivalence of two representations of the little group must be 
defined as the existence of a unitary transformation which transforms them into 
each other. (Only unitary transformations are used for the whole group, also). 

On the other hand, if the representations of the whole group are equivalent, 
the representations of the little group are equivalent also: the representation 
of the whole group determines the representation of the little group up to a 
similarity transformation uniquely. 

The representation of the little group was defined as the set of matrices 
Q(po, )z, if the representation is so transformed that (53) and (66a) hold. 
Having two equivalent representations D and SDS* = D° for both of which (53) 
and (66a) holds, the unitary transformation S bringing the first into the second 
must leave all displacement operators invariant. Hence, it must have the form 
(57a), i.e., operate on the ¢ only and depend on 7 only as on a parameter. 


(68) Se(p, 9) S(p);:,9(p, 


Denoting the matrix Q for the two representations by Q and Q°, the condition 
SD(A) = D°(A)S gives that 


(68a) S(p) Q(p, Ady = x Q°(p, 


holds, for every A, for almost every p. Setting A = a(p:) we can let p approach 
P: in such a way that (68a) remains valid. Since Q is a continuous function of p 
both Q(p, A) and Q°(p, A) will approach their limiting value 1. It follows that 
there is no domain in which 


(69) S(p:) = S(a(p:)"p:) = S(po) 


would not hold, i.e., that (69) holds for almost every p;. Since all our equations 
must hold only for almost every p, the S(p);, can be assumed to be independent 
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+ of p and (68a) then to hold for every p also. It then follows that the representa- a 
tions of the little group in D and D°® are transformed into each other by S,,. 1( 

The definition of the little group involved an arbitrarily chosen momentum 

a vector po. It is clear, however, that the little groups corresponding to two 
o different momentum vectors po and p are holomorphic. In fact they can be ( 

4 transformed into each other by a(p): If A is an element of the little group 
1 leaving p invariant then a(p)Aa(p) = 6 is an element. of the little group which T 
r leaves po invariant. We can see furthermore from (67a) that if A is in the little ( 

[ group corresponding to p, i.e. Ap = p then the representation matrix (8) of 
:: the little group of po , corresponding to 8, is identical with the representation ( 
q matrix of the little group of p, corresponding to A = a(p)Ba(p). Thus when ( 

, characterizing a representation of the whole inhomogeneous Lorentz group by P 
4 and the representation of the little group, it is not. necessary to say which 7 is C 
left invariant the group. 
D. 
Lastly we shall the constitution of the little group in the different 
cases. 

F, “1,. In case 1, we can take for po the vector with the components 0, 0, 0, 1. 
4 The little group which leaves this invariant obviously contains all rotations ' 
ag in the space of the first, three’ coordinates. This holds for the little group of all 
he representations of the first class. a 


Oo. In case Oo , the little group is the whole homogeneous Lorentz group. 

_ —1. Incase P = —1 the p can be assumed to have the components 1, 0, 0, 0. 
The little group then containsall transformations which leave the form —23 —2; 
he x; invariant, i.e., is the 2 + 1 dimensional homogeneous Lorentz group. The 
same holds for all Hepteneni tations with P < 0. 

0,. The determination of the little group for P = 0, is somewhat more 
complicated. It can be done, however, rather simply, for the group of uni- 
modular two oe matrices. . The Lorentz transformation corresponding 


to the matrix & 


with ad — be = 1 brings the vector with the components 
21, into vector with the components 23, 24, where”® 
a b 


c 


a* c 
b* d* 
The condition that a null-vector po , say with the components 0, 0, 1, 1 be invari- 


ant is easily found to be | a |? = 1,¢ = 0. Hence the most general element of the 
little group can be written 


(70) 


0 


(71) 
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with real z, y, 8 and 0 SB< 4x. The general element (71) can be written as 


t(z, y) 6(8) where 


—ip/2 0 


1 


(71a) t(z,y) = | 


; 66) = 


The multiplication rules for these are 

(71b) y’) = ta + 

(71¢) 4(6)t(z, y) = t(z cos + ysin — xsin + y cos 
(714) = + 6’). | 


One could restrict the variability domain of 8 in 6(8) from 0 to 2x. As 6(2x) 
commutes with all elements of the little group, it will be a constant and from 
= = 1 it can be 6(27) = +1. Hence 6(8 + 2x) = +8(8) and 
inserting a + into equation (71d) one could restrict B to0 < B < 2m. 

These equations are analogous to the equations (52)—(52D) and show that the 
little group is, in this case, isomorphic with the inhomogeneous rotation group of 
two dimensions, i.e. the two dimensional Euclidean group. 

It may be mentioned that the Lorentz transformations corresponding to 
t(z, y) have elementary divisors, and constitute all transformations of class e) 
in 4B, for which v, = po. The transformations 6(8) can be considered to be 
rotations in the ordinary three dimensional space, about the direction of the 
space part ofthe vector p». Itispossible, then, to prove equations (71) alsodirectly. 


7. THt REPRESENTATIONS OF THE LITTLE GROUPS 


A. Representations of the three dimensional rotation group by unitary 
transformations. 

The representations of the three dimensional rotation group in a space with a 
finite member of dimensions are well known. There is one irreducible representa- 
tion with the dimensions 1, 2, 3, 4, --- each, the representations with an odd 
number of dimensions are single valued, those with an even number of dimen- 
sions are two-valued. These representations will be denoted by D(R) where 
the dimension is 2j + 1. Thus for single valued representations j is an integer, 
for double valued representations a half integer. Every finite dimensional 
representation can be decomposed into these irreducible representations. 
Consequently those representations of the Lorentz group with positive P in 
which the representation of the little group—as defined by (64)—has a finite 
number of dimensions, can be decomposed into such representations in which 
the representation of the little group is one of the well known irreducible repre- 
sentations of the rotation group. This result will hold for all representations 
of the inhomogeneous Lorentz group with positive P, since we shall show that 
even the infinite dimensional representations of the rotation group can be 
decomposed into the same, finite, irreducible representations. 
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- In the following, it is more appropriate to consider the subgroup of the two 
dimensional unimodular group which corresponds to rotations, than the rotation 
group itself, as we can restrict ourselves to single valued representations in this 


case (cf. equations (52)). From (70), one easily sees that the condition for 


ag to leave the vector with the components 0, 0, 0, 1 invariant is that it 


b 
d 
shall be unitary. It is, therefore, the two dimensional unimodular unitary 
group the representations of which we shall consider, instead of the representa- 
tions of the rotation group. 

Let us introduce a discrete codrdinate system in the representation space 
and denote the coefficients of the unitary representation by q(R), where R is a 
two dimensional unitary transformation. The condition for the unitary 
character of the representation q(R) gives 


(72) QR) nd g(R)aq(R)r = &, 


This show also that | g(R).. | S 1 and the q(R), are therefore, as functions of R, 
square integrable: 


S| a(R)a dR 


exists if f -.. dR is the well known invariant integral in group space. Since 
this is finite for the rotation group (or the unimodular unitary group), it can be 
normalized to 1. We then have 


(73) XS = = 1. 


The (2j + 1)'D(R)x: form,” a complete set of normalized orthogonal functions 
for R.. We set 


(74) = D? (R) 


We shall calculate now the integral over group space of the product of D® (R)in 
and 


The sum on the right converges uniformly, as for (72a) 


can be made arbitrarily small by choosing an N, independent of R, making the 
last expression small. Hence, (75) can be integrated term by term and gives 


* H. Weyl and F. Peter, Math. Annal. 97, 737, 1927. 
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Substituting >> D?(RS)kmD° for D (R)x: one obtains 


In the invariant integral on the left of (77), R can be substituted for RS and 
we obtain, for (74) and the unitary character 


(78) D?(S)imCtin = Q(S) 


Multiplying (78) by D (S)i,, the integration on the right side can be carried 
out term by term again, since the sum over \ converges uniformly 


This can be made arbitrarily small, as even (25 +1)" | Ch converges, 
for (74) and (72a). The integration of (78) yields thus 


From q(R)q(Z) = q(R) follows q(Z) = 1 and then q(R™') = q(R)* = 
This, with the similar equation for D (R) gives 


or 

(81) Cih = Cin. 

On the other hand q(F).a = 6, yields 

(82) Cite = ba. 


These formulas suffice for the reduction of qg(R). Let us choose for every 


finite irreducible representation D an index k, say k = 0. We define then, in — 


(x jl) 


the original space of the representation q(R) vectors v*“”’ with thé components 


Cin, Cin, 
The vectors v*” for different j or 1 are orthogonal, the scalar product of those 
with the same j and 1 is independent of 1. This follows from (79) and (81) 


(83), = = by du Cit. 
The v“”” for all x, j, l, form a complete set of vectors. In order to show this, 


it is sufficient to form, for every v, a linear combination from them, the vy com- 
ponent of which is 1, all other components 0. This linear combination is 


(84) > 
«il 
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In fact, the \ component of (84) is, on account of (79) and (82) 
(85) = Crh = bn. 


«jl 


However, two v with the same j and / but different first indices « are not 
orthogonal. We can choose for every j an l, say | = 0 and go through the vectors 
yy?” ... and, following Schmidt’s method, orthogonalize and normalize 
them. The vectors obtained in this way shall be denoted by 


(86) w™ = 
Then, since according to (83) the scalar products (v“””, v°””) do not depend on l, 
the vectors 
(njl) (jl) 
(86a) w 


will be mutually orthogonal and normalized also and the vectors w‘”” for all 
n, j, | will form a complete set of orthonormal vectors. The same holds for the 
set of the conjugate complex vectors w‘"””*. Using these vectors as coér- 
dinate axes for the original representation q(R), we shall find that q(R) is com- 
pletely reduced. The v component of the vector q(R)v“”* obtained by applying 
@(R) on is 


The right side is uniformly convergent. Hence, its product with (2h + 1) 
D” (R)in can be integrated term by term giving 


(88) (2h + 1)D™ (R) in qQ(R) dR = = 5njdin Chin. 


Thus we have for almost all R 
(88a) b QR) = > D? iat >» D® 
t 


or 


(88b) = D? 


Since both sides are supposed to be strongly continuous functions of R, (88b) 
holds for every R. In (86a), for every n, the summation must be carried out 
only over a finite number of }. We can write therefore immediately 


(89) = (R)awe™. 


This proves that the original representation decomposes in the coérdinate system 
of the w into well known finite irreducible representations D(R). Since the w 
form a complete orthonormal set of vectors, the transition corresponds to a 
unitary transformation. 
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This completes the proof of the complete reducibility of all (finite and infinite 
dimensional) representations of the rotation group or unimodular unitary 
group. It is clear also that the same consideration applies for all closed groups, 
ie., whenever the invariant integral f dR converges. 

The result for the inhomogeneous Lorentz group is: For every positive numeri- 
cal value of P, the representations of the little group can be, in an irreducible 
representation, only the D®, D®, D®, ... , both for P, and for P_. All these 
representations have been found already by Majorana and by Dirac and for 
positive P there are none in addition to these. 


B. Representations of the two dimensional Euclidean group 


This group, as pointed out in Section 6, has a great similarity with the inhomo- 
geneous Lorentz group. It is possible, again”, to introduce “momenta”, i.e. 
variables £, 7 and v instead of the ¢ in such a way that 


(90) t(z, y)o(po , & 1, v) o(po, &, 0, v). 
Similarly, one can define again operators R(8) 

(91) R(B)e(po , 0, v) = o(po, &’, 0’, v), 
where 


t’ = cos B — 7 sin B, 

= B + 7 cos 

Then 6(8)R(8)* = S(8) will commute, on account of (71c), with ¢(z, y) and 
again contain ¢, 7 as parameter only. The equation corresponding to (57a) is 


One can infer from (90) and (92) again that the variability domain of £, n can be 
restricted in such a way that all pairs £, » arise from one pair  , 49 by a rotation, 
according (91a). We have, therefore two essentially different cases: 


a.) =z 40 
b.) =z =0, ie. &€=7=0. 


The positive definite metric in the £, » space excludes the other possibilities of 
section 6 which were made possible by the Lorentzian metric for the momenta, 
necessitated by (55). 

Case b) can be settled very easily. The “little group” is, in this case, the 
group of rotations in a plane and we are interested in one and two valued 
irreducible representations. These are all one dimensional (e*”) 


(98) = 


where s is integer or half integer. These representations were also all found by 
Majorana and by Dirac. For s = 0 we have simply the equation O¢ = 90, 


(91a) 
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for s = +3 Dirac’s electron equation without mass, for s = +1 Maxwell’s 
electromagnetic equations, etc 

In case a) the little group consists only of the unit matrix and the matrix 
-1 
0 
irreducible representations, as (1) and (—1) can correspond to the above two 
dimensional matrix of the little group. This gives two new representations of 
the whole inhomogeneous Lorentz group, corresponding to every numerical 
value of =. Both these sets belong to class 0, and two similar new sets belong 
to class 0_. 

The final result is thus as follows: The representations P,; of the first subclass 
P,. can be characterized by the two numbers P andj. From these P is positive, 
otherwise arbitrary, while j is an integer or a half integer, positive, or zero. 
The same holds for the subclass P_. There are three kinds of representations 
of the subcless 0... Those of the first kind 0,, can be characterized by a number 
s, which can be either an integer or a half integer, positive, negative or zero. 
Those of the second kind 0,.(Z) are single valued and can be characterized by an 
arbitrary positive number =, those of the third kind 0/.(=) are double-valued 
and also can be characterized by a positive Z. The same holds for the subclass 
O_. The representations of the other classes (0) and P with P < 0) have not 
been determined. 


of the two dimensional unimodular group. This group has two 


8. REPRESENTATIONS OF THE ExTENDED LORENTZ GROUP 
A. 

As most wave equations are invariant under a wider group than the one 
investigated in the previous sections, and as it is very probable that the laws of 
physics are all invariant under this wider group, it seems appropriate to investi- 
gate now how the results of the previous sections will be modified if we go over 
from the “restricted Lorentz group” defined in section 4A, to the extended 


Lorentz group. This extended Lorentz group contains in addition to the 
translations all the homogeneous transformations X satisfying (10) 


(10’) XFX' = F 


while the homogeneous transformations of section 4A were restricted by two 
more conditions. From (10’) it follows that the determinant of X can be +1 or 
—1 only. If its —1, the determinant of X; = XF is +1. If the four-four 
element of X, is negative, that of X, = —X; is positive. It is clear, therefore, 
that if X is a matrix of the extended Lorentz group, one of the matrices X, 
XF, —X, —XF is in the restricted Lorentz group. For F” = 1, conversely, all 
homogeneous transformations of the extended Lorentz group can be obtained 
from the homogeneous transformations of the restricted group by multiplication 
with one of the matrices 


(94) 1, F, —1, —F. 
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The group elements corresponding to these transformations will be denoted by 
E, F, I, IF. The restricted group contains those elements of the extended 
group which can be reached continuously from the unity. It follows that the 
transformation of an element L of the restricted group by F, I, or IF gives again 
an element of the restricted group. This is, therefore, an invariant subgroup 
of the extended Lorentz group. In order to find the representations of the 
extended Lorentz group, we shall use again Frobenius’ method.” 

We shall denote the operators corresponding in a representation to the 
homogeneous transformations (94) by d(E) = 1, d(F),d(I),d(IF). For deriving 
the equations (52) it was necessary only to assume the existence of the trans- 
formations of the restricted group, it was not necessary to assume that these are 
the only transformations. These equations will hold, therefore, for elements 
of the restricted group, in representations of the extended group also. We 
normalize the indeterminate factors in d(F) and d(J) so that their squares 
become unity. Then we have d(F)d(I) = wd(I)d(F) or d(I) = wd(F)d(I)d(F). 
Squaring this, one obtains w' = +1. We can set, therefore 


dF) = d(I)d(F),= +d(F)d(I) 


(95) 

a(F) = d(I) = 1; = +1. 
Finally, from 
(96) = 


we obtain, multiplying this with the similar equation for L. 
w(L;)w(Le) = 


which, gives w(L) = 1 as the inhomogeneous Lorentz group (or the group used 
in (52B)-(52D)) has the only one dimensional representation by the unity (1). 
In this way, we obtain 


(96a) d(F)D(L)d(F) = D(FLPF), 

(96b) d(I)D(L)d(I) = 

(96c) d(IF)D(L)dUF)* = D(IFLFI). 
B. 


Given a representation of the extended Lorentz group, one can perform the 
transformations described in section 6A, by considering the elements of the 
restricted group only. We shall consider here only such representations of the 
extended group, for which, after having introduced the momenta, all representa- 
tions of the restricted group are either in class 1 or 2, ie. P = 0 but not Oo. 
Following then the procedure of section 6, one can find a set of wave functions 
for which the operators D(L) of the restricted group have one of the forms, given 
in section 6 as irreducible representations. We shall proceed, next to find the 
operator d(F). For the wave functions belonging to an irreducible D(L) of the — 
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restricted group, we can introduce a complete set of orthonormal functions 
vi(p, $), ¥o(p, $),---. We then have 


(97) 8) = DL) 
The infinite matrices D(L),, defined in (97) are unitary and form a representation 
which is equivalent to the representation by the operators D(L). The D(L), 
d(F) are, of course, operators, but the D(L),. are components of a matrix, 
i.e. numbers. We can now form the wave functions d(F)y; , d(F)ye , d(F)ys, --- 
and apply D(L) tothese. For (96a) and (97) we have 

D(L)d(F)¥. = d(F)D(FLF)}. 


(97a) = d(F) D(FLF) 
= x D(FLF) 


The matrices D°(L),, = D(FLF),. give a representation of the restricted group 
(FLF is an element of the restricted group, we have a new representation by an 
automorphism, as discussed in section 6B). We shall find out whether D°(L) is 
equivalent D(L) or not. The translation operation in D® is 

(98) T°(a) = d(F)T(a)d(F) = T(Fa) 

which, together with (53) shows that D° has the same P as i) itself. In 
fact, writing 

(99) Uie(p, $) = 

one has Uj’ = U, and one easily calculates eae U;, = mee Similarly for 
one has 


Q(Fp, FAF);,9(A~ P, 0). 


This means that the similarity transformation with U; brings 7T°(a) into (0) 
and d°(A) into Q(Fp, FAF)P(A). Thus the representation of the “little group” 
in U,d°(A)U1 is 

= Q(F po, 


For this latter matrix, one obtains from (67a) 
= Q(Fpo , PAF) = q(a(Fpo) “FAP a(Fpo)) 
= g(r°) 
where is obtained from by transforming it with Fa(F pp). 
The representations D°(L) and D(L) are equivalent if the representation 


(100) 
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q(d) is equivalent to the representation which coérdinates q(A°) to A. The 
a(F’po) is a transformation of the restricted group which brings ~» into a(Fpo)po = 
Fp. (Cf. (65).) This transformation is, of course, not uniquely determined 
but if a(Fpo) is one, the most general can be written as a(Fpo)., where ipo = po 
isin the little group. For q(¢*a(Fpo)* A a(Fpo)t) = g()*q(a(F A a(Fpo)) 
g(x), the freedom in the choice of a(Fp) only amounts to a similarity trans- 
formation of g°(A) and naturally does not change the equivalence or non equiva- 
lence of g°(A) with q(A). 

For the case P,., we can choose po in the direction of the fourth axis, with 
components 0,0,0,1. Then Fpo = poand a(Fp) = 1. The little group is the 
group of rotations in ordinary space and FAF = d. Hence q°(A) = qg(A) and 
D°(A) is equivalent to D(A) in this case. The same holds for the representa- 
tions of class P_. 

For 0, we can assume that po has the components 0, 0, 1, 1. Then the 
components of Fp are 0, 0, —1, 1. For a(Fpo) we can take a rotation by r 
about the second axis and /a(Fpo) will be a diagonal matrix with diagonal 
elements 1, —1, 1, 1, i.e., a reflection of the second axis. Thus if ) is the trans- 
formation in (70), \° = a(Fpo) FAFa(F'po) is the transformation for which 


This is, however, clearly \° = A*. Thus the operators of q°(A) are obtained 
from the operators g(A) by (ef. (71a)) 

y) i(z, —y) 

6(—8). 

For the representations 0,, with discrete s, the q°(A) and q(A) are clearly inequiva- 
lent as 6°(8) = (e***) and 4(8) = (e"), except for s = 0, when they are equiva- 
lent. For the representations 0,.(=), 04.(=), the q°(A) and q(A) are equivalent, 
both in the single valued and the double valued case, as the substitution 7 - — 7 


transforms them into each other. The same holds for representations of the 
class 0_. If D°(L) and D(L) are equivalent 


(102) U“D(L)U = D(L), 


the square of U commutes with all D(L). As a consequence of this, U* must 
be a constant matrix. Otherwise, one could form, in well known manner,” 
an idempotent which is a function of U* and thus commutes with D(L) also. 
Such an idempotent would lead to a reduction of the representation D(L) of the 
restricted group. Asa constant is free in U, we can set 


(102a) Ur =1 


(101a) 


*7 J. von Neumann, Ann. of Math. $8. 191. 1931; ref. 2. p. 89. 
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restricted group, we can introduce a complete set of orthonormal functions 
v(p, ¥2(p, We then have 


The infinite matrices D(L),, defined in (97) are unitary and form a representation 
which is equivalent to the representation by the operators D(L). The D(L), 
d(F) are, of course, operators, but the D(L),. are components of a matrix, 
i.e. numbers. We can now form the wave functions d(F)y, , d(F , --- 
and apply D(L) tothese. For (96a) and (97) we have 

D(L)d(F)¥. = d(F)D(FLF)\x 
(97a) = d(F) D(FLP) 


= x D(FLF) yd ( 


The matrices D°(L),. = D(FLF),. give a representation of the restricted group 
(FLF is an element of the restricted group, we have a new representation by an 
automorphism, as discussed in section 6B). We shall find out whether D°(L) is 
equivalent D(L) or not. The translation operation in D°® is 

(98) T°(a) = d(F)T(a)d(F) = T(Fa) 

which, together with (53) shows that D° has the same P as sd itself. In 
fact, writing 

(99) £) = o(Fp, 

one has Uj’ = U; and one easily calculates pectin U; = T(a). Similarly for 
U,d°(A)U; one has 


Uid°(A)Ui9(p, = Uid(PAF)Ui 


(99a) = AF)Ue(Fp, 8) = Qp, AD, 9) 


This means that the similarity transformation with U; brings T°(a) into T(a) 
and d°(A) into Q(Fp, FAF)P(A). Thus the representation of the “little group” 
in U;d°(A)U is 

Q°(\) = Q(Fpo , FAF). 
For this latter matrix, one obtains from (67a) 
= Q(Fpo, FAP) = q(a(F po) a(F’po)) 


= q(r°) 
where )° is obtained from by transforming it with Fa(F pp). 
The representations D°(L) and D(L) are equivalent if the representation 


(100) 
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q(d) is equivalent to the representation which coérdinates g(A°) to A. The 
a(F'po) is a transformation of the restricted group which brings into a(F po) po = 
Fp. (Cf. (65).) This transformation is, of course, not uniquely determined 
but if a(F po) is one, the most general can be written as a(Fpo):, where ipo = po 
isin the little group. For A a(Fypo)t) = q(t) po) A a(Fpo)) 

a q(t), the freedom in the choice of a(F'po) only amounts to a similarity trans- 

), formation of g°(A) and naturally does not change the equivalence or non equiva- 

x, lence of q°(A) with g(A). 

; For the case P, , we can choose pp in the direction of the fourth axis, with 
components 0,0,0,1. Then Fpo = po and a(Fpo) = 1. The little group is the 
group of rotations in ordinary space and FAF = d. Hence g°(A) = q(A) and 
D°(A) is equivalent to D(A) in this case. The same holds for the representa- 
tions of class P_. 

For 0, we can assume that po has the components 0, 0, 1, 1. Then the : 
components of Fp, are 0, 0, —1, 1. For a(Fpo) we can take a rotation by r ir 
about the second axis and Fa(Fpo) will be a diagonal matrix with diagonal 

p elements 1, —1, 1, 1, i.e., a reflection of the second axis. Thus if \ is the trans- 

n formation in (70), \° = a(F po) F\Fa(F pp) is the transformation for which 


‘4 This is, however, clearly ° = A*. Thus the operators of q°(A) are obtained 
from the operators g(A) by (ef. (71a)) 
P(x, y) = U(x, —y) 
(101a) 
= 
For the representations 0,, with discrete s, the q°(A) and q(A) are clearly inequiva- 
lent as 8°(8) = (e*) and 6(8) = (e'**), except for s = 0, when they are equiva- 
lent. For the representations 0,(=), 04(Z), the q°(A) and q(A) are equivalent, 
) both in the single valued and the double valued case, as the substitution 7 — — 7 


transforms them into each other. The same holds for representations of the 
class 0_. If D°(L) and D(L) are equivalent 


) (102) U“DL)U = D(L), 


: the square of U commutes with all D(L). As a consequence of this, U’ must 
be a constant matrix. Otherwise, one could form, in well known manner,” 
an idempotent which is a function of U* and thus commutes with D(L) also. 
Such an idempotent would lead to a reduction of the representation D(L) of the 
restricted group. Asa constant is free in U, we can set 


(102a) U=1 


*7 J. von Neumann, Ann. of Math. $8. 191. 1931; ref. 2. p. 89. 
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Cc. 


Returning now to equation (97a), if D°(L) = D(FLF) and D(L) are equivalent 
(P > 0 or 0,, 0_ with continuous Z or s = 0) there is a unitary matrix U,, , 
corresponding to U, such that 


D D(FLP) = 
(102b) 


Let us now consider the functions 


(103) + Uwd (FY, 


Applying D(L) to these 
D(L)g, = + Uw D(L)d(F 


= D(L), + Uwd(F)D(FLF)Y, 


(103a) 
, = D(L) + Ud (F)D(FLF ) 
= D(L)w» (vs + Usd Fe) = x D(L) 
Similarly 
d(F)p, = + 
(103b) 


Thus the wave functions ¢ transform according to the representation in which 
D(L),» corresponds to L and U,, to d(F). The same holds for the wave functions 


(104) =P Uwd( ’ 


except that in this case (— U,,) corresponds to d(F). The y, and d(F)y, can be 
expressed by the g and gy’. If the y and d(F)y were linearly independent, the 
g and ¢’ will be linearly independent also. If the d(F)y were linear combinations 
of the y, either the ¢ or the g’ will vanish. 

If we imagine a unitary representation of the group formed by the L and FL 
in the form in which it is completely reduced out as a representation of the group 
of restricted transformations L, the above procedure will lead to a reduction 
of that part of the representation of the group of the L and FL, for which D(L) 
and D(FLF) are equivalent. 

If D(L)» and D°(L),, are inequivalent, the y, and d(F)y, = y are or- 
thogonal. This is again a generalization of the similar rule for finite unitary 
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representations.” One can see this in the following way: Denoting My = 
¥-) one has 


Mw = (vx, = (DiL). , D(L)y;) 
= D(L) eM a ; 


M = D(L)'MD%L). 
Hence 
(105) D(L)M = MDL); M'D(L) = D°(L) Mt. 


From these, one easily infers that MM commutes with D(L), and M‘M com- 
mutes with D°(L). Hence both are constant matrices, and if neither'of them is 
zero, M and M' are, apart from a constant, unitary. Thus D(L) would be 
equivalent D°(L) which is contrary to supposition. Hence MM' = 0, M = 0 
and the y are orthogonal to the d(F)y = y’. Together, they give a representa- 
tion of the group formed by the restricted Lorentz group and F. If they do not 
form a complete set, the reduction can be continued as before. 

One sees, thus, that introducing the operation F “doubles” the number of 
dimensions of the irreducible representations in which the little group was the two 
dimensional rotation group, while it does not increase the underlying linear 
manifold in the other cases. This is analogous to what happens, if one adjoins 
the reflection operation to the rotation groups themselves.” 


D. 


The operations d(Z) can be determined in the same manner as the d(F’) were 
found. A complete set of orthonormal functions corresponding to an irreducible 
representation of the group formed by the LZ and FL shall be denoted by y; , 
¥2,---. For this, we shall assume (97) again, although the D(L) contained 
therein is now not necessarily irreducible for the restricted group alone but 
contains, in case of 0,, or 0_, and finite s, bothsand —s. Weshallset, furthermore 


(106) a( = x 


We can form then the functions d(I)y¥ , d(I)¥2, ---. The consideration, con- 
tained in (97a) shows that these transform according to D(ILI),, for the trans- 
formation L of the restricted group: 


(106a) D(L)d(D¥e = DILD ed Dy 


Choosing for L a pure translation, a consideration analogous to that performed 
in (98) shows that the set of momenta in the representation L — D (ILI) has the 
Opposite sign to the set of momenta in the representation D(L). If the latter 


** Cf. e.g. E. Wigner, ref. 4, Chapter XII. 
* I. Schur, Sitz. d. kon. Preuss. Akad. pages 189, 297, 1924. 
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belongs to a positive subclass, the former belongs to the corresponding negative 
subclass and conversely. Thus the adjunction of the transformation J always 
leads to a “doubling” of the number of states, the states of “negative energy” are 
attached to the system of possible states. One can describe all states y,, 
AI), by introducing momenta pi, po, ps, px and 
restricting the variability domain of p by the condition {p, p} = P alone 
without stipulating a definite sign for p, . 

As we saw before, the d(I)y , d(I)¥2, are orthogonal to the original set of 
wave functions yi, ¥2,---. The result of the application of the operations 
D(L) and d(F) to the y: , ¥2, --- (i.e., the representation of the group formed by 
the L, FL) was given in part C. The D(L)d(J)y, are given in (106a). On 
account of the normalization of d(I) we can set 3 


(106b) = - | 
For d(F)d(I)y, we have two possibilities, according to the two possibilities in 

(95). Wecan either set 

(107) d(F)d(Dy. = = A(F) ued , 


or 


Strictly speaking, we thus obtain two different representations. The system of 
states satisfying (107) could be distinguished from the system of states for which 
(107a) is valid, however, only if we could really perform the transition to a new 
coérdinate system by the transformation J. As this is, in reality, impossible, 
the representations distinguished by (107) and (i07a) are not different in the 
same sense as the previously described representations are different. 

I am much indebted to the Wisconsin Alumni Research Foundation for their 
aid enabling me to complete this research. 


Mapzrson, Wis. 
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GEOMETRIC BACKGROUND AND STATEMENT OF RESULTS 


$1. INTRODUCTION 


1 


About two years ago, the author published a solution of the Plateau problem 
for minimal surfaces of general topological form: k contours, each with an as- 
signed sense of description, given in n-dimensional space; prescribed genus h 
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or characteristic’ r, and assigned character of orientability (two-sided or one- 
sided).'* The publication was in the form of two papers, the first of which’ 
stated the results and outlined the methods used, while the second [2] gave 
details and proofs. 

Subsequently, an alternative method was outlined by R. Courant [11], wa 
has so far published the details for the case of genus zero [12].? 

Some years ago, the author disposed of the important particular cases of a 
doubly-connected minimal surface with two given boundaries [3], and of a 
Mébius strip [4]. The most fundamental case of a simply-connected minimal 
surface bounded by a given arbitrary Jordan curve had been previously solved 
by the author [5], and by an alternative method, with rather less generality, 
by T. Radé [14]. 

Although the title of the paper [3] specified “two contours,” the formulas 
of that paper were developed for the general case.‘ The treatment of the gen- 
eral problem given in [1], [2], was based on these formulas and on the theory of 
abelian integrals and 6-functions on a Riemann surface of any finite genus. 

' The present paper gives, first, a self-contained treatment of the problem, 
reviewing and considerably amplifying the essential features of the papers [1, 
2, 3]. Further, it provides certain simple supplementary considerations,“ 
needed only in the case of characteristic greater than one, which serve to com- 
plete the presentation of the paper [2]. This is the case where “‘alter-symmetric” 
circuits’ are present on the basic Riemann surface R, and the Green’s function 
of R acquires certain simple complementary terms. The effect of these is easily 
traced,’ with the same final result of the existence of the minimal surface. 
Many of the notions and formulas concerning Riemann surfaces, which are 


developed incidentally in the course of the analytic treatment, are new. 


In our main theorem, II,” the existence of the minimal surface M, is established 
solely on the basis of the functional A(g, R) introduced by the author—closely 
related to the Dirichlet functional—without any reference to area or the use 


1 See the paragraph following (2.1) for definition. 
18 This general form of the Plateau problem was first explicitly formulated by the author 
in Bull. Amer. Math. Soc., v. 36 (1930), p. 50, where also is broadly indicated the method 
of solution here finally elaborated. 

2 [1] of the bibliography at the end of this paper, references to which will be made by 
numbers in square brackets. 

3 An independent presentation of the same method, as far as the one-contour case is 
concerned was given by L. Tonelli [13]. According to Tonelli, this method coincides 
substantially with that used by the author throughout his work on the Plateau problem. 
The chief point of difference consists in the use of the vector Dirichlet functional in its 
original form (5.12), without transformation into A(g, R). 

4 [3], p. 324. 

‘« (Added in proof.) These have already been published in the preliminary note [31] 
to the present paper. 

5 See §6.1. 

6 See §12. 

7 See §5. 
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of the theory of conformal mapping. In theorem I, the least area property of 
M, is then proved by employing the conformal mapping of polyhedral surfaces. 
In §19 an alternative method of proving the combined theorems I and II is 
given, which uses this conformal mapping from the start. These theorems sup- 
pose the given contours capable of bounding some surface of finite area. Finally, 
$17 contains a proof of a previously announced theorem,’ expressing the solution 
of the Plateau problem for the case where the contours are perfectly general 
Jordan curves. Solely to fix the ideas, we may suppose that the given contours 
do not intersect one another, but our theory applies with practically no change 
to the case where mutual intersections are permitted.’ 

‘The conformal mapping of multiply-connected plane regions, which, as 
throughout the author’s work, is included in the Plateau problem as the case 
n = 2, is discussed in §18. The classic mapping theorem of Schottky is re- 
established by the author’s method, and combined with a proof of a topological 
correspondence between the boundaries. This new form of treatment of the 
Schottky theorem was stated by the author in [1],° proved in [2]. §18 of the 
present paper is concerned with the details of proof of a certain essential in- 
equality, (18.5). 


The 6-functions on the Riemann surface R enter through the expression of 
the Green’s function of R in terms of these functions. In a future paper, I 
intend to give a simpler and more generally applicable treatment, which will 
use the Green’s function in an intrinsic way without employing for it any explicit 
formula. 


For definition of minimal surface, we adopt the formulas given for n = 3 
by Weierstrass: 


(1.1) RF (i = 1, 2, n) 


(1.2) F?(w) = 0 (w= u+w). 


t=1 


These express only the first variational condition in the problem of the surface 


of least area with given boundaries, so that a minimal surface in this sense may 
or may not have the least area for its boundaries. The minimal surfaces whose 
existence is established in the present paper will actually have minimum area 
for their boundaries and topological form. 


§ [2], p. 108, Theorem IV. 

* Cf. §3.3, also [8]. 

* As Theorem III of that paper. 

's (Added in proof.) The essential features of this alternative treatment have already 
been published in [32]. A detailed presentation will soon appear in the American Journal 
of Mathematics. See also [33]. 
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Thus, analytically expressed, our problem is to find a Riemann surface R of 
appropriate topological type, and upon it n uniform harmonic functions RF ,(w), 
which obey (1.2), and represent a surface bounded by preassigned contours, 
If E, F, G denote the fundamental quantities of the harmonic surface (1.1), then 


(1.3) = (E — @) — iF. 


Hence condition (1.2) is equivalent to 
(1.4) E = G, F =0, 


expressing conformal representation of the harmonic surface on the Riemann 
surface R. 

It is to be observed that only RF;(w) is required to be uniform; in general, 
F(w) itself will have p = r + k — 1 pure imaginary periods corresponding to 
various circuits on the Riemann surface. These interpret themselves as trans- 
lation periods of the adjoint minimal surface x; = $F,(w). One may consider 
the relation between the catenoid and its adjoint surface, the helicoid, where 
p = 1 and there is a single translation period. 


4 


If the required minimal surface M, be considered as having two faces, corre- 
sponding to opposite senses of the normal, then it becomes a closed surface, for 
the two surfaces are united at the boundaries. Regarded in this way, M, can be 
represented on a closed Riemann surface R, whose genus, equal to that of the 
double-faced M, , is seen to be p = r+ k — 1. When the number k of contours 
is arbitrary, then even in case r = 0, the genus p of RF is capable of taking 
arbitrary values. For this reason, nearly all the essential features of the theory 
for surfaces of general topological form are already present in the case r = 0, 
ie., where the topological type is that of a sphere with k perforations. The 
rather secondary nature of the modifications that result from a higher topologi- 
cal structure, as will appear in the sequel, constitutes perhaps one of the advan- 
tages of the present method. . 


Illustrations of minimal surfaces of higher topological type are given in the 
following diagrams. All are bounded by single contours. In fig. la, the 
minimal surface has the form of a torus from which a rather large simply-con- 
nected region has been removed." Fig. 1b shows a one-sided minimal surface 
of the form of a Moébius strip. Fig. 1c represents a standard form of surface 
of higher topological type;” here the genus h = 2. The contour is supposed 
to be almost in one plane. By increasing the number of double-bridges such 


Cf. [2], p. 122. We first gave this example in our invited address to the American 
Mathematical Society, Oct. 1932, published as [6] (where, however, fig. la is not included). 
12 [20], p. 153. 
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as A,B; , A2Be , we can produce a minimal surface of arbitrary genus. Fig. le 
is & standard representation” of a one-sided surface; here r = 3. The half- 
twisted strip S produces one-sidedness and contributes unity to the topological 
characteristic. More contours can be introduced arbitrarily by means of addi- 
tional simple bridges, or by perforations in the surface. All these examples 
can be realized by the soap film experiments of Plateau. 

The same contours also bound simply-connected minima! surfaces. Thus in 
la, we have a minimal surface consisting approximately of two horizontal 
circular discs joined by a vertical catenoidal strip.” There is a second simply- 
connected minimal surface, where the circular discs are vertical and the cate- 
noidal strip horizontal. Fig. 1d indi¢ates a simply-connected minimal surface 


bounded by the contour of fig. 1c. This consists, very approximately, of the 
circular disc + the heel-shaped regions P:B,Q, , P2B:Q. + the strips Ai, Az + 
the shaded heel-shaped regions JG, , HG , which are to be imagined slightly above 
the plane of the paper. We can also visualize a minimal surface of genus h = 1 
with the same contour by performing the modifications indicated in fig. 1d on 
only one of the double-bridges. Supposing JG > J, , we have, very approxi- 
mately, in the notation (5.1): 


(1.5) a(I’, 1) = 0) — 25%, 
(1.6) a(f, 2) =-a(T, 1) — 25G, 


* Cf. fig. 12b, with the narrow connecting part removed. 
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which illustrate the sufficient conditions of Theorem I (§5): 
(1.7) a(f, 2) < a(f, 1) < a(f, 0), 
that assure the existence of the minimal surfaces described. 


§2. REPRESENTATION OF SURFACES OF GENERAL TOPOLOGICAL Form 


1 


This section is based on the fundamental and highly suggestive tract of 
F. Klein, listed as [16] in the bibliography.” 

Let R denote a Riemann surface having an inverse conformal transformation 
T into itself, where T associates the points of R in pairs, so that T’ = 1 (in- 
volutory transformation). Such a Riemann surface, following Klein, is called 
symmetric. The locus of points fixed under T' consists of one or several closed 
curves, called curves of transition. If R is considered as the Riemann surface 
of an algebraic curve P(x, y) = 0, with real coefficients, then T may be taken 
to be the interchange of conjugate complex points, and the curves of transition 
are the real branches of the algebraic curve. 

The transition curves may separate FR or not; following Klein, # is accordingly 
said to be of the first kind or second kind. If we regard a pair of T-equivalent 
or conjugate points as a single geometric element, then R becomes a geometric 
manifold R’ called a semi Riemann surface, and R’ is two-sided (orientable) 
or one-sided (non-orientable), according as R is of the first or second kind. The 
transition curves of R are the boundaries of R’. Often, when there seems to 
be little chance of ambiguity, we shall speak interchangeably of FR and its 
semi-surface R’, but quite as often it will be important to distinguish carefully 
between the two." 

Any orientable or non-orientable surface S may be put into correspondence 
with a symmetric Riemann surface R of the first or second kind respectively, 
so that a point p of S together with its antipodal p correspond to a pair of 
conjugate points of R. (The antipodal point of p means the point p geometri- 
cally coincident with p, but regarded as lying on the opposite side of S, ie., 
with reversed sense of the normal.) The distinction between the first and second 
kind of Riemann surface corresponds to the fact that on a two-sided surface 
we cannot pass from any point to its antipodal without crossing the boundary, 
whereas it is characteristic of a one-sided surface that such a passage is possible. 


4 Throughout this paper, the text-books [16-21] of the bibliography will be considered 
as current references. 

4@ Remark on notation: Thus, following our papers [1, 2], we use R in this paper to 
represent any complete, or closed, symmetric Riemann surface of finite genus, while 
denotes the corresponding semi-surface. This convention is followed as a rule with a few 
occasional exceptions, that need cause no real ambiguity. In subsequent papers [31-33], 
we have denoted the complete symmetric Riemann surface by an Old English or script 
and the related semi-surface by R. 
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In the form of the general symmetric Riemann surface R, we are provided 
with a complete system of standard domains of any finite genus or topological 
characteristic, with any finite number of boundaries, and either orientable or 
non-orientable. The completeness is from the standpoint of conformal map- 
ping; i.e., the 3p — 3 real conformal moduli (p = genus of R) are capable of 
varying arbitrarily in this system. From our point of view, conformally 
equivalent Riemann surfaces are. identical, and one may replace the other if 
convenient for any purpose. The conformal equivalence must respect the 
symmetry of the surface; i.e., convert conjugate points into conjugate points. 
What is tantamount, the corresponding real algebraic curve P(z, y) = 0 is 
subject to real birational transformation, without change of anything essential 
to our discussion. 

We choose F so that its semi-surface R’, which results by identification of 
conjugate points, has exactly the topological form prescribed for the required 
minimal surface M, i.e., characteristic r and k boundaries, and also agrees with 
M in character of orientability. Then the genus of the complete surface R is 


(2.1) p=rt+k-—1. 


The definition of the topological characteristic r is: the maximum number 
of linearly independent circuits, where a zero circuit is considered as one which 
separates the surface. For two-sided surfaces, r = 2h is always even; for one- 
sided surfaces, r may be any positive integer odd or even.” The characteristic 
is also equal to the excess of the connectivity over the number of boundaries: 
c=r-+k. Connectivity c means that there exist c — 1 successive cross-cuts 
which leave the surface connected, whereas every succession of c cross-cuts 
disconnects. A cross-cut is an arc each of whose end-points lies on a boundary 
or previously drawn cross-cut, while all the other points of the arc are interior 
points of the surface. 

We shall indicate the one- or two-sided character of our surfaces and quanti- 
ties pertaining to them by the presence or absence of a bar. Thus we shall 
speak of surfaces M, or M, of the topological type r or 7. Hereafter, we shall 
use r or most frequently instead of the genus h, which applies only to orientable 
surfaces. Thus we may speak of the problem (I, r) or (I’, #), putting in evidence 
the set ([) of given contours and the topological type of the required minimal 
surface. 

The following figure illustrates the case of a two-sided surface M, or symmetric 
Riemagn surface R of the first kind, with k = 4, r = 4, therefore by (2.1), p = 7. 
Here the transition curvesC = C; + C2 + C;+ C,separate R into two conjugate 
halves, and we may take R’ to be the upper half. The inverse conformal 
transformation 7’ may be pictured as the reflection in the plane containing C. 


* Examples: Mobius strip, r = 1; with h handles, r = 2h + 1; Klein surface (see foot-. 


note 25), r = 2; with h handles, r = 2h + 2. 
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The one-sided case may be illustrated by the Riemann surface indicated in 
fig. 3. This is represented in the standard way as a double-sheeted surface 
over the z-plane. There are two branch-cuts, one C along the real axis, the 
other 9@ joining two conjugate complex points. We take the inverse conformal 
transformation 7' to be reflection in the real axis combined with passage to the 
other sheet. The points p # in the figure represent T-equivalent points, if 
we take p in the upper, # in the lower sheet. It is evident that T leaves in- 
variant every point of the branch-cut C, and no other points. C is therefore 
the unique curve of transition; it is to be regarded as a closed curve, proceeding 
from a to b in one sheet and back to a in the other. 


/, 
Fie. 4 


Obviously, C does not separate R, for we can pass from p to @ via the branch- 
cut qq without traversing C, as indicated in the figure. If we identify all 
conjugate point-pairs pp, then R represents a Mobius strip bounded by C. 
Point-pairs such as pp correspond to a point on the Mobius strip together with 
its antipodal, and the one-sided nature of the strip is expressed exactly by the 
possibility of passing from p to p without crossing the boundary C. 

By adding more branch-cuts like gg joining conjugate complex points, and 
branch-cuts like ab along the real axis, we can obtain models for one-sided 
surfaces with any characteristic r and any finite number k of boundaries. The 
following figure represents such a surface with two boundaries and characteristic 
three, where only the branch-cuts are indicated, along which the two sheets of 
the Riemann surface are joined. 
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More generally, we may illustrate both the orientable and non-orientable 
cases with Riemann surfaces of any number of sheets, which admit an inverse 
conformal transformation T into themselves, consisting of the conjugate trans- 
formation: z into 2, combined with a substitution S of period two (S’ = 1) 
on the various sheets. 


An alternative representation of one-sided surfaces M, is based on the use of 
a two-sided covering surface, in the form of a semi Riemann surface R’ of the 
first kind® with an inverse conformal transformation U into itself, where U 
associates the points of ’ in pairs and leaves no point of R’ fixed. Each pair 
of U-equivalent points of R’ will correspond to the same point of M,. This 
one-two correspondence between M, and &’ implies that the characteristic of 
R’ is 2r — 2 and that R’ has 2k boundaries formed of k pairs of U-equivalent 


curves C,, Ci; Ce, C2; --» > Cx, Cy. The genus of the complete Riemann 
surface R of which R’ is one of the conjugate halves is 

(2.2) p = 2r + 2k — 3. 

In any parametric representation of the k contoursT, , --- , [ on the transition 


curves C, each point of I; corresponds to a pair of U-equivalent points on 
C;, respectively. 

For instance, a Mébius strip may be pictured in this way as a zone on the 
unit sphere x” + y* + 2” = 1, bounded by the planes z = + h, where diametral 
points of the sphere are U-equivalent.” 

Generally, we may picture R as a Riemann surface of any number of sheets 
spread over the complex z-sphere and consisting of two conjugate halves R’, R’’ 
separated by the 2k transition curves C;, Ci; --- ;C:, Cy. The inverse con- 
formal transformation U of period two may be pictured as a diametral trans- 
formation z’ = —1/2 combined with a substitution of period two on the sheets 
which compose R. The transformation U converts each half R’, R” of R into 
itself; besides, R has an inverse conformal involution 7' which interchanges its 
two halves. 1’ may be pictured as the reflection in the prime meridian plane, 
2’ = 2, combined with a substitution of period two on the various sheets of R. 
The transformations U and T together generate a four-group J, U, T, TU = UT 
of direct and inverse conformal transformations of & into itself. 

R may be regarded as a covering surface in two-one correspondence with 
the previously used surface R (art. 2, this section), where each point of R corre- 
sponds to a pair of T-equivalent points of R, and U-equivalent points of R 
correspond to conjugate points of R. 

By means of the preceding representation, the Plateau problem (I, 7) is 
referred to (f, —I', 2r — 2), where —I denotes I’ with the reverse sense of 
description; ie. we have 2k contours consisting of both orientations of each of 


* That is, of the general type of the upper half of fig. 2. 
Cf. [4], Pp. 734, 
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the k given ones. We seek a semi Riemann surface ®’ with a U-automorphism, 
2k boundaries and characteristic 2r — 2, and upon &’ a system of n harmonic 


functions RF,(w), which take equal values at U-equivalent points, obey >. F?(w) 
i=1 


= 0, and transform the boundaries of ®’ in pairs into the opposite orientations 
of each contourl. Then x; = RF,(w) or Dk, , will coincide with the desired 
one-sided surface M, of type # bounded by (If). The two-sided surface M,,_, 
is, in fact, a covering surface in two-one correspondence with M, . 

The simplest illustration is the case of the Mdbius strip (1, 1), which we 
solved in the paper [4] by making it depend on the previously solved case [3] 
of a doubly-connected surface with two given contours: (Tf, —T:, 0). Here 
the two contours were the two opposite orientations of the single boundary 
assigned for the Mobius strip. The procedure there illustrated is completely 
typical of the general case. 

By these remarks, we are enabled, as far as the analytic treatment is con- 
cerned, to confine ourselves to the two-sided case, with merely due regard to 
preserving the U-automorphism of ® when this Riemann surface is varied. 


4. Reduction of R 


If the symmetric Riemann surface R vary continuously, it may degenerate 
in various ways by the coalescence of branch-points, whereby certain branch- 
cuts disappear.” In this way the semi-surface R’ may separate into a number 
of disconnected parts, or its characteristic r may be decreased. In case of 
separation, the total characteristic of the components is evidently <r. We 
shall term either type of degeneration a reduction of R or R’. 

Every reduction can be obtained by composition of primary reductions. A 
primary reduction of R consists of the following. 

(1) In the two-sided case, the disappearance of a single pair of mutually 
symmetric branch-cuts. 

(a) If the disappearing branch-cuts are the only ones which unite two given 
sheets, then R’ separates into two disconnected parts: R’ = Ri + R2, with no 
decrease of the total characteristic: r = 7; + re. The k transition curves C, 
or boundaries of R’, are distributed between Ri and Ry: k = ki + ke. We 
may have kz = 0, in which case Rz is a closed surface, and, as will be obvious, 
may simply be ignored for our purposes. If Rez is closed, we shall not call the 


‘reduction primary unless r, = 2; if rz = 0, it may be considered that no reduction 


at all has taken place. 

(b) If branch-cuts remain which join the same sheets as the disappearing 
ones, then the characteristic of R’ is decreased by exactly two, to r — 2. 

(2) In the one-sided case a primary reduction will mean: 

(a) the disappearance of a single pair of mutually symmetric branch-cuts, 
provided that this produces separation of R’: R’ = R, + Ry. Here again 


18 Alternatively, two branch-cuts may unite to form a single one, with the same effect. 
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r= + 7. Then at least one of the components must be one-sided and 
both may be. 

(b) the disappearance of a single self-symmetric branch-cut, i.e., one which 
joins a pair of conjugate branch-points. This reduces the characteristic by one, 
tor —1. Ifr — 1 is even, the reduced surface may be two-sided or one-sided; 
if r — 1 is odd, it must be one-sided. 

We shall denote primary reduction by an accent: r’, 7’, and the general type 
of reduction by r’’, 7’, interpreting the latter so as to include the former. Ina 
composite reduction of a one-sided surface, there may be any distribution of 
one or two-sided components. 

In terms of the corresponding algebraic equation P(z, y) = 0, the separation 
of R is equivalent to reducibility in the usual algebraic sense: 


(2.3) P(x, y) = Pilz, y) Po(z, y) --- Pn(z, y). 


The lowering of the genus of R corresponds to the acquisition of new double 
points produced by the coalescence of branch-points. 


5. R’ as a circular region 


A useful alternative representation of a semi Riemann surface R’ is as the 
fundamental region of a group L of linear fractional transformations of z or 2. 
The k boundaries of R’ correspond to circles C,, C2, --- , Cy. If the genus 
h = 0, R’ is simply the region bounded by these k circles, and L is generated 
by the inversions in them: S;, S., --- , S.. If R’ is two-sided and h > 0, 
we must adjoin to L a set of A linear fractional transformations of z. This 
gives in the fundamental region h pairs of circles K,, Ki; --- ; Kn, Kar whose 
points are codrdinated by the corresponding linear fractional transformations. 
If R’ is one-sided, of characteristic r = 2h + 1 or 2h + 2, then we adjoin to 
S,, S2,--- ,S;, a set ofh linear fractional transformations of z and, respectively, 
one or two linear fractional transformations 7 of Z such that T° = 1. The 
latter contribute to the fundamental region their fixed circles, whose points are 
coérdinated by 7’. 

The complete symmetric Riemann surface R is obtained by adjoining to R’ 
its inverse image in any one of the bounding circles C,, C2, --- , Cx, which 
form then the curves of transition. 

For instance, a torus may be represented by a circular ring, on whose bounding 
circles radial points are coérdinated. The group L is here generated by 2’ = qz, 
if the circles are about the origin with radii 1, g¢. Any number of boundaries 
on the torus may be represented by circles interior to the ring; we adjoin to L 
the inversions in these circles. A Mébius strip is represented by a circular 
ring, where diametral points of one of the bounding circles are codrdinated. 
Equivalent to this is a zone on a sphere, where one of the bounding circles is a 
great circle on which diametral points are codrdinated. Adjoining to this the 
diametral zone, we have a representation of the two-sided covering surface R 
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previously spoken of, on which U-equivalent points are diametral points and 
correspond to a single point of the Mébius strip. 

This circular representation is quite simple and concrete, but we may observe 
the following advantages of the many-sheeted Riemann surface. The first 
consists in the fact that any separation of the Riemann surface is represented 
directly in a visible way, while in the circular region this separation corresponds 
to an approach to the same point of a number of circles. Thus in the latter 
case, only one of the components remains visible, the other disappears; in the 
former, both are on a par. This circumstance is important in defining certain 
basic functionals depending on R in the case when R reduces. 

Again, in the Riemann surface representation, we have the choice of an ex- 
tremely wide variety of conformally equivalent forms of a given surface, for the 
fundamental group is then the total real birational group, with an infinite 
number of parameters. In the circular representation, we have only the six- 
parameter group of transformations z’ = (az + b)/(cz + d). We can employ 
this greater freedom in the former case to avoid disadvantageous types of singu- 
larity, such as reduction to a point of a curve of transition, or real branch. For 
the group of real birational transformations is sufficiently large and effective 
to enable us to neutralize any such tendency by applying, roughly speaking, a 
kind of balancing magnification. In the circular representation any such at- 
tempt reduces some of the previously non-degenerating circles to points (som 
times at infinity). 

For instance, in the two-contour case, we may use for R’ the circular ring 
bounded by C;:|z| = 1, C2:|z| =q< 1. There are two forms of degeneration 
of R’, namely g = 0, g = 1. In the former case, the circle C2 disappears, in 
the latter the ring itself vanishes. 

In contrast, we have the representation of R’ as a semi-Riemann surface of a 
real algebraic curve of genus one with two resl branches. A system of such 
Riemann surfaces, complete from the standpoint of conformal and symmetric 
equivalence, is represented, for instance, by the family of cubic curves: 


+ — 1)(@ 2) =m, 


In this range of values of m, the curve has no double point; therefore, being 
cubic, it is of genus one. There are always two real branches, on which the two 
given contours may be represented parametrically. 

The modulus m corresponds to the ratio of the radii q in the circular repre- 
sentation. At one extreme, m = 0, the curve is reducible, separating into a 
circle and a straight line, each of genus zero with a single real branch. This 
corresponds to g = 0. At the other extreme, m = m, the two real branches 
touch and the curve acquires a real double point. This corresponds to g = 1. 
We note that in both singular cases, the Riemann surface remains completely 
tangible in all respects. The figure shows the extreme curves m = 0, m = ™ 
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drawn full, and an intermediate one dotted. We may observe that in the repre- 
sentation as many-sheeted surface over the complex z-plane, one of the real 
branch-cuts or transition curves disappears, shrinking to the point x = 2, and 
the same happens to the corresponding component of the reducible surface. 
But if we pass to the representation over the y-plane—as we may do with preser- 
vation of conformality and symmetry—then there are two actual simply- 
connected components: one with branch-points at y = +1, the other a simple 
y-plane, and the second transition curve becomes the entire real axis of this 
plane. This illustrates how easily undesirable types of degeneration may be 
avoided by conformal or birational transformation of the many-sheeted Rie- 
mann surface, where this is not possible for the circular representation. 

The presence of infinite real branches can be avoided, if desired, by means of 
an inversion. 


Fic. 5 


Finally, if two of the contours I,J’; have a point in common, we can represent 
this in the circular form by two tangent circles C;C;. But, obviously, we can- 
not in this way represent more than two contours with the same point in com- 
mon. On the other hand, in the representation by means of a Riemann surface 
or algebraic curve, we can arrange for real multiple points of any order of 
multiplicity. 

For all these reasons, we shall employ in the sequel the representation by 
means of a Riemann surface. We may even restrict ourselves to the Clebsch- 
Liroth normal form.” This is apart from a few occasions where the use of the 
circles seems more convenient, but in every case the situation can be recast in 
terms of Riemann surfaces. 

Besides the many-sheeted form of R, we may consider the two-dimensional 
manifold S_ which is the locus in real four-dimensional space 2 , 22, yi, Y2 of 


* Cf. [18], pp. 440-444; also [19]. The essential feature of this normal form is that all 
branch-points are of first order, like that of 4/z. 
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the equation P(x, + ize, y: + iyz) = 0. Incidentally Sy is itself exactly a 
minimal surface in the four-space. Its orthogonal projection on the x = 2; + iz, 
plane or the y = y: + ty2 plane is a Riemann surface over that — on which 
Se is wineries conformally by the projection. 


§3. ORIENTATION OF THE GIVEN CONTOURS 


1. The 2°” different cases 


The contours ([) must be given not only by themselves, but also each with 
a definite sense or orientation; in fact, a given set of k contours (I) gives rise to 
2" distinct forms of the Plateau problem, corresponding to that number of 
essentially different orientations of the set. 

Consider first the two-sided case, of a minimal surface M,. Suppose the 
boundaries (C) = (Ci, C2, --- , Cx) of R’ are oriented so that R’ is on the left. 
Then we may orient each of the contours T,, T2, --- , I’, in a definite way, 
and in representing (I) parametrically allow only those topological representa- 
tions of each I on the corresponding C which preserve the sense, as preassigned. 
This is equivalent to demanding that after choice of a definite sense of the normal 
of M, (which is possible, because of its two-sidedness), the contours Tl, --- , l, 
in their preassigned orientations, shall have M, on their left, from the viewpoint 
of one standing on the side of the surface indicated by the directed normal, 
and facing in the sense assigned to each contour. 

It is evident that if we reverse the direction of the normal to M,, and also 
that of all the contours T;, --- , T simultaneously, we still have a minimal 
surface of topological type r bounded by the given contours, and lying on their 
left. Therefore, it makes no essential change in the problem to reverse the 
sense of all the given contours simultaneously ; this has only the effect of reversing 
the sense of the normal on the required minimal surface, and on all the surfaces 
whose areas are admitted to comparison. 

However, if we change the sense on some but not all of the contoursT . --- ,T;, 
then, whichever direction we choose for the normal to M, , this surface no longer 
lies to the left of all the contoursT,, --- , Ty ; i.e., it no longer furnishes a solu- 
tion of the Plateau problem for the changed orientation of the given set of 
contours. 

It is evident that we may keep fixed the sense on one of the contours I, 
but there are then exactly 2" different forms of the Plateau problem connected 
with the given set (['), associated with that many possible combinations of sense 
on the other k — 1 contoursT:, --- , These problems are really quite 
different ; for instance, a given set of contours ([) may bound a proper minimal 
surface of a prescribed topological type in one system of orientations but not 
in another. 

The simplest illustration is k = 2,r = 0. Ilere we have two given contours 
lr, , T:, and two essentially dillevent Plateau problems, according to the sense 
which we assign to Tr, after that of I, has been fixed arbitrarily. Take, for 
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instance, two co-axial circles in planes whose distance apart is sufficiently small 
as compared with the radii. Then if the circles are sensed as in fig. 6a, the 
minimal surface which is bounded by them on their left exists, properly, being 
the catenoid with normal directed as in the figure. If, on the contrary, the 
circles are sensed as in fig. 6b, then no proper doubly-connected minimal surface 
exists which they bound on their left; the only possible solution is the pair of 
circular discs with normal directed upward. 

If, for simplicity, we admit to comparison only surfaces of revolution, the 
difference between the two problems may be expressed as follows. In fig. 7a, 
the points P, Q are given on the same side of the X-axis; we require a curve 
joining these points, which, when revolved about the X-axis will generate a 


a b 
Fia. 6 
P 
Q 
B 
x’ A x x A | x 
a b 
Fia. 7 


minimum area. The solution is the catenary PQ. In fig. 7b, we have the same 
problem with the points P, Q’ on opposite sides of the X-axis, the point P being 
in the same position as before, which Q’ is the reflection of Q in the X-axis. 
Here the solution is the broken line PABQ’, as can easily be proved by ele- 
mentary methods, with use of the observation that the length of any curve 
joining P and Q’ is greater than PA + Q’B. It is evident that if we revolve 
about zz’ any curve joining PQ or PQ’ respectively, we obtain in either case a 
surface of revolution bounded by the same two circles, with respective centers 
A, B and radii PA, QB = Q’B. | 

The situation may also be expressed, quite concretely, as follows. Let us 
take a flexible and extensible tube, as in fig. 8a, whose ends are fixed to, say, 
two metal rings ', , ': clamped in position in space. In this way a surface = 
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ay is formed bounded by I; , I: and on their left, with the orientations of I, , r; 

i and the normal to > as in the figure. Now release the connection.of the tube 
| to T,, keeping it fixed to T, , and then stretch and bend the tube as in fig. 8b, 
F bringing it down from above to be again attached toT,. We obtain a surface 
>’ bounded on the left by the same contours I , I’: but in a different orientation: 


Fie. 8 


Now we may put to ourselves two entirely distinct problems, namely: 

(a) of all surfaces derivable from = by continuous deformation,” the bound- 
aries I’; , 'z remaining fixed, to find a minimal surface M of least area; 

(b) the same for all surfaces derivable similarly from 2’. 

In the process of deformation, we may also allow the boundaries of 2 to vary, 
provided that they return to their original positions including sense. This 


20 Allowing any type of self-intersection in the process. 
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enables us to turn a surface “inside out,” e.g., to pass from > to >" (fig. 8c). 
The normal of 2” is directed towards the interior of the tube. 

If; , Pz are the two circles considered in fig. 6, then the solution of problem 
(a) is the catenoid, while that of problem (b) degenerates into the sum of the 
two circular dises. 

Quite as often, however, we obtain two distinct proper solutions to the prob- 
lems (a), (b). Consider, for example, two circles in perpendicular planes, with 
coincident centers and unequal radii. Form the single contour consisting of 
the line-segment AB, the upper semi-circle of T, , the line segment CD, the 
forward semi-circle of T;. This contour bounds a minimal surface of least 
area, Mj , lying entirely in the first quadrant, as we may call it. Let this surface 
be rotated through 180° about the diameter AD; then we get a minimal surface 
Mj, lying in the third quadrant, bounded by AB, CD and the complementary 
semi-circles of T,, T:. According to the Schwarz symmetry principle for 
minimal surfaces,” M; is the analytic prolongation of M; across AB and CD. 


Therefore M; + Mi = Myisa single analytic doubly-connected minimal surface, 
bounded by the circlesT;, 12. If these circles are oriented as indicated by the 
arrows marked M, in the figure; then the surface M, , with its normal properly 
directed, is on the left. 

Let M, then be reflected in the plane of the vertical circle. We obtain a 
minimal surface M; , also bounded by I, , l': , and while the sense of I; is pre- 
served, the sense of I, must be reversed as indicated by the arrow marked M; , 
in order to keep on the left the surface M; directed as obtained by the reflection 
from M. 

If the vertical circle be moved to the right till it interlaces with the horizontal 
one, the preceding construction gives two (inversely congruent) doubly-con- 
nected minimal surfaces bounded by these interlacing contours. This illustrates 

*t (28), p. 175; [29], p. 397. Actually, a stronger form of this symmetry principle is 
necessary for the present purpose; see J. Douglas, The analytic prolongation of a mini- 
on over a rectilinear segment of its boundary, Duke Mathematical Journal, Dec., 
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the general theorem given by the author in [3], p. 351, according to which any 
two interlacing contours bound a doubly-connected minimal surface. In the 
present example, contrary to what one might be inclined to guess, neither of 
the minimal surfaces is self-intersecting. 

The reader will find it easy to illustrate the 2” = 4 cases corresponding to the 
different orientations of three given contours. 


2. One-sided surfaces 


Consider next the case of one-sided surfaces. The figure illustrates the two 
ways in which we may interpret the problem of a surface of least area with 
characteristic one bounded by two given contours I; , Tz (Mébius surface with 
two boundaries). Here there is a proper solution only in the case of fig. 10a; 
in fig. 10b the solution degenerates to a Mobius strip [; and a circular disc I, . 
However, if l; , supposed to be a circle, is placed with its center on the Mébius 
strip determined by I , then, as I have proved, there exist proper one-sided 
solutions of characteristic one in both cases (a), (b). 


Fie. 10 


Here there can be no question of ascribing a sense to each contour so that 
the surface M is on the left, when the normal to M is properly directed, since 
there is no way of distinguishing over the entire surface M one direction of the 
normal from the other; indeed, this fact constitutes exactly the definition of a 
one-sided or non-orientable surface. The two senses of the normal are inter- 
changeable when followed continuously over a properly arranged circuit. 

We may say here that each contour occurs with both orientations. In the 
representation by means of the covering surface R’ with k pairs of U-equivalent 
boundaries C,, Ci; --- ; Cz, Cz we have to decide which orientation of Ij 
shall go with C; and which with C;. This gives again 2‘ essentially distinct 
possibilities, since the first choice is indifferent. 


3. Contours with common points 


For definiteness, we shall suppose that the given contours (I) are k Jordan 
curves which do not interest one another. However, our theory and results 
are easily adapted to the case where the contours have points in common, pro- 
vided no separate contours can be formed by combining ares of the given ones. 
That is, we may have a situation like fig. 1la but not like fig. 11b. 

All we need do in this case is to require the symmetric Riemann surface F to 
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have the system of its transition curves (C) topologically equivalent to the 
system (I') of given contours, that is, e.g. in fig. 1la, the corresponding algebraic 
curve P(x, y) = 0 must have exactly two real branches, one with a tripie point 
and a double point corresponding to Q; and Q, respectively, the other with a 
double point corresponding to Q:. 

We have already shown in detail how this works out in the case of two con- 
tours with a single point i in common, and where the minimal surface is required 
to be simply-connected.” The corresponding: algebraic curve might be taken 
to be, e.g., a lemniscate, to whose real double point the common point Q of the 
two contours always corresponds. Actually, we used as semi Riemann surface 
a parallel strip of the z-plane, whose infinite point corresponded to the inter- 
section point Q.” 

An alternative method of regarding fig. 1la is to consider that we have two 
contours + + + + Is , which, however, are not Jordan curves, 


but have multiple points. ‘These can be taken account of by means of the suffi- 


cient condition (5.11) or (5.28), with the same final result as to the existence of - 


the required minimal surface. 

In short, we require the semi Riemann surface R’ to be topologically equiva- 
lent to the required minimal surface M, in all respects, including transition 
curves (C) as compared with given contours (T); we may say that R’ is of type 
(l,r). If then, the k curvesT, , --- , which compose (I) have no multiple 
points either individually or mutually, then (C), as referred to the corresponding 
algebraic curve P(x, y) = 0, shall consist of k real branches without multiple 
points. On the other hand, in case the system of contours (If) presents multiple 
points, these must be represented as points of equal multiplicity on the system 
of real branches (C). 


[8]. 
* Cf. §10.2. 
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§4. Surraces or AssiGNeD TopoLoGicaL TyPE BouNnDED BY GIVEN Contours 


1. Intuitive considerations 


- Let the surface S, bounded by the contours ([) vary continuously in an 
arbitrary way, while the boundaries remain fixed. Then, in the limit, this 
surface may resolve itself into separate parts, or its topological characteristic 
may be reduced, e.g., by the closing up of an opening or by a handle of the 
surface shrinking to a curve Also a closed part of S, may simply break off, 
giving a closed component without relation to the contours (T). These processes 
may occur several times successively or in any combination, so that we may 
obtain most generally as limit of a surface S, bounded by (I) a surface S” 
consisting of m parts having a total characteristic <r. If either m > 1 or the 
characteristic is really <r, we say that S” is of the reduced type r’’ and write 

Similarly, a one-sided surface S, bounded by (I) may reduce, .a varying con- 
tinuously with (I) fixed, to a surface 5, consisting of one or several parts, which 
may be one-sided or two-sided, having a total characteristic <r. We say that 
3S’ is reduced, of type ?”, if it is really reduced, i.e., consists of more than one 
part or has a total characteristic less than r. 


2. More exact definitions 


Suppose given a set of k contours (If), each with a definite sense of description. 
We define a'surface S, (or S,) of characteristic r (or #) bounded by (I) as follows. 
Let R be any symmetric Riemann surface whose semi-surface R’ has the char- 
acteristic r (or 7) and k boundaries (C). First, as stated in §3.3, these must be 
topologically equivalent to (If); for definiteness, let no two contours I and no 
two transition curves C intersect. On R then define any one-valued continuous 
vector function x(u, v) which takes equal values at conjugate points of R, and 
which transforms the transition curves (C) in a monotonic continuous way into 
(f). This means that the correspondence established by r between (C) and 
({) is either one-one continuous, or deviates from this, at most, by allowing 
any number™ of partiai arcs of one or more transition curves to correspond to 
single points on the related contours. The reference is to the depiction of the 
correspondence by a monotonic graph as in fig. 21. If the correspondence is 
one-one in any particular case, this will be especially proved. 

Then the locus of the point r(u, v) in the n-dimensional space will be called a 
surface of characteristic r (or 7) bounded by (F). This surface S, (or S,) is two- 
sided or one-sided according as R is of the first or second kind in the Klein sense. 
The stipulation as to the coincidence of values of r(u, v) at symmetric points 
makes r a one-valued function on the semi-surface R’, and we may regard f as 
transforming R’ topologically into S, (or 8,). 

This definition gives S, (or S,) in a particular representation. From this, its 


*4 Finite or denumerably infinite. 
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most general representation may be derived by topological transformation of R 
into itself or a homeomorphic Riemann surface with preservation of conjugate 
points; in other words, the semi-surface 2’ undergoes topological transformation. 

If R is reduced, of type r’ or r’’, then in case of separation of R, the continuity 
of x(u, v) applies, of course, only to each component part. We have then de- 
fined a surface of the reduced type r’ or r’—i.e., primary reduced or general 
reduced—bounded by (If). Similarly we have in the one-sided case reduced 
surfaces of type 7’, 7’ bounded by (I). 


3. Reduction of surfaces 


The simplest types of reduction are illustrated in the next figure. Fig. 12a 
illustrates a doubly-connected surface bounded by I; , T; about to reduce to 


the sum of two separate simply-connected ones. Fig. 12b shows a surface of 
torus type about to reduce into a simply-connected one. In fig. 12c, we start 
with the Riemann surface for /z and delimit a branched portion by means of 
the contour Tr. Then we replace the branched part near the origin, bounded 
by y, with a Mébius surface bounded by y, as indicated. This gives a Mobius 
surface bounded by I. If now y shrinks to the branch-point, this Mébius 
surface reduces back to the original simply-connected branched surface. 

A more general type of reduction is illustrated in the next figure, which repre- 
sents schematically the reduction of a surface S, bounded by five given contours 
into three separate parts with reduction of the total characteristic to two. One 
of the three handles, which gave the original characteristic siz, has shrunk to a 
curve; the opening which produced another has shrunk to the point P; the third 
handle remains. The connections of the different parts have shrunk to curves, 
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which may simply be removed, as well as the withered handle. We may also 
imagine additional components in the form of closed surfaces attaching at 
isolated points to those pictured, which closed components may simply be broken 
off, without producing any new boundaries. 


4. Reduction of one-sided surfaces 


Starting with either a two-sided or a one-sided surface S, or S, , we may con- 
vert it into a one-sided surface S,+2 with an increase of two in the characteristic, 
by attaching a handle joining opposite sides of S, ,” or simply any handle in 
the case of S,, already one-sided. Conversely, if this handle degenerates, 
me goes back to S, or S, swith a reduction of two in the characteristic. 


Fia. 14 


Fig. 15 


Often, however, it is desirable to reduce by exactly one unit the characteristic 
of a one-sided surface: 8, to 8, or S,. , and to do this by continuous deforma- 
tion of 8, . 

‘We first consider, conversely, how to build S,—1 or S,-. up to §,. This can 
be accomplished by the construction of a cross-cap,” as follows. We pinch up 
a small portion of S,_; or §,_; into the form of a cone. Then we slit this cone 
part way down along two elements, and join the opposite edges of the two slits 
cross-wise in the manner of a Riemann surface. The figure indicates the succes- 
sive stages of the process. It is evident that by traversing the branch-cut, we 


% Fig. 14 illustrates a Klein surface with a single boundary. A Klein surface is one 
obtained from a sphere by attaching a handle, one end of which is joined to the outside, 
the other to the inside of the spherical surface. A closed Klein surface is necessarily self- 
intersecting, in three dimensions. See [21]. 

Kerékjarté [20], Kreuzhaube. 
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can pass from any point on the surface to its antipodal. Thus the surface has 
become one-sided, if it were not already so, and the characteristic has been in- 
creased by unity, corresponding to the addition of exactly one new circuit, 
leading from any point to its antipodal via the branch-cut. 

Conversely, if the cross-cap disappears by continuous variation—the slit 
reducing to a point—the characteristic is reduced by unity, and the surface 
may be converted from one-sided to two-sided. This will happen if the one- 
sided nature is due solely to the cross-cap under consideration, and not also to 
topological phenomena elsewhere on the surface, i.e., other cross-caps or reverse 
handles. 


Fie. 18 


Fig. 16 illustrates, by means of cross-caps, a Klein surface with two given 
boundaries. The next figure shows ali the forms of primary reduction. In 
order, these are 

(a) simply-connected surface I; + Klein surface Ir: , 

(b) Klein surface I, + simply-connected surface I: , 

(c) Mébius surface Tr, + Mébius surface I: , 

(d) Mébius surface P,P. . 

Fig. 18 illustrates two equivalent forms of a surface of type 3 with a single 
boundary. The surface being already rendered one-sided by the cross-cap, 
there is no distinction between a direct or reverse handle. 

By disappearance of the cross-cap, we obtain from (a) a torus, from (b) a 
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Klein surface, with the given boundary. These represent the two possible types 
of primary reduction. 


§5. SurrIciENT CONDITIONS FOR THE SOLVABILITY OF THE PLATEAU ProBLEem 


1. The functional a(T, 7) 


bie Consider all surfaces S, which are properly of a given topological type r, and 
ae are bounded by a given set of oriented contours (IT). Each of these has a definite 
i area, which we understand to be defined in the sense of Lebesgue,” namely, as 
i the least limit which can be approached by the area, in the elementary sense, 
4 of a variable polyhedral surface IT having the topological form of S, and which 
tends to S,. We then define: 
(5.1) r) = min Y(S,), {all 8, bounded by 
) Throughout, we shall use “‘min’’ as synonymous with lower bound, without prejudice 
of the question as to whether the minimum is attained or not. 

fi For any particular surface, %(S,) may be finite or infinite, and, as we shall 
f see, there are even cases where %{(S,) is identically infinite for given boundaries ( 
(1). Therefore a(I’, r) may be finite or + ©. 

Consider now all reduced surfaces S, of type r’’ bounded by (I), whether the ] 
reduction be primary or composite. Their areas have a lower bound 


(5.2) r”) = min [all bounded by 


We may consider also only the primary reduced ‘surfaces S, bounded by (I), 
and define accordingly I 


(5.3) a(I’, r’) = min A(S;) [all S; bounded by (r)]. 


The previous definitions apply also to one-sided surfaces: 7, 7’, 7’’. 
We have 


(5.4) a(f, r”). 


For, given any reduced surface S,; bounded by (P), it is evident that by adjunc- 
tion of appropriate connecting parts in the form of narrow tubes, of direct or 
reverse handles, and of cross-caps, all having arbitrarily small area, we can build 
up S; to a proper surface S, with the boundaries ([). From this consideration, 


(5.4) results immediately. ( 
We may also express (5.4) in the form 

i.e., the lower bound of areas for the proper type r is also the lower bound for of 

all of type r or r’’, proper or reduced. he 


27 [27], Lebesgue dealt explicitly only with simply-connected surfaces. Cf. formula 
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(16.1). 

| 27a See §17.5. 
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Evidently, in a similar manner to the passage from S, to S,, we can build 
up any composite reduced surface into one of primary type, with arbitrarily 
small modification of area; therefore 


(5.7) = r”’). 


But since the set [S;] is part of the set [S;], we have also the reverse inequality, 
end therefore 


(5,8) r’) = a(f, r”). 


Tis is the reason why, for all essential purposes, we may consider among 
reduced surfaces only the primary reduced type. 
With (5.8), we have by (5.4), 


(5.9) r) a(f, r’). 


Throughout, all definitions and theorems apply, with the appropriate change of 
wording and notation, 7, i.e., we may interpret r 
as symbolizing: either r or f. 

By reference to §2.4, it appears that a(I, r’) is equal to the least of the fol- 
lowing system of quantities: 


where rT) r=n+n 


represent all possible partitions of the set ([) and of r. In the one-sided case, 
a(I’, ’) is equal to the least of 


(5.10) af, r — 1), a(f,r — 1), 
where only even values of the characteristic apply to any two-sided component. 


2. Theorem I 
Suppose that for given data (I, r) we really have in (5.9), 
(5.11) r) < a(f, r’). 


Then we shall prove the following theorem.” 

I. If r) is finite, and a(f, r) < a(T, 1’), then a minimal surface 
M, exists which is properly of topological type r and bounded by (I). The area 
of M, is a minimum in comparison with all topologically equivalent surfaces S, 
having the same boundaries (1), including sense. That is, X(M,) = a(T, r). 


*» First stated and proved in [1], [2]. 
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3. The vector Dirichlet integral D(r) 


Although the interest and the concrete nature of the Plateau problem cer- 
tainly depend on the interpretation as least area problem, we have found that 
from the standpoint of analytic treatment, it is in maay ways more simple and 
effective to use the Dirichlet functional formed for a vector r: 


In fact, it may be said that the introduction of this functional to replace the 
area functional constitutes the main feature of the author’s contribution in the 
solution of the Plateau problem.” 
To define D(z) in the one-sided case, the uideunion is performed over the 
entire Riemann surface R, and the effect of this neutralized by an extra factor }. 
We suppose r(u, v) to be continuously differentiable, at least piece-wise. 
We shall make a distinction between the area %(r) in the sense of Lebesgue, 


(5.12) 


‘and the area as defined by an integral: 


(5.13) I(r) = [ — Fedudv. 


The fact is that for surfaces x of the stated regularity, the two are equal.” 


- However, in the interest of a self-contained treatment, it is sufficient to know 


that certainly 


(5.14) A(x) I(x), 


which is much more easily proved—see (16.11) and the associated discussion. 

We observe that %(r) and I(r) depend only on the surface itself, being in- 
variant under arbitrary parameter transformation, whereas D(z) is a functional 
of a surface in a given representation. The parameter transformation grvup 
under which D(z) is invariant is the conformal group, as is well-known. 

Let us form the harmonic vector function H(u, v) on R’ with the same bound- 
ary values as r(u, v) (Dirichlet problem). Then we have by the classic minimum 
property of harmonic functions in the Dirichlet integral, 


(5.15) D(H) = D(x). 
Evidently, then, the problem 

(5.16) = min., 

in the set 


[all vectors x(u, v) representing surfaces S, by 


27e Cf. C. Carathéodory, Bericht tiber die Verlethung der Fieldsmedaillen, Comptes Rendus 
du Congrés International des Mathématiciens, Oslo, 1936, v. 1, pp. 308-314. 
28 See [15], pp. 11-12. 
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is entirely equivalent to the problem 
(5.17) . D(H) = min., 
where r is restricted to be a harmonic vector H(u, v). 

The harmonic function H(u, v) depends only on the Riemann surface R 
and on the boundary values g(z) of H on C, which form an arbitrary parametric 
representation of (T). Hence D(H) is a functional of g and R, for which we use 
the notation 


6.18) 4@,R) = = + (EY | aude, 


R’ i=1 
Therefore, equivalent to (5.16) and (5.17) is the problem 
(5.19) A(g, R) = min. 


in the set [(g, R)] consisting of all symmetric Riemann surfaces R whose semi- 
surfaces are of type (I, r), combined with all parametric representations g of 
(T) on the transition curves (C) of R. 

Obviously, too, 
(5.20) min D(r) = min D(H) = min Ag, R) = d(T, r), 


where the last symbol is the notation we now adopt for the common minimum 


_ value of these three aspects of the vector Dirichlet integral. 


Reduced surfaces. Evidently, D(r) may be defined just as well for surfaces 
t(u, v) of the reduced type r’, r’’, primary or general, as for the proper type r. 
We simply form, by definition, the sum of the integrals D(r) taken over the 
separate components of R’. 

H(u, v) with the boundary values g(z), will be determined by solving a separate 
Dirichlet problem for each component part of R’. Accordingly, if 


(5.21) 
then, by definition, 
(5.22)  A(g, R) = A(gi, Ri) + Age, Re) + --- + AGm, Rn), 


where g; denotes the part of g that belongs to the transition curves of R;. 
This is the reason that any closed components R; may be ignored, since a func- 
tion harmonic and everywhere regular on a closed Riemann surface must reduce 
to a constant, and therefore contributes nothing to the Dirichlet integral. 

We now define d(T, r’), d(T’, r’’) as the common minimum value of D(z) or 
D(H) = A(g, R), when the Riemann surface R varies over all of the reduced 
type r’, r’”’ respectively, and g varies arbitrarily. Evidently, since type r’’ 
includes r’, we certainly have d(I, r’) = d(T, r”), but the fact is, as will be 
proved, that 


(5.23) r’) = r”), 


which, as stated before in connection with area, justifies confining ourselves to 
the primary reduced type. 
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Dirichlet functional and area functional. We observe the identity: 
+ G) — — FP = }(E' — Gy? 


5.24 
+ + F — SEG — Py’. 
This proves immediately: 

Tueorem (a). D(z) 2 I(z). If = I(t), then E = G, F = 0, and 
conversely. 


In other words, D(x) = I(x) is the necessary and sufficient condition for a 


conformal representation. 
By the first part of the theorem and (5.14), we certainly have 


(5.25) adr, r) 2 a(f, r). 
Also, for reduced surfaces. 
(5.25’) r’) = r’). 
The fact is, however, as will be proved, that 
(5.26) dl, r) = a(f, r); 
(5.26’) a(t, r’) = a(f, r’). 
4. Theorem II 


._ We shall also easily prove the analogue of (5.9): 
(5.27) r) s r’). 


Suppose that for given data (I, r), we really have the strong form of the 
inequality: 


(5.28) r) < d(f, 7’). 


This constitutes the sufficient condition in the statement of our main theorem.™ 

II. Jf r) is finite, and d(T, r) < r’), then a surface M, 
bounded by (I) exists, ina representation M,(u, v) on a semi Riemann surface 
properly of topological type r, such that D(M,(u, v)) = d(f, r). Every such 
surface is minimal, and its representation 1s conformal. 

The spirit of our method consists in proving this theorem exclusively on the 
basis of the functional A(g, R), without any reference to area, or the use of any 
part of the general theory of conformal mapping. 


_ 288 See footnote 27b. 


| 
| 
| F 
th 
of 
{ 
| ( 
sit 
th 
det 
| the 
sur 
is t 
y 
| (5.2 
| | | the 
wit! 
| con 
app 
N 


MINIMAL SURFACES OF HIGHER TOPOLOGICAL STRUCTURE 233 


5. Arbitrary Jordan contours 
If the contours (I) are arbitrary Jordan curves, then in general 
(5.29) a(f,r) = +” 
‘a (S,) = +o. 


In order that a(I, r) be finite, a necessary and sufficient condition is that 
each contour I"; be capable of bounding a simply-connected surface of finite area: 


(5.30) a(';) = a(f;, 0) < +», j=1,2,---,k. 


For this in turn a sufficient condition is, evidently, that each I’; be rectifiable; 
then, e.g., the cone obtained by joining all the points of I’; to any fixed point 


of space has finite area. 
To prove the equivalence of a(f', r) < +, and (5.30), we observe first that 
(5.31) af, r) = a(f, r’’) a(T;) + a(T'2) + + a(x), 


since the right member represents a particular type of reduction of S, , namely, 
into k simply-connected parts. Therefore (5.30) implies that a(I, r) is finite. 
Conversely, let a(I', r) be finite; then a surface S, exists bounded by (I) such 
that %(S,) is finite. We have then only to assume that for each contour I; , 
it is possible to construct on S, a rectifiable closed curve I’; topologically equiva- 
lent to [; by continuous variation on S,. This is certainly the case if the 
defining function r(u, v) of S, is continuously differentiable piece-wise. Then 
the ring-shaped portion of S, between I; and I’; , combined with any conical 
surface having I’; for base, evidently gives a simply-connected surface of finite 
area bounded by . 

Conversely stated, the necessary and sufficient condition for a(I', r) = + 
is that a([';) = + for at least one of the contoursT; . 

For the case where a(I, r) is finite, we define the functional 


(5.32) e(I', r) = a(f, r’) — af, r) 20 


by (5.9). 
For arbitrary Jordan curves I’, whether capable of bounding surfaces of finite 
area or not, we define 


(5.33) ar, r) = max lim e(I'n, r) = 0, 
the maximum being with respect to all possible ways of approaching to (I) 
with a sequence of contour systems ([)=;m = 1, 2, 3, --- ; such that each 


contour of each system is capable of bounding a finite area. This mode of 
approach is always possible, since the approaching contours may be taken to be, 
for instance, polygons. 

Now, the following theorem holds.”° 


** Announced in [2], p. 108. 
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TueorEM III. Suppose a(f, r) = +o. If al, r) > 0, then a minimal 
surface M, exists which is properly of topological type r and bounded by (T). The 
area of M, is infinite, but every completely interior” portion M’ has an area which 
is finite and a minimum for its own topological structure and boundaries. 

This theorem will be proved in §17. 

In other words, our sufficient condition is: 

(1) for the case a(I, r) finite, that 


be strictly positive ; 
(2) for the case a([, r) = +, that 
the limit of r’) — r) 


be strictly positive, for some way of tending to the given contour system (I) 
with a sequence of contour systems (I')» such that each approaching contour 
is finite-area-bounding. 

Throughout this discussion we may replace the area functional by the Dirichlet 
functional and a(I, r) by d(I, r). 


CuaprTer IJ 
ANALYTIC TREATMENT AND PROOFS 
§6. SymMETRY AND CoNsUGACY 

: 1 

Consider a symmetric Riemann surface R of the first kind, separated, that is, 
by the curves of transition. According to the remarks of §3, we can include 
in this way the one-sided as well as the two-sided case. 

Fig. 2 will be used as a typical illustration. 

If p denote the genus of R, there exist on R exactly 2p linearly independent 
circuits: p of the first system denoted by A; , and p of the second system denoted 
by B;. Of these, A; , Az, As, Agand B, , Be , Bs , By are indicated in the figure; 
we can define Bs ~ C; , Bs ~ C2, , B; ~ C3 and As, Ae, Az may be easily visu- 
alized, surrounding the openings numbered correspondingly. 

Suppose we give to A;, As, Az a definite orientation, say the one which is 
counter-clockwise in the figure. Then we observe that these circuits are con- 
verted by T' into themselves reversed: 


(6.1’) TAs —A;, TAg —Ag, TA; —A;. 


This leads us to arrange the orientations on A; , As; and Az, A, as in the figure, 
so that 


(6.1”) TA, —As3, TA; = —A), TAs = 


2° Meaning interior inclusive of its boundaries. 
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This orientation of the circuits of the first system determines, according to a 
standard convention of topology, a definite orientation of the circuits of the 
second system, as indicated in the figure. The convention is that the circuit 
equivalent to }o? (A; + B; — A; — B;) shall have on its left the polygon of 
4 p sides to which R may be reduced by the canonical dissection. We then 
observe that under the transformation T, we have 


TB, = TB, => B,, TB; => B,, TB, => B:, 
TB; = B;, TB. = Be, TB, = B;. 


The relations (6.1), (6.2) pair the circuits or indices j according to the sub- 
stitution 


7 
(6.3) r=(; 4:12 5-6 = 1). 


We shall term symmetric to each other any two indices or circuits which corre- 
spond by this substitution, and shall use the notation 


(6.2) 


(6.4) j’ = index symmetric to j. 
We may then summarize the relations (6.1’, 1’’, 2) as follows: 
(6.5) TA; —A;, TB; = B;. 


It is important to observe that there are two types of indices or circuits: 

(1) self-symmetric: 5, 6, 7; 

(2) alter-symmetric, which occur in pairs: (13), (24). The corresponding 
circuits B are self- or alter-symmetric according to their indices, while for the 
circuits A we have self- or alter-symmetry to within the sense, according to (6.1). 

The alter-symmetric indices and circuits belong to the h handles of the semi- 
surface R’ and their images by 7’ on the conjugate semi-surface. The essence 
of the case h = 0 (or r = 0) is that then all indices and circuits are self-symmetric, 
so that the substitution (6.3) induced by T reduces to the identity. 

The same applies to the case r = 1 of a Mébius surface with any number of 
boundaries. Here the covering semi-surface ®’ is of genus zero. 

But in the cases higher than this, r > 1, alter-symmetric circuits are actually 
present, and 7’ induces an actual substitution of the indices, not the identity. 

We shall use the notation: 


(6.6:) a, B,A,u = 1,2,--- ,h 
to denote indices belonging to alter-symmetric circuits on R’; 
(6.62) a’, BN, =h+i1,h+2,---,2h 


to denote the respective symmetric indices belonging to circuits on the conjugate 
semi Riemann surface; 


(6.63) r,3.= 1,2, 
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to denote self-symmetric indices; 
(6.6,) j,k, =1,2,---,p 


to denote all indices indifferently. We shall also employ the standard sum- 
mation convention, according to which the repetition of any index in a term 
denotes summation over the range of that index. 


2 
On the Riemann surface R there exist p normal integrals of the first kind: 
v,(w), ve(w), --- , p(w). These can be continued indefinitely on R without 


coming to any singularity, but are not uniform; the period of v; around A, is 
6.(= 1, if j = k; = 0, if 7 ¥ k), and its peripd as to B, is denoted by r,. The 
latter obey the well-known symmetry relation: 


(6.7) Tik = 


Normal integrals v; , v;; which correspond to symmetric indices will be called 
symmetric to each other. Between these we have the following important 
relations 


(6.8) vw) = —v;(®), 


where @ denotes the symmetric point to w, and in general the bar denotes the 
conjugate complex quantity. This is for properly selected elements about wu, 
® of the multiform functions v, and after the arbitrary additive constant in- 
volved in each v has been properly adjusted. The proof of (6.8) is by observing 
that the right side is everywhere regular, and has by (6.5) the same period about 
each circuit A; as the left side. This identifies the two sides to within an 
additive constant, by the well-known theorem: an integral of first kind with 
periods of one system all equal to zero must reduce to a constant. 
Allow w in (6.8) to describe B;, ; then @ describes B,, , and we get 


(6.9) Tik = 


This implies 7;;, = pure imaginary, r,, = pure imaginary, with reference to 


the notation (6.6). 
The quantities 


1 
(6.10) tag = oni (Tap — — Tap? + Ta’p’) 


will play an important rdle. They are real by (6.9), in fact 

1 1 
(6.11) tag = R (rap Ta’p) = R a Tap’) 
Evidently, by (6.7), they are also symmetric in the indices a, 8. 


Their determinant | tag | can easily be proved non-vanishing. For the con- 
trary would imply a system of linear relations 


(6.12) Cates = 0 (8 = 1,2, ---,A) 


(6. 
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(all C. real), where at least one C, # 0. Consider the everywhere regular 
harmonic function 


(6.13) H=C.R [va(w) Va'(w)). 


By (6.11, 12), its period about every circuit Bs , Bg vanishes. The same applies 
to every self-symmetric circuit B, , since by (6.9), 


6.14) 5 (rer — Ta'r) = =. (rar + Tar) = pure imaginary. 


Obviously too, the period of H about every circuit A; is zero. Hence H is a 
uniform harmonic function without any singularity on the entire Riemann 
surface R; therefore H is a constant, and the same is consequently true of the 
complex analytic function of which it is the real part: 


(6.15) Calva(w) — va (w)] = C’. 
Taking the period of each side about Az, it follows that 
(6.16) Cs = OforB = 1,2, --- ,h, 


contrary to assumption. 
Accordingly, | tag | # 0, and we can therefore form the reciprocal matrix: 


(6.17) T ap = cofactor of tag + | tag | 5 
Between t.s and 7’. , there are the standard relations 

a 1, if a= B, 
(6.18) Teaty = = “eee 


The reality and symmetry of tag imply the same properties for Tag . 


§7. GREEN’s FUNCTION oF A SYMMETRIC RIEMANN SURFACE 
1. Definition 


The Green’s function G(z, w) of a semi Riemann surface R’ is defined uniquely 
by the following three properties: 

(i) as a function of z, y(z = x + iy), G(z, w) is uniform and harmonic on R’; 

(ii) G(z, w) is regular on R’ except for a logarithmic singularity at z = w, 
so that for z in the neighborhood of w, we have 

G(z, w) = log | 2 — w| + function regular at w; 

(iii) on the transition curves C, which form the boundary of R’, G(z, w) = 0. 

It follows that by Schwarzian symmetry we can extend the function G over 
the entire Riemann surface R, and have 


(iiia) G(z, w) = —G(z, w), 


where z, 2 denote any two symmetric points of R. Conversely, property (iii) 
follows from (iia), since on the transition curves, 2 = z. Evidently, the function 
(7, regarded thus as defined everywhere on R, is still uniform on R, and has, 
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besides z = w, also a logarithmic singularity at the symmetric point @ with 
principal term —log | z — @ | ; otherwise G is regular on R. 

We shall adopt this point of view as to G(z, w), regarding it as defined every- 
where on R, and determined uniquely by the conditions: 

(I) G(z, w) is uniform on R; 

(II) G(z, w) is harmonic; 

(III) G(z, w) is regular on R except for two logarithmic singularities, one at 
w with principal term log | z — w | , the other at the symmetric point ® with 
principal term —log | z — @| ; 

(IV) Gz, w) = —Gz, w). 


2. The self-symmetric case, r = 0,1 


In the cases of self-symmetry, r = 0, 1, Green’s function is expressed by the 
following simple explicit formula:” 


(7.1) Gz, w) = RLA(z; w, B), 


where 2 denotes the normal integral of the third kind with logarithmic singu- 
larities at w, @. 

The properties which characterize 2 to within an additive constant are: 

(a) regular except for logarithmic singularities at w, ® with respective prin- 
cipal terms log (z — w), — log (2 — ®); 

(b) zero periods with respect to the circuits A of the first system. 

An explicit formula for 2 in terms of 6-functions, which fixes also the additive 
constant, is 
_ W(v(z, w); $B, 7) 


Here @ denotes the multiple 6-series of Riemann, as generalized by Hermite, 
O(u; 7) = >> exp [2riu,(n; + 
+ + (me + Sax) + + }a;)] 


The summation convention is employed for j, k = 1, 2, --- , p, and >> denotesa 
multiple summation as n; , m2, --- , %» range over all integers from — © to+~@. 
The characteristic $8, $a of the 6-series consists of 2p half-integers, which may be 
taken to be 0 or 3; and we presume an odd characteristic, i.e. 


(7.3) 


(7.4) Ba = Bio, + Broz + --- + Ba, = odd integer. 
We shall also suppose 
(7.5) ay =a;, By = B;; 


in the self-symmetric case, j’ = j, and this condition is satisfied of itself. 
To form Q, we substitute for the variables u; the normal integrals of first 
kind, v,(z, w) = v,;(z) — v,;(w) in the numerator, and v,(z, ®) = v,(z) — »(®) 


30 [2], p. 109. 
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in the denominator. For the parameters rj, , we substitute the periods of these 
integrals, as defined in §6. 

With the notation rj = rj + irj,, it is known" that the quadratic form 
+ + 4x) is positive definite. This implies that the é-series and 
ail its derived series are absolutely and uniformly convergent for all bounded 
values of the variables; accordingly, it is permissible to differentiate this series 
term-wise to any order. 


3. Properties of the 6-function 
The multiple @-series has the following properties, important for the present 


application. 
First, the partial differential equation 
(7.6) 


verifiable immediately by term-wise differentiation of the series (7.3). 
Second, the period properties: 

(7.7) + 54) = 


We can verify (7.7) by direct substitution in the 6-series. To verify (7.8), we 
must accompany the indicated transformation of the variables u by a change of 
the summation indices: n;inton; — 64. Throughout the calculation, of course, 
summation indices such as j, k may be freely interchanged. 

Next, we have 


(7.9) 6(—u) = 


In verifying this, we accompany the transformation of u into —u by the 
change of summation indices: n; into —n;—a;. Under the condition of an 
odd characteristic, as expressed in (7.4), it follows that @ is an odd function: 


(7.10) = —O(u). 
Finally, we have the relation of conjugacy: 
(7.11) = 


Unlike the preceding, this is dependent on the supposition (7.5), and the relations 
(6.9) of conjugacy which govern the periods 7;,. In verifying (7.11), we make 
the transformation of summation indices: n; into nj . 


4. Properties of w, 


From (7.10) it follows that 6(0) = 0. Hence the numerator in (7.2) vanishes 
when z = w, the denominator when z = #. Each has exactly p — 1 other zeros 


* [18], p. 83. 
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@; , @2, , which according to a known theorem on 6-functions, are the 
same for both.” Hence @ has no other singularities except w, ®. Thus property 
(a) of & is implied. 
. Property (b) follows immediately from (7.7). 

About any circuit B, of the second system, we see by (7.8) that @ has the 
period 
(7.12) 2riv,(w, 

5. Properties of G(z, w) 

The most important property of G is (1), its uniformity. Property (b) of 2 
implies that the periods of G as to every circuit A vanish. The period of G as to 
any circuit B, is, by (7.12), 


P, = R2riv,(w, = [v,.(w) 
= § [pure imaginary quantity] = 0, 


by (6.8), since k’ = k in virtue of the presumed self-symmetry of all indices. 
Hence G is uniform on R. 

Property (a) of Q implies properties (II) and (III) of G. 

Finally, we easily verify, with the use of (7.11), that 


(7.14) QZ; w, B) = —A(z;w, 


for properly arranged branches of the multiform function 2. Taking real 
parts, we have 


(7.15) w) = —G(z, w), 
or property (IV) of G. 


(7.13) 


6. Alter-symmetric case, 7 > 1 


In ease alter-symmetric indices a are present, the formula G = RO no longer 
represents the Green’s function of R. This is because RQ is no longer uniform 
on R, due to the non-vanishing period 


(7.16) P, = R2riv,(w, B) 


with respect to each alter-symmetric circuit B,. For we cannot apply here 
the reasoning associated with (7.13), which depends on k’ = k, whereas a’ # a. 

The appropriate device for dealing with this situation is to modify RQ by the 
addition of complementary terms so as to neutralize the periods P. , and still 
preserve the other essential properties of Green’s function. We have found the 
effective modification to be:* 


(7.17) w) = w, — Tas [ve(z) — va-(z)] [vp(w, — 


82 [17], p. 262 (IV). 
38 As far as we know, an explicit formula for the Green’s function of a general Riemann 
surface has not hitherto been given (except in the preliminary note [31] to the present 


paper). 
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We have 
(7.18) DW) — = v—(w) — — vg-(w) + 
= vg(w) — + — vg(w), by (6.8), 
= 


Therefore, we may re-write (7.17): 


(7.19) G(@, w) = RACE; w, B) — Teg R2i [va(z) — @). 
Hence the period about B, of G is 
Py, = R2rirn(w, ®) T agR2i( 7 ar Tar) 


= R2rin(w, B) + B), by (6.10), 
= R2rin(w, B) + 2wIn(w, B), by (6.18), 
= 0. 

Similarly for By . 


For any self-symmetric circuit B, i the separate terms of G, as expressed by 
(7.19), are readily verified, with the use of (7.13) and (6.9), to have the period 
zero. This results from the vanishing of the factor 


(7.21) — Ta’r) = + Far) 
_= ® (pure imag.) = 0. 


Also, for every circuit A; , the period of G vanishes. For, by property (b), 
that is true for 2, and the complementary terms contribute the period 


(7.22) —T ap R2i(5% — 57')Svg(w, B) = 0. 


Therefore the uniformity of G on R is established. 

That properties (II) and (III) of G remain preserved is clear, since the com- 
plementary terms in (7.17) are everywhere regular analytic functions. 

As to property (IV), we have abbreviating (7.17) to 


(7.23) , Gz, w) = RS(z; w, B), 
that 
(7.24) S(z; w, ©) = —S(z; w, 


This is easily seen from (7.14), (6.8) and (7.18). By taking real parts of (7.24), 
we get the desired property (IV); and the characterization of the formula 
(7.19) as Green’s function is complete. 
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7. The functions 
In the theory of elliptic functions, we have the fundamental Weierstrass 
function o(u), and in terms of this the other two Weierstrass functions {(u) and 
g(u) are defined: 
_ d log o(u) _ loga(u) 
(7.25) = g(u) = 
o(u) with the periods 1, 7 is essentially equivalent to the Jacobi 6-function 
6(u, r) with the characteristic 1/2, 1/2. (In this case p = 1, and the 6-series has 
only one summation index n, independent variable u, and period 7.) In fact, 


(7.26) o(u) = Ae™0(u), 

where A, B are constants as to u, depending only on r: 


We may therefore, with only slight change of the Weierstrass definitions, 
write 


These definitions generalize of themselves to multiple 6-series (Weierstrass, 
Riemann), giving systems of functions instead of a single function: 


(7.28) ¢;(u) du; "| “Olly = 
We shall also consider 
(7.29) Piki(u) = 0° log 6(u) 


OU, : 


The periods 7; and the characteristic $8, $a are left implicit. 
Since @(u) with odd characteristic is an odd function, the same property 
follows for ¢; : 


(7.30) = —f,(u). 


Also gj, is evidently an even function, 
(7.31) Pik(—U) = 


and is symmetric in its two indices. Finally, jx (u) is odd, and symmetric in 
its three indices. 

We have, by logarithmic differentiation of (7.7,8), the following period prop- 
erties of the functions oj: 
(7.32) + dm) = 


(7.33) + tem) = — . 
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From this, it follows by differentiation as to u, that gj(u) is 2p-fold periodic 
in the exact sense: . 


(7.34) | Pin(tr + = 
(7.35) + Tim) = 


If, with reference to a Riemann surface R, we substitute u; = v,(z, w) and for 
7x the periods of v; , then this periodicity of gj(u) implies that gj(v(z, w); 7) 
is a uniform function of z on R, and evidently has only polar singularities, corre- 
sponding to the zeros of the denominator @. In other words, gj«(v(z, w); 7) is 
a rational function of z on R. Evidently, the same considerations apply to 
ik (v(z, w); 7). 

On the other hand, according to (7.33), the function ¢,(v(z, w); 7) has the 
period —2716; with respect to the circuit B, , although its periods as to the 
circuits A, vanish, by (7.32). It has only polar singularities, corresponding to 
the zeros of @(v(z, w); 7), which are p in number, one located at w. These 
properties characterize ¢;(v(z, w); 7) as an integral of the second kind. 

We define also the normal integral of the second kind: 


_ 8 log O(v(z, w)) 
ow 


(Riemann’s notation). Evidently the only singularity of t(z, w) is a pole of 
first order at 2 = w, with residue equal to unity. By the period properties of 
¢,(v(z, w)), the periods of ¢(z, w) as to the circuits A; all vanish, while the period 
of t(z, w) a8 to B, is —2miv,(w). 


(7.36) t(z, w) = = 


§8. SOLUTION OF THE DIRICHLET PROBLEM FOR A GENERAL RIEMANN SURFACE 


1 


Since a minimal surface is definable by harmonic functions, the solution of 
the Dirichlet problem is a prerequisite for that of the Plateau problem. 

Let R denote a symmetric Riemann surface of the first kind, whose transition 
curves C bound the semi-surface R’. We may consider the Dirichlet problem 
for R’: given on the boundaries C a continuous function g(z), to find a function 
H(u, v) uniform and continuous on R’, harmonic in its interior, and coinciding 
with g(z) on C. : 

In terms of Green’s function for R, the solution of the Dirichlet problem is 
given by the classic formula 


(8.1) H(u, = [ g(z) (w= ut w). 


Here 4/an denotes differentiation in the direction of the interior normal at z. 
Every harmonic function can be expressed as the real part of an analytic 
function of a complex variable: 


(8.2) H(u, v) = RF(w), 
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and an equivalent form of solution of the Dirichlet problem would be to find 
F(w) explicitly. This we shall now do, following, with some additions, the 
exposition in our paper on the two-contour case. 

It is to be remarked that while H(u, v) must be uniform, F(w) i is not neces- 
sarily uniform, but only RF(w); the function F(w) itself may have pure imagi- 
nary periods with respect to the circuits of R’. 

2 

We first write the expression (7.17) for Green’s function in the form 
(8.3) G(z, w) = RS(z; w, PF) = R[S(z, mee S(z, B)], 
where (see (7.2)) 

(8.4)  S(z, w) = log O(v(z, w)) — Taslva(z) — — vg-(w)). 

We shall also use the functions 


aS(z, w) 
a 


a’ S(z, w) 


The notation S, Z, P is intended to recall the elliptic functions log o, £, ¢, to 
which the former are equivalent in the case p = 1. By (8.4), 


(8.6) Z(z, w) = w))vj(z) — Taslva(2) — — vg-(w)], 
(8.7) w) = w))v;(2)ve(w) — Taplva(z) — — 
Let G,(z) denote the conjugate harmonic function to G(z); then, by definition, 


(8.5) Z(z, w) = P(z, w) = 


By substitution in (8.1), 


(8.9) H(u, v) = [ aG(z) 


ds = [ g(z) dG;(z). 


We have, by reference to (8.3), 


(8.10) G(z) + iGi(z) = S(z; w, B); 
and on C, G(z) = 0; therefore on C, 
(8.11) 1dG,(z) = dS(z; w, ). 


Hence, by (8.9), 


H(u, v) = dS(z; w; 


1 
Oni 


(8.12) dS(z, w) — | g(z) dS(z, ®) 
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This formula expresses the harmonic function H in terms of so-called minimal 
coérdinates w = u + iv, ® = wu — iw, and has the characteristic form for such 
functions: 


(8.13) H(u, v) = — 

In the variables w, ®, the Cauchy-Riemann equations for conjugate functions 
H, K become, as is easily calculated, 
oH a a(iK) aH 6(iK) 
ow aw ’ 
Accordingly, by (8.10), the conjugate harmonic function K to H obeys the 
equations 


(8.14) 


(8.15) ¢'(w), y'(@). 


Therefore, if we fix the oe additive constant inherent in K by the stip- 
ulation that at any chosen point (uo , v0), we shall have 
(8.16) K(uo , %) = 0, 
the equations (8.15) give 
(8.17) iK = + — [o(wo) + 
Since K is defined by the integral . 
0H 


(8.18) K= ig ds 


along a path on R’, it is in general multiform, having periods with respect to 

the various circuits of R. The function H, on the other hand, is by definition 

uniform. This could also be verified from the explicit formula (8.12), since 
Z(z, w) Zi(z, 


is a uniform function of both points z and uw, v. 
Writing, in accordance with (8.2), 


(8.19) H(u, v) + iK(u, v) = Fw), 
we have by (8.13), (8.17), 
(8.20) F(w) = 29(w) — [e(wo) + ¥(wo)]; 


therefore, by reference to (8.12, 13), 


This is the desired explicit formula for an 
The second term in this formula is a constant, arranged, as stated in con- 
nection with (8.16), so that 


(8.22) (ws) = 0. 


) 
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We repeat that only RF(w) is uniform, while F(w) itself generally has pure 
imaginary periods with respect to the circuits of R’. The condition (8.22) is 
required to hold for one of the branches of F(w). 


3. The condition for a minimal surface 


In the application to the Plateau problem, g(z), H(u, v), F(w) are vectors with 
n components, that may be distinguished by means of an index 7 varying from 
1 to n.™ 

The condition that the surface 


(8.23) a; = H,(u, v) = RF(w) 

be minimal is | 

(8.24) > Fw) = 0. 
By differentiation of (8.21) as to w, we have with the notation (8.5), 

Therefore, 

Writing vectorially 

(8.27) = D toe) — 

we may put this formula in the form 

=A | te) oF PE, w) deat. 


Each of the added terms has the factor 
(8.29) [ P(z, w)dz = [Z(z, w)]e = 0, 
Cc 


where the indicated variation of the multiform function Z(z, w) over C vanishes, 
because C bounds the semi-surface R’ and is therefore equivalent to a zero 
circuit. 


7 the index, and i = ./ — 1, are easily told apart. 


( 
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§9. Tue Funcrionat A(g, R) 


1 
We have defined 


(9.1) R) = D(A) =; + (= 


where H denotes the harmonic vector function on R’ with the boundary values g. 
In this section, we obtain an explicit formula for A(g, R) as a double contour 
integral in terms of g and quantities depending on the Riemann surface R. 

By Green’s formula, 


where d/dn refers to the interior sense of the normal. 
If P = Q = H, a harmonic function, this becomes 


However, the behavior of the partial derivatives of H as we approach the 
boundary C of R’ is uncertain. For that reason, we first slightly contract R’ 
to R’, bounded by curves C interior to R’ and arbitrarily close to C. Then we 
shall pass to the limit as C tends to C, R’ to R’. 

We start, then, with 


dH; 


i=1 


(9.2) 


(9.4) 


Writing, as in (8.19), 
(9.5) H,(u, v) + iKi(u, v) = 
we have by the definition (8.18) of conjugate harmonic function, 


(96) ds = aK, = [dF.(w) — dH. 
Substituting in (9.4), we get. 


t=1 


| 
| 
TO 
A(g, R) = 5; Dy HiPilw) dw 5; 
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The last term vanishes, because its indefinite integral is the uniform function 
1 > H?, and the path of integration C consists of closed circuits. Thus, 
i=1 


(9.8) A,B) = aw. 

By substitution of (8.25), this becomes 

(9.9) AG, R) = [ [ de 
Jo JO i=1 

In order to pass to the limit, we first make the preliminary transformation: 

(9.10) A(g, R) = [ i Dd — Hi(u, v) w) dz dw, 
4m Je JO ia 


where the added terms vanish by (8.29). 
Here we may pass to the limit formally as C — C, where w on C tends to 
¢ on C, and H;(u, v) g.(¢), so that we get 


(9.11) AG, = to) PG, dea. 


The function-theoretic justification for this passage to the limit under the 
sign depends on the boundedness of the ratio P(z, w): P(z, ¢) as w — ¢ along a 
normal to C. The complete discussion has been given for the one-contour 
case,” and the extension to the general case presents no essential difficulties. 

Although complex elements enter into the expression for the functional 
A(g, R), the value of that expression must be positive real on account of the 
interpretation in terms of Dirichlet integrals. Indeed, each element of the 
double integral (9.11) must be positive real. 

We observe that the integral (9.11) is improper, since for z = ¢, P(z, £) has 
a singularity with principal term 1/(z — ¢)*. This follows from the defining 
formulas (8.4, 5), because 0(v(z, ¢)) vanishes when z = ¢. To define (9.11), 
we must integrate first with | z — ¢ | = e, and then take the limit as « — 0. 

Substituting (8.7) in (9.11), we have in extenso 


R) = [ [ [9(z) — pix(v(z, 
(9.12) 
[ [ [9(2) — gS)P Tapldva(z) — — 


% [5], pp. 309-310. 
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We shall have to relate this to the formula obtained by making the same 
substitution in (8.28): 


+ [ [ [9(z) — gO) PT arTaldva(z) — dvg-(z)] 


— — — vi-(w)). 


2. Principal and complementary terms 
In the cases r = 0, 1 of self-symmetry, only the first terms are present in 
the last two formulas. Accordingly, we separate these into “principal” and 
“complementary” terms, writing 


(9.13) 


(9.14) A(g, R) = + C{AG, 
i=1 i=1 i=l 


The explicit values of # and C can be seen by reference to (9.12), (9.13). 


§10. Tae Ipentiry 


1 


In the fundamental case of a simply-connected minimal surface bounded by 
a single contour, let us take for R the z-plane or sphere (p = 0), and for R’ 
the half-plane or hemisphere $z > 0. Then Green’s function is 
z—-—w 


G(z, w) = log - 


We have by comparison with the general formula (8.3), 


S(z, w) = log(z — w), 
and by (8.5), 


1 


Z(z, w) = P(z,w) = 


We easily verify the algebraic identity 


‘ 


(10. 1 1 


a 
y 
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which may be expressed as follows: 
(10.2) P(z, w) + Plz, ¢) + w) = [Z@, w) — Ze, 6) — ZG, w)f. 
2 


Let R’ denote the strip of the z-plane 0 S Rz S > This corresponds to the 
case of two contours with a single point in common.” We have 
sin (z — w) 
G(s, w) = log 


By comparison with (8.3), 
S(z, w) = logsin(z — w), Z(z, w) = cot(z —w), Plz, w) = ese(z — w). 
We have the trigonometric identity 
esc’(z — w) + ese*(z — + ese’(¢ — w) = [cot(z — w) 
— cot(z — — cot(s — wf’, 


which can be directly verified. In terms of Z and P, this can again be expressed 
in the form (10.2). 


(10.3) 


3 


In the case of two contours wit! no point in common, and a doubly-connected 
minimal surface, the Riemann surface R is a torus (p = 1). The corresponding 
6-function 6(u; 7) with the characteristic 1/2, 1/2 is essentially equivalent to 
the elliptic o-function of Weierstrass (formula 7.26). 

Let ¢, g denote the other elliptic functions of Weierstrass, (7. 25), as based 
ono. Then these have the addition theorems:” 


(10.4) e(ur + us) + eur) + glue) = 


(10.5) + we) — — = ; And 


These formulas combine to give 
(10.6) + + + = + we) — S(ur) — 


If instead we use a {, g based on @ according to the formulas (7.27), this 
identity takes the slightly modified form 


(10.7) + U2) + (ur) + (us) = + — — — 6B, 
where B, constant as to uw, uw , is defined by (7.26’). 


*° Cf. [8], where the strip 0 S$ z < 7 was used, and accordingly hyperbolic functions 
appeared instead of trigonometric. 
37 Hurwitz-Courant, Funktionentheorie, 1925, p. 189. 
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On the torus there is just one normal integral of first kind o(z). Let us 
write u = 0(2, ¢), Ue = o(f, w); then w + w = v(z, w), and (10.7) becomes™ 


p(v(z, w)) + $)) + w)) 


= [r(o(e, w)) — role, — — 6B. 
The analogy with (10.1, 2, 3) is apparent. 
4 


The identities (10.1, 3, 8) played an important réle in the author’s method 
for solving those cases of the Plateau problem in connection with which they 
were cited. To deal with the general case, an identity was needed which would 
take the place of these for a Riemann surface of arbitrary genus p. 

As far as I know, the required identity did not exist in the literature of Rie- 
mann surfaces or @-functions. It was necessary to discover and prove it, so as 
to be able to make the appropriate application to the Plateau problem. 

I found the requisite general identity, applying to a Riemann surface of any 
genus p, to be the following:** 


[Gim(v(z, w)) + Prm(v(z, + = w)) 
(1) — — w)) — Sm(v(z, w))] 
vi(w)0m(w) + R(w), 


where R(w) denotes a rational function of w alone, i.e. a function uniform on 
R and with only polar singularities. 

It seems interesting that (I) should first appear as a by-product of the solution 
of the Plateau problem; its more elementary forms (10.1, 3, 8) were previously 
well-known. Perhaps this is because these preliminary forms can be stated in 
terms of independent variables z, £, w or uw: , U2 without reference to a Riemann 
surface; whereas for p > 1, the formula (I) requires a Riemann surface to carry 
the p normal integrals »; of the first kind. In the case p = 1, there i is only one 
normal integral vi(w), and v;(w)v,(w) reduces to the single v1°(w), while 

R(w) = —6Bo; (w), so that the factor v;?(w) may be cancelled from one sides 
of the identity, giving the form (10.8). 


5 
Proceeding to the proof of (I), we write 
$(z, ©) = [ Pim(v(2, w)) + Pim(v(2, + im(v(¢, 
(10.9) — [gu(v(z, w)) — £)) — w)) — Fm(v(2, $)) 
— 


** It should be easy to distinguish ¢ the function from ¢ the argument. 
8 The rest of this section, concerned with the indentities (I) and (II), follows [2], 
Pp. 116-121, where these identities were first stated and proved. 
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We have to show that ¢(z, ¢, w) is really a rational function of w alone. 

First, consider ¢ as a function only of z on the Riemann surface R. 

Then Qim(v(z, w)), @im(v(z, ¢)) are uniform functions of z, while ¢,(v(z, w)) 
and £,(v(z, ¢)) have the period zero with respect to every circuit of the first 
system, and the period —2v7ié,, , the same for both, with respect to any circuit 
B,, of the second system. It follows that ¢ is a uniform function of z on R. 
Evidently, too, it has at most polar singularities since these are the only ones 
manifested by im Or {:, {m. Consequently, ¢ is a rational function of z on R. 

By similar reasoning, ¢ is rational on R in the variables and w. Accordingly, 
we may write 


(10.10) o(z, w) = RE, w). 


The point is now to show that R(z, £, w) really does not depend on z or ¢. 
Using the subscripts J, m to denote partial differentiation of 0(u) as to u, 
Um , we have by the definitions (7.28), 


Substituting in (10.9) and referring to (10.10), we get 


Bim (v(z, w)) Bim (v(z, Bim w)) 
{- A(v(2, w)) w)) 


A(v(z, w))Om(v(z, £)) w))Om(v(s, w)) 
A(v(z, w))A(v(z, £)) A(v(z, w))A(o(¢, w)) 


We first consider R(z, ¢, w) as a function of z, writing R(z). 

The function @(v(z, ¢)) vanishes to the first order at z = ¢, and at exactly 
p — 1 other points a;, a2, --- , @p1, which are independent” of ¢—so that the 
function 6(v(z, w)) vanishes at z = w and the same p — 1 other points. 

The function R(z) is regular except perhaps at those places where @(v(z, ¢)) = 9 
or 6(v(z, w)) = 0. These are the points z = £, w, a1, a2, --- , @p1, Which 
might perhaps be poles. 

We now prove that, in fact, 2 = ¢ is not a pole, and by similar reasoning, 
neither is = w. 

Evidently, z = ¢ is at most a pole of first order, and its residue is found by 
putting z = ¢ in the numerator and in the derivative of the denominator of 
each fraction in (10.12) whose denominator vanishes at z = ¢. This gives for 
the residue: 


6x(0)vi(¢) 


39 [17], p. 262 (IV). 


+2 


(10.12) +2 
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The last two terms mutually cancel, differing only by the interchange of the 
summation indices 1, m. This leaves only the first term, which is zero, because 
the @-function with odd characteristic is, by (7.10), an odd function of the vari- 
ables u; ; hence its Maclaurin series contains only odd powers of u; consequently 
all partial derivatives of even order vanish at u = 0; in particular, 0;.(0) = 0 
for all, m. The denominator 6;(0)ox(¢) cannot vanish, since , taken in general 
position, is a simple root of 6(v(z, ¢)). 

In sum, z = ¢ is a pole of first order with residue equal to zero; that is, it is 
not a pole at all. 

A similar argument applies, as stated, to z = w. 

It remains to examine the places a ,@2,---,@»1. -Alook at the denominator 
of the term 

w))Om(v(z, $)) 


in (10.12) suggests that these places might be poles of the second order; but 
we now show that, in fact, they are at most poles of the first order. 

For, as remarked above, the function 6(v(z, w)) vanishes for z = a, regardless 
of the value of w (to repeat: the zeros of this function other than w are inde- 
pendent of w). That is, the equation 0(v(a; , w)) = an identityinw. There- 
fore it may be differentiated as to w, which gives 


(10.14) , w))v:(w) = 


It follows that the constant term vanishes in the expansion of the numerator 
of (10.13) in powers of z — a; ; so that this expansion begins with z — a; to 
the first power at least. Since the expansion of the denominator begins with 
(2 — a)”, we see that a; is at most a pole of first order. 

The same argument applies to az, a3, --- , @p1. Therefore the rational 
function R(z) is regular, except perhaps for first order poles at the p — 1 points 

It is an important theorem, going back to Weierstrass and related to the 
theorem of Riemann-Roch, that a rational function on a Riemann surface of 
genus p cannot have fewer than p + 1 poles in general position, unless the function 
reduces to a constant.” Each pole is to be counted with its proper multiplicity. 
For elliptic functions (p = 1), this is the well-known theorem that no non- 
constant elliptic function can have the total order of its poles less than two. 

Applying this general theorem to the present situation, we have the result 
that R(z, ¢, w) is a constant as to 2, provided that not all the (p — 1)-rowed 
determinants in the following p by p — 1 matrix vanish: 


[18], p. 517. 


| 
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This is the exact meaning of the phrase ‘‘in general position” appearing in the 
statement of the Weierstrass theorem. 

To suppose that all the (p — 1)-rowed minors of this matrix vanish would 
specialize the Riemann surface R, reducing the number of independent moduli 
on which it depends below the general value of 3p — 3. Supposing, then, that 
R is non-specialized, we have the result that R(z, ¢, w) does not really depend 
on z. 
But R(z, ¢, w) is evidently symmetric in z, ¢; therefore R(z, ¢, w) is also inde- 
pendent of 

Consequently, R(z, ¢, w) is really a function of w alone, R(w), which was to 
be proved; and we have the desired identity (I). 

Since the two members of the identity are analytic functions of all the inde- 
pendent variables and parameters involved, the identity, holding for non-spe- 
cialized Riemann surfaces, must hold for all. 


Actually, we shall not use the identity (I) in the form given, but rather in 
the one which results by applying the operator 0°/dzd¢, which has, among other 
circumstances, the advantage of eliminating the undetermined function R(w). 

We substitute in (10.12) the partial differential equation (7.6) of the 6-func- 
tion, divide by two, and rearrange the terms, getting: 


i(v(2, w)) — $)) + 28 0) 


(10.16) 


OTim OTim 


= — $R(w). 
Applying to this the operator 4°/a2¢, we obtain the identity 
Mi—Sm(v(z, w)) + w))] + £)) im(v(z, w)) 


= Pnlv(z, W)) 


In the course of the calculation, we interchange summation indices freely, 
and observe also that 


alog $);7)_ a log O(v(z, £); 37) 
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§11. A SpectaL VARIATION OF THE REPRESENTATION g, R 
1 


Let w, @ denote a pair of conjugate complex branch-points of the symmetric 
Riemann surface R, which we picture in the standard way as a many-sheeted 
surface over the complex 2-plane or z-sphere. We recall that the conformal 
involution 7’ of R may be represented as a reflection in the real axis x — 2, 
combined with a substitution of period two on the various sheets. The transi- 
tion curves C correspond to real branch-cuts. We may also represent R as an 
algebraic curve P(x, y) = 0 with real coefficients, regarded as a two-dimensional 
manifold in the space of the complex variables c = x, + ize, y = yi + tye. 
The transition curves C correspond then to the real branches in the zy-plane. 
The algebraic curve P is determined up to real birational transformation. This 
is equivalent to a conformal transformation of the corresponding Riemann 
surface R, with preservation of symmetric points. Al] branch-points may 
therefore be supposed of first order,” since this is the case with the Clebsch- 
Liroth normal form,” to which the general form of Riemann surface is con- 
formally equivalent. 

Suppose that the form of the Riemann surface is varied by movement of the 
branch-points w, @, all other branch-points remaining fixed. We suppose that 
the displacements of w, are conjugate complex, so that R remains symmetric: 


(11.1) ita. 


Let the varied surface R, be represented on R so that points belonging to the 
same value of x in the same sheets correspond. Since the real branch-points 
have not been affected, it is evident that the transition curves C correspond to 
one another in a one-one continuous manner. In terms of the representation 
of C as the real branches of the algebraic curve corresponding to R, the variation 
may be pictured as in the following figure. The original curve is drawn full, 
the varied one dotted, and the two set into one-one continuous correspondence 
by associating points with the same abscissa z. 

Evidently, if a set of contours (I) is represented as topological image of the 
transition curves (C) of R, the variation just described gives a topological 
representation of ([) on the transition curves (C,.) of the varied surface R,. 
We may therefore consider this variation as applying to the representation 
(9, R) of the given contours. 

The fact that the abscissa x of each real branch-point b , bz , bs , bs remains 
invariant is obviously essential to the one-one character of the correspondence 
between real branches. Otherwise, we would have a figure like the following, 
where the one-one character breaks down in the vicinity of the branch-point 

“ Like that pertaining to Vz. 

“ [18], pp. 440-444. 
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whose abscissa.x has been varied. In fact, the one-one continuous, and indeed 
conformal, nature of the correspondence by equal values of z between the 
Riemann surfaces R, and R, applies everywhere except in the vicinity of the 
moving branch-points w, @. 


Let us determine the effect of the preceding variation on the normal integrals 
» of the first kind. 

The characteristic property of the integrals v is that, although having periods 
with respect to the circuits of R, they can be prolonged indefinitely on R without 
coming to any singularity, i.e. any branch of v;(z) can be expressed in the vicinity 
of any place on F as a convergent power series in the local uniformizing variable 
t. This will be ¢ = z — a for a finite place a not a branch-point; ¢ = 1/2 for 


aiid 


Fia, 19 Fre. 20 


a= ©;t = — w),t = — for the moving branch-points w, @; and 
t = V(z — vw’) for a fixed branch-point w’ ¥ w or D. 
Thus, about the place a we have 


v(z) = v,(0) + + ---, 


the argument 0 referring to t = 0. The coefficients are functions of w, @. 
When these vary, we have according to (11.1), 


_ {4r(0) av(0) avj(0)__, av,(0) 
(t does not depend on w, %)—which is regular about the place a. 
About ©, or about any branch-point w’ ¥ w or @, the same applies, for ¢ 
does not depend on w, @. 


But about the moving branch-point w, we have t = +/(z — w), so that 
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Therefore about this place we have the expansion 
1 
(11.4) = — v;(0)- 


the dots denoting a convergent power series in t. 
Similarly, about ® we have 


és 1 
(11.5) ine) = — 


In sum, the function 6v,;(z) is regular everywhere on the Riemann surface R, 
except at w and @, where it has first order poles with the respective residues 


—  — 5 
the differentiations being with respect to the local uniformizing variable. There- 
fore év,(z) is an integral of the second kind. Its periods with respect to the first 
system of circuits A; are all zero, since those of v,(z) are constantly equal to 
the Kronecker symbols 6, during the variation. 

The normal integrals t(z, w), ¢(z, ®) of the second kind with a unique pole 
at w, @, respectively, have there the residue unity and, by definition, have also 
zero periods with respect to the first system of circuits. Hence the linear 
combination ° 


is an integral of the second kind which has the same poles, with the same residues, 
and the same first system of periods as 6v,(z). This identifies the two to within 
an additive constant, which may be adjusted to be zero; so that we have finally 


(11.6) = — 5 w) — £ v;(@)t(z, 


é 
2 
3 

Now, our supposition that the conjugate points w, ® were branch-points is 
not really a restriction, because, by real birational transformation, any two given 
conjugate points w, @ can be made branch-points of R. This means that we 
can find a symmetric Riemann surface R;, conformally equivalent to R with 
preservation of symmetric points, and such that any given symmetric points 
wv, © of R are transformed into branch-points w; , of Ri . 

This is easily seen geometrically as follows. Let the tangent lines ¢, 7 be 
drawn at w, @ to the algebraic curve @ which corresponds to R; then t, 7 are 
conjugate imaginary straight lines and intersect in a real point O. Let the 
plane containing the curve @ be subjected to a real projective transformation 
that carries O into the infinite point of the y-axis; then the tangents at ¢, 7 
become lines parallel to the y-axis, and their points of contact w, @ become 


| 
j 


7 
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branch-points w;, %,. This projection of @ is a particular kind of real bira- 
tional transformation. 

It follows that in formula (11.6) we may suppose that w, ® are any two 
conjugate points of R. The corresponding variation is PVP™, where P is 
the specified projection, and V the displacement of w,, %,. Under PVP™, 
of course, all the branch-points of R vary in a special way. 


4 


In the variation (11.6) let us first allow ¢, € to be two equal real displace- 
ments: « = «,@ = « ; then 


(11.7) = {—4uj(w)t(z, w) — 4uj(@)t(z, 


Then, let ¢, be two conjugate pure imaginary displacements: € = ie, ,@ = ; 
we get 


(11.8) = a{- oi(w tle w) + a)}. 


Hereafter, for greater convenience, we shall use the symbol 6 to denote a 
derivative instead of a differential: 


= €1) 4) 


€1 


and so we rewrite (11.7, 8): 


(11.9) = —4v;(w)t(z, w) — B), 
5 


Suppose that these variations 6, , 4: of v;(z) are applied to formula (9.11) 
for A(g, R). Then we get 5,A(g, R), 52A(g, R), which may be calculated by 
performing the variations 6, , 6: under the sign of integration on the factor 
which multiplies [g(z) — g(¢)J’. The validity of this operation is easily estab- 
lished, with full account taken of the improper nature of the integral A(g, 2), 
by use of the assumption that A(g, R) is finite. Indeed, A(g, R) becomes an 
analytic function Ai(e), As(@) of «, @ respectively, whose power series ex- 
pansion can be calculated formally.“* 

We have therefore as variational conditions on A(g, R): 


(11.11) R) = Ai0) = 0, &A(g, R) = Ax(0) = 0. 


28 Cf. [5], pp. 289-297, where the sufficiently typical one-contour case is treated in 
detail. 
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We may combine these by forming 
(11.12) Ai(0) — iA3(0) = 0. 


It thus becomes only a question of how formally to calculate A;(0) — iA;(0). 
We could do this literally by calculating separately the real and imaginary parts. 
But the calculations can be rendered considerably shorter and neater by the 
following device. 

Evidently, A(g, R) as calculated formally depends in a linear way on 6v,(z). 
Hence, if ,(z) gives A;(0), and gives A2(0), we may obtain A;(0) — 143(0) 


by applying formally | | 
(11.13) bv;(z) = 6:0,(z) — i620;(2). 
By (11.9, 10), we have simply 

(11.14) = —v;(w)t(z, w). | 
Accordingly, we have for the corresponding formal variation of A(g, R): 

(11.15) 8A(g, R) = Ai(0) — 1A3(0), 


the vanishing of which expresses the variational condition (11.12). 
In (11.14), we may substitute for t(z, w) its expressién (7.36), getting 


(11.16) bv ,(z) = w)). 


In this, allow z to describe the circuit B,, ; then since, by (7.33), the period of 
t.(v(z, w)) as to B» is —2rid*, , we obtain, with change of indices, | 


(11.17) 87 = 


§12. THe First or A(g, R) 
1. Self-symmetric case r = 0,1 © 


In applying these variations to A(g, R), let us consider first the self-symmetric 
case. Then (9.12) and (9.13) reduce to their principal terms; we have: 


(12.1) A(g, R) = [ lolz) — 


(12.2) 


“Cf. [2], p. 112. 
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On the elements of the integral A(g, R) the effect of the variation (11.16, 17) 
is as follows: 


OTim 


571m 


= —gyurlv(z, w)) 


(12.3) + gjarlv(z, w)) 
Brio 
Tim 
(124) = = vj(w)vi(w) 
(12.5) = = v4(w)vi(w) 


By the product rule of differentiation, 
8[ Px(v(z, 
+ pix(v(z, 


From this, by substitution of (12.3, 4, 5), with change of summation indices 
to simplify the resulting expression, we get 


= w)) + Sm(vF, w))] 
+ pulole, w)) + w) 
Here we have exactly the first member of the identity (II) at the end of §10. 
Appling that identity, we obtain 
(12.8) pix(v(z, = w)) w))dv 


By comparison with (12.2), we therefore have 


(12.10) 5A(g, R) = > 
i=l 
Accordingly, the variational condition 
(12.11) 5A(g, R) = 0 


is equivalent exactly to the condition for a minimal surface 


(12.12) }? F?(w) = 0. 


(1 


(1 
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Since 


(12.13) F(w) = (E ~ G) — 2iF, 


we may also express this result, with reference to (11.15), by resolution into 
real and imaginary parts, as follows: 


(12.14) A(g, R) = 0 implies = G; 
(12.15) 5eA(g,R) = 0 implies F = 0. 


These are the conditions of conformality on the harmonic surface H, which 
characterize it as a minimal surface. 


2. Alter-symmetric case, r > 1 


In the alter-symmetric case, we must also take account of the complementary 
terms in A(g, R) and F?7(w). 
In terms of the notation (9:14, 15), we may express the result (12.10) of the 
preceding article as follows: 


(12.16) 5P[A(g, R)] = Few) |. 
It remains then only to show that also 
(12.17) sC[A(g, R)] = € Fw) |, 


This is a matter of straightforward calculation as follows.“* 
We have, considering the essential factor of C[A(g, R)]: 


ealdva(2) — — dvp-(¢)]} 
= Tapldve(2) — — 
+ Tapldva(2) — — 
+ apldval2) — — 


(12.18) 


By (11.16), 
(12.19) bva(2) — = —[va(w) — w))vi(w). 
Therefore, 
(12.20) déva(z) — déva:(z2) = [va(w) — v4-(w)] 
Similarly, 
(12.21) — = [vp(w) — v9-(w)] pin(o(s, 


43a 


Cf. the preliminary note to the present paper, [31], particularly §11. 


; 
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Repeating here the relation (6.18): 


Tot a=4p, 
(12.22) “10 if 


and applying to it the operator 6, we get 

Multiply this by 7's, and sum as to yw; then with use of (12.22), 
(12.24) ag + TerT ppd, = 0. 


Repeating (6.11), 


(12.25) tas = — Tap? — + Ta'p’), 


we have, by (11.17), 
(12.26) = [va(w) — var(w)][va(w) — vg-(w)). 
Substituting this in (12.24), we find, with change of indices, 
(12.27) ag = —T aT — — v4-(w)).- 
We may now make the substitutions (12.20, 21, 27) in (12.18), and get 
5{Tapldva(z) — — dvg-(¢)]} 
(1998). Pealve(w) — dog (t)] pix(v(2, w))dv 
+ Taslvs(w) — vg-(w)][dva(z) — 
— TaT aldva(z) — — — — 


If we substitute this in 8C[A(g, R)], interchange the indices a, 6 in the first 
term, the integration variables z, ¢ in the second, and compare with (9.13), 
we obtain the desired relation (12.17). 


3 
By addition of (12.16) and (12.17), we have therefore in the general case 


(12.29) 6A(g, R) == FP(w). 
i=1 
Accordingly, if we can prove the attainment of the minimum of A(g, R), the 
existence of the required minimal surface will follow immediately. 


§13. REPRESENTATIONS (g, R), PROPER AND IMPROPER AS AN L-SET 
1 


We consider (g, R) as a composite mathematical element, consisting of a 
symmetric Riemann surface FR of proper or reduced type (r, r’”) together with a 
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topological or parametric representation g of the given contours (I) on the 
transition curves (C) of R. We recall that one of the manners in which R can 
become improper is for its transition curves (C’) to have common points when 
the contours ([) have none. 

The parametric representation of T,, T:,---,I, may be pictured as a 
monotonic graph relating each I'; with the corresponding C; , so that we have k 
such graphs, of which those represented in the following figure may be considered 

ical. 
bs the square [',C; , opposite points on parallel sides are regarded as identical, 
so that T',C; is really a torus. Any topological correspondence between (I) 
and (C) is represented by a cyclically monotonic graph on each of the k tori 
TC;. This means one such as H,E,H;E,, where we take into account the 
cyclic nature of the torus (E,; = E;, E, = E,). We are thus led to include also 
improperly monotonic graphs, such as A,B,3.B;B,A;, with horizontal and 


A 
B, 


vertical segments, the number of which is, by a known theorem, at most de- 
numerably infinite. As extreme case, we have a completely degenerate graph, 
such as E,\E,E;(=E,)E,E;(= E,) in fig. 22, consisting of a vertical and a hori- 
zontal transversal of the square, interpreted cyclically. These must be included 
because obtainable as limits of properly monotonic graphs, as the dotted curve 
in the figure illustrates. 

With reference to these diagrams, we may distinguish then the following 
types of improper parametric representations g. 

(a) Continuously improper representations, which cause a point of I’; to cor- 
respond to a partial are of C;, e.g. the arc BsB, in fig. 21. Then g is still con- 
tinuous, but does not establish a} one-one correspondence between (I) and (C). 

(b) Discontinuously improper representations—which cause a partial arc of a 
contour I’; to correspond to a point of C;, e.g. the are B,B; in fig. 21. Thengis 


| 
A, at 
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discontinuous at the point of C;, having there two unequal one-sided limits, 
namely, the distinct end-points of the corresponding are of I P a 

(ce) Degenerate representations, where the whole of I’; corresponds to a point 
of C; , and the whole of C; toa point of f;. For a given contour I’; , the totality 
of degenerate representations corresponds to the choice of the two distinguished 
points on I’; and C; respectively. 

If we combine the diagram of fig. 21 with a visualization of all proper and 
reduced Riemann surfaces R of type (r, r’’), we obtain a clear picture of the 
totality of representations [(g, R)], proper and improper, of a given contour 
system (I). 


Fig. 22 


2. Notion of limit for the set [(g, R)] 


If the Riemann surface R remains fixed, R = Ry, while g varies, then the 
approach of g to a fixed representation go can be decided by reference to the k 
monotonic graphs, where the meaning is clear. 

If R is variable, then the notion of R approaching to a limit Rp is easily defined. 
Whether # is represented as (1) a many-sheeted surface over the z-plane, (2) a 
plane region bounded by circles, or (3) the Riemann surface of an algebraic 
curve P(x, y) = 0, the meaning of the approach of R to Rp is evident, being 
respectively as follows: (1) the branch-points of R tend to those of Ro , (2) the 
circles defining R tend to those of Ro , (3) the coefficients of P(x, y) tend to those 
of Po(z, y). In the approach of R to Ro , we may suppose that their respective 
points zZ, 2 are in one-one continuous correspondence so that z —> 2 uniformly. 
In this correspondence, symmetry of point-pairs is supposed to be preserved, 
and therefore the transition curves (C) and (Co) correspond. 

The meaning of (g, R) tending to (go, Ro) may now be defined as follows. 
First, R must tend to Ro. Then the representation g(z) of ([) on (C) can be 
transferred to a representation §(z) on (Co) by the correspondence between 2 
and 2 just referred to. Since Rp is fixed, the approach of g(zo) to go(zo) can be 


43b See footnote 61a. 
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interpreted as before, by reference to the monotonic graph. This gives the 
meaning of R)- — (go, Ro). 

The idea of convergence or limit being thus defined the system of all repre- 
sentations (g, R) of a given set of contours is an L-set in the sense of Fréchet 
(26). An L-set is a class of elements in which the notion of limit has been defined 
in accordance with the following two postulates: (a) any partial sequence of a 
convergent sequence is also convergent and has the same limit as the original 
sequence; (b) a sequence which consists of indefinite repetition of the same 
element is convergent and has this element for limit. 

For some purposes, it will be desirable to have a notion of limit also for 
the case where the contours (1) themselves vary: (I, g, 2) — (To, go, Ro). 
First, we require (I) to tend to (I) in the sense of Fréchet.“ This implies 
that the points P, Po of (f), (To) respectively can be codrdinated so that P — Py 
uniformly. Second, R must tend to R). This implies a correspondence z to 2% 
between the transition curves (C) and (Co) such that z — z uniformly. By the 
correspondence of P to Py and z to 2 , we can then associate with any parametric 
representation g(z) of (fT) on (C) a representation §(z) of (To) on (Co). The 
situation is now equivalent to a fixed contour system (Ip) and a fixed Ry. We 
shall then say that (I, g, R) — (To, go, Ro) if g tends to go in the interpretation 
by monotonic graphs. 


3. Compactness and closure 


An L-set is called compact if every infinite sequence of elements of the set 
contains a convergent sub-sequence. By the Bolzano-Weierstrass theorem 
ordinary space of any finite number of dimensions is compact, if we include 
points at infinity. 

All symmetric Riemann surfaces R of a given type (I, r, r’”’), proper or im- 
proper, form a compact set. This is because the set can be referred to a finite 
number of parameters, e.g., the position of the branch-points, or the centers and 
radii of the circles, or the coefficients of an algebraic equation of given degree, 
according to the mode of representation chosen for R. Essentially, these 
parameters are 3p — 3 in number—the moduli. 

Also the parametric representations proper or improper, of any given contour 
I; form a compact set. For these have been referred to the monotonic graphs 
of fig. 21. It is a well-known theorem that a set of curves contained in a bounded 
region, and whose lengths are uniformly bounded, is compact.“* These con- 
ditions are evidently fulfilled by the monotonic graphs, where the uniform bound 
for the length is the sum of two non-parallel sides of the rectangle. 

By composition (diagonal process)” of gi, g2, --- , gx and R, it follows that 
the set of all proper and improper representations ((g, a of 
contours ts compact. 


“See (16.4). 

“« Fréchet [26]. Hilbert, Jahresbericht der Deutschen Mathematiker-Vereinigung, 
v. 8 (1899), p. 184. 

“ Cf, Courant-Hilbert, Methoden der Mathematischen Physik, 1924, p. 42. 


a 


266 JESSE DOUGLAS 


The limit of a variable representation (g, R) of (I) is evidently itself a repre- 
sentation (go , Ro), proper or improper, of the same contours. Therefore, the set 
[(g, R)] of all proper and improper representations of a given system of contours 
(T) is closed. This refers to the general definition: an L-set is closed if it 
contains the limit of every sequence of its elements. . 

The compactness property extends to the case where (['m, gm, Rm) is a 
sequence of representations of a variable contour-system (I')m, provided that 
(T)m tends in the Fréchet sense to a fixed set of contours ([). For we have 
referred also this case to the monotonic graphs of fig. 21. Hence a sub-sequence 
(I'm, 9m’, Rm’) exists which converges to a representation (IT, go, Ro) of the 
contours (I). 

It is evident that in all these modes of approach, the value of gm(zm) converges 
to that of go(z), except at most at a denumerable infinity of points—those of 
discontinuity of go. Also gm(zm) evidently remains uniformly bounded; there- 
fore we may pass to the limit under a sign of integration provided that any other 
factors under the integral sign also remain uniformly bounded. Often, the 
subsistence of the preceding two conditions in the approach of (I'm, gm, Rm) to 
(To, go, Ro) will be sufficient for our purposes. 


4. A(g, R) for improper representations 


We must have the definition of A(g, R) on the total set [(g, R)], proper or 
improper. 

The case where R separates has already been considered, (5.22); we simply 
form the functional A for each component part and take the sum. 

Turning to improper parametric representations g, we see that the con- 
tinuously improper case (a) requires no discussion. 

For improper representations of the discontinuous type (b), we easily show 
that 


(13.1) Ag, R) = + 


In fact, let the transition curve C; be represented, e.g., as a circle, and let the 
discontinuity occur at the point P of this circle. Let Qi, Q2 denote two points 
on C; near to P and on opposite sides of it. Suppose Q; , Q2 joined by a circular 
arc Q:Q;:Q2 lying in the interior of the circular region which represents the semi 
Riemann surface R’. Then Q:Q;Q2 and the arc Q:PQ. bound a simply-connected 
region p, which by an elementary conformal transformation can be converted 
into a circle y. The Dirichlet integral over y of the transformed harmonic func- 
tion H is known to be + ~, on account of the presumed type of discontinuity in 
the boundary values, i.e. with distinct one-sided limits.“ Therefore D(H) = 
+ over p, since the Dirichlet integral is invariant under conformal trans- 
formation. Therefore D(H) itself, = D(H) over p, is equal to + ~. 


“6 See [5], pp. 298-300. 
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In short, the situation here is a local one, referring only to the immediate 
neighborhood of the point of discontinuity P, and can therefore be reduced to 
the corresponding situation for the one-contour case. 

Quite similar reasoning applies to the type of improper representation where 
the algebraic curve corresponding to # has a real double point. As has been 
stated, this may be represented also by two circular boundaries C, , C2 tangent at 
a point P. Since, by hypothesis, the contours T; , Tz have no common point, 
the vector g has two distinct limits at P according as we approach along C, or 
(C,. Therefore, D(H) taken over the part of R’ that lies within a distance « 
of P is + 2%; consequently, over all of R’, we have D(H) = A(g, R) = + ~. 
Areal multiple point of any order can be treated similarly. 

More delicate is the question of how to define A(g, R) for the degenerate 
representations. For instance, let the point a of T; correspond to all of C,, 
while the representations go, --- , gx of the other contours are non-degenerate. 
Let H denote the harmonic vector on R’ with the boundary values a, gz, --- , 
g.. Then it will not do to define, literally, Ag, R) = D(H). Rather, the 
following definition: 


(13.2) A(g, R) = D(H) + dM), 


is the one that will be made, being definitely indicated by the lower semi- 
continuity property of A(g, R), next to be considered. Here, as defined in §5, 
d(T;) = min A(g:) refers to simply-connected surfaces bounded by I; . 

Similarly, if the representations of several contours degenerate, e.g. 11, 
lr, T's into the points a1, a2, a3, we first define H with the boundary valves 
a2, 43, ge, and then 


(13.3) A(g, R) = D(H) + + + 


§14. Lower Semi-Continuity or A(g, R) 


1. Proof 


The functional A(g, R) is lower semi-continuous, and this property subsists for 
all representations proper or improper. 
The definition of lower semi-continuous is: if (g, R) > (go , Ro), then 


(14.1) A(go , Ro) < lim Ag, R), 


where lim denotes the inferior limit. 

Let Ro be a closed interior sub-region of the semi Riemann surface Ro; then 
as soon as the variable R’ comes sufficiently near to Ro, Ro coincides also with a 
closed interior sub-region of R’. By a known theorem, since g remaining bounded 
tends to go, the partial derivatives 3H/au, @H/av of the harmonic function 
H in R’ with the boundary values g tend to @Ho/du, dH»/év uniformly in Ro, 
where H, denotes the harmonic function on Ro with the boundary values go. 
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It follows that 
D(H») over Ro = lim {D(A) over Ro}. 
But D(H) over Ro S D(A). 
Therefore D(H.) over Ry < lim D(A). 
Allow Rj to approach to Ry ; then 
D(Ho) over Ro > D(Ho); 

therefore 
(14.2) D(H) < lim D(H), 
which is the stated lower semi-continuity property. 

2. The inequality 
(14.3) dt, r) 1’). 


Here the first member refers to proper representations, the second to those of the 
primary reduced type. We shall prove also 


(14.4) dt, r’) = dt, r”), 
which justifies the use of only the primary r’ instead of the general reduced 
type r”. 


A primary reduction of R may be, first, a separation into two components: 
R = R, + Rz, with a corresponding partition of the characteristic: r = 7, + m2, 
of the transition curves: (C) = (C): + (C)2, and of the related contours: 

We can form R, , R2 , and then build up to # in the following manner. Let 
R,, Re be chosen, and also parametric representations gi, g2 of the contours 
(T):, respectively, so that 


(14.5) Ri) < + 
(14.6) A(ge, Re) < d(T2, 72) + «. 


Of course, this is possible by definition of d(T; , 71), d(T2 , 72). 

Now, by means of a branch-cut between two arbitrarily near points a, a + 4, 
both belonging to a sheet of the semi-surface Rj and a sheet of the semi-surface 
R:, we can unite R; and Rz to form the semi Riemann surface R’, with r =n 
+ 12s." The boundaries of R’ are those of Ri , Rz combined, and we keep on 
these the representations g; , g2 , so forming a representation g of (I). 

Then in the formula (9.11) for A(g, R), the parameter 6 enters only in the 


‘6s We slit the sheet of Rj and that of Ry between the points z = a, z = a + 6, and then 
join the opposite edges of the slits crosswise in the usual way. 


the 
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“kernel” P(z, ¢), and in an analytic way; consequently A(g, R) is an analytic 
function” of 6, therefore certainly a continuous one. We have for 6 = 0, 


A(g, R) = AQ, Ri) + Re); 
therefore for 5 near enough to zero, 
A(g, R) < A(gi:, Ri) + Re) + < 1) + + 3e, 
by (14.5, 6). Accordingly, since R’ is properly of the topological type r, 
dl, r) S AQ, R) < dW, m1) + m2) + 3e. 
Allowing e to approach zero, we get 
(14.7) d(T,r) + d(T, 7), 


which is (14.3) for the type of reduction of R considered. 

The other type of primary reduction of FR consists of a reduction of the char- 
acteristic r of its semi-surface R’ to r — 2 or r — 1, according as R’ is two-sided 
or one-sided. Keeping R symmetric, we can increase the characteristic of R’ 
by two by means of an additional branch-cut from a to a + 6, together with the 
conjugate branch-cut &, & + 5. In the one-sided case, we can adjoin a branch- 
cut a — 16, a + 76, where a and 6 are real, to increase the characteristic by one, 
and render the surface one-sided, if it is not so already. Conversely, if we allow 
5— 0, R undergoes a primary reduction of its characteristic. Again A(g, R) isa 
continuous function of 6 for 6 — 0, and the same reasoning applies. 

We have, in sum, the desired relation (14.3) for every type of primary re- 
duction. 

The second relation, (14.4), is proved in the same way. For by a similar 
construction, we can build up any composite reduced Riemann surface into a 
primary reduced one, arbitrarily near to it in form. Reversing the process, the 
primary reduced surface is expressed as limit of a composite reduced surface. 
It follows, as before, that 


ad, r’) s 


But, according to our phrasing of the definition, the primary type r’ is part of the 
general type r”’. Therefore, we also have the reverse inequality, and hence the 
equality (14.4). 

For the same reason, we can also express the relations (14.3, 4) in the form 


(14.8) dt, r) = d(T, 1, 


i.e. the lower bound of A(g, R) for the proper type r of Riemann surface R is 
also the lower bound for all types, proper and reduced. 


« Generally, this function involves a term in 1/log 6 (cf. [3], p. 339, formulas 5.5, 5.6), 
but evidently this does no harm to our continuity argument. 
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3. Lower semi-continuity of r)“’ 


We have defined T 
(14.9) r) = min R), 
with respect to all parametric representations g of the given set of contours (I), wit! 
and all proper symmetric Riemann surfaces of characteristic r. It is easy to 4 
| prove the lower semi-continuity of this functional. (14. 
i! Let the sequence (I), tend to (I) in the Fréchet sense. Then (I), must the 
remain in a bounded region of space. 7 
By definition of lower bound, we can find for every €m > 0 a representation on | 
(gm, Rm) of (T)m such that int 
(14.10) 7) S AQGm, Rm) + €m- 
2) 
Let us arrange that en — 0 as m — ©; then I 
lim , 7) lim A(Qm, Rm) lim 7); 
that is 
(14.11) lim 7) = lim A(gm, Rm). 
By definition of im, we can select a sub-sequence m’, such that 
(14.12) lim Rn’) = lim A(Qm Rn). 


By the compactness of (gn, Rm), which applies, according to §13.3, because 
(T)m — (I), we can in turn select a sub-sequence m” such that 
(gm, Rm) (g, R), 


where (g, R) denotes some proper or improper representation of ). Whichever 
is the case, we have by (14.8), 


(14.13) dl, r) S A(g, R). 
By (14.12, 11), ; hast 
(14.14) lim Rm) = lim , Rm’) = lim Rm) = lim , is 
But, by the lower semi-continuity of A(g, R), are 
(14.15) A(g, R) lim , Rn). 
Therefore, combining the last three formulas, we have Z 
(14.16) ad, r) S limd(T,,, r), 
which was to be proved. The 


‘7 This fact is essentially contained in the discussion of [5], pp. 319-320. (14. 
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4. Degenerate representations and lower semi-continuity 
The apparently arbitrary definition (13.2) is uniquely determined by the 
lower semi-continuity of A(g, R). That is, if (g, Ro) is a degenerate repre- 
sentation, and (g, R) a variable proper representation tending to (go , Ro), then 
with the definition (13.2)of A(go , Ro), we have 


(14.17) A(go , Ro) = min lim A(g, R), 


the minimum being with respect to all modes of approach of (g, R) to (go, Ro). 

To fix ideas, let there be three contours [', , [2 , I's represented topologically 
on three circles Ci, C2, Cs. Let the representation of I, on C; be degenerate 
in that all of C; corresponds to the point a of I’, , while all of I’; corresponds to the 
point P of C,. We shall suppose that the other two parametric representations 
gs , gs are non-degenerate. 

Let Rp denote the circular region C,C2C; , and for simplicity, let R first remain 
constantly the same as Ry, while g = (g:, gz , gs) tends to go = (a,g2, gs). Let 


H denote the harmonic vector in R with the boundary values g, and Ho the 
harmonic vector in Ro(=R) with the boundary values gp . 

Suppose that about P as center a small circular arc c or Q:cQ2 is constructed. 
Let H convert the arc Q,:PQz of C; into the are I; or Q:P’Q: of 11, and the circular 
arc Q,cQ2 into the are y joining QiQ;. By hypothesis, when g — go, I; tends to 
cover all of [, , while y tends to an are yo with both end-points at the point a. 
Thus the closed curve y + I; tends to the closed curve yo + I. 

Let ¢ divide R into two regions R, and p, the latter being the small region 
close to P. Then we have 


Dz(H) = Dpr,(H) + D,(H). 
Therefore, asg — go, 


(14.18) lim D(H) 2 lim Dp,(H) + lim D,(H). 


2 
Fig. 23 
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By the lower semi-continuity of the Dirichlet integral, 
(14.19) lim De,(H) = Dr,(Ho). 
By definition, 
d(y +11) D,(H). 
Therefore 
lim d(y + Ti) lim D,(A). 
But since y + Tj > yo + 1, we have by the previous article 
d(yo +11) lim dy +1), 


hence 

(14.20) d(yo + T:) S lim D,(H). 
Combining (14.18, 19, 20) it follows that 

(14.21) lim Dg(H) 2 Dpr,(Ho) + d(vo + 


This holds for all sufficiently small values of the radius « of c. Let now 
e — 0; then yo shrinks to the point a, and yo + IT; tends tol; ; henee by the 
previous article, 


(14.22) lim d(yvo + Tx) 2 d(T). 
Also, by definition, as « — 0, 
(14.23) lim Dp,(Ho) = Dr,(Ho) = D(A). 


In (14.21), let us now take the lim as e — 0; then the left side is independent 
of e, and by the last two formulas we get 


(14.24) lim De(H) 2 D(Ho) + d(T), 


where the lim is for g — go. 

Evidently, similar reasoning applies if the circular region R is variable and 
tends to Ro. 

Accordingly, if we make the definition (13.2), i.e. 


(14.25) A(go, Ro) = D(Ho) + d(T), 
then (14.24) states that 


ie. the lower semi-continuity of A(g, R) is preserved by this definition for the 
degenerate representations. 

That A(go, Ro) is exactly the minimum limit, in accordance with (14.17), 
can be seen by keeping Ry and g?, g3 fixed, while allowing g; to be a minimizing 
representation of I, : A(g:) = d(T), that tends to degeneration. This is 
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ible because of the three parameters involved in the minimizing representa- 


tion of A(g).” 
The extension to degenerate representations of several contours, e.g. (13.3), is 


obvious. 
CoroLtary. We deduce from (14.25) the following corollary, useful for the 


sequel. Let Ho be continued as the constant a into the interior of C;. Then 
H, and a form a piece-wise continuously differentiable function ¢ in the ring 
Res between C2 and C3; , and we have 


(14.27) = Do(Ao), 


where the region of integration is R with the indicated subscripts. Let H2 
denote the harmonic function in the ring R23 with the same boundary values 
gi, gs as then 
(14.28) Des(Hes) Des(v), 
by the minimum property of harmonic functions in the Dirichlet integral. 
By definition, 
(14.29) 2 , Ts). 
Therefore, combining the last three formulas and (14.25), we have for any 
representation (go , Ro) degenerate as to T, : 
(14.30) A(go, Ro) 2 d(T2, Ts) + dfs). 
The same reasoning applies to the case where Ro has the general topological 
characteristic r, and where go is degenerate as to several controus, e.g. T, , T', 
Set 
(14.31) A(go, Ro) +d) +d) + --- + 
Since the right member represents a particular mode of reduction, we have 
therefore for any degenerate representation :“ 
(14.32) A(go , Ro) 2 d(T, r’). 
§15. COMPLETION OF THE SOLUTION 


1. Attainment of the minimum of A(g, 2) 


In summary, the set of all representations [(g, R)], proper and improper, of a 
given system (I, r) is compact and closed, and A(g, R) is a lower semi-continuous 
functional on this set. 

Now, we have the following general theorem:” 

Any lower semi-continuous functional on a compact and closed set attains its 
minimum value. 


" See [5], p. 277. 
: “If Ro is proper, we can even assert the strict relation > in (14.32). For ¢ in (14.27) 
's certainly non-harmonic, if C, does not reduce to a point. 

Fréchet [26]. 


if 
‘ 
— 
Ww 


ij 

ih 
Hi 

4, 


274 JESSE DOUGLAS 


The proof is simply as follows. Let U(a) denote a lower semi-continuous 
functional on the compact and closed set [a]. If d denote the lower bound of 
U(a), it is always possible to construct a “minimizing sequence” {a}, ice. 
one such that 


lim U(am) = d. 
This construction is merely an application of the definition of lower bound. 
Since [a] is compact, {an} contains a convergent sub-sequence {am}; and since 
[a] is closed, the limit of {am} is an element a* of [a]: 
lim adm = a*. 
By the postulated lower semi-continuity, 
U(a*) S lim U(am) = lim U(an) = d. 


But of the alternatives U(a*) < d, the former is contrary to the definition of 
lower bound; therefore U(a*) = d, which was to be proved. 
The immediate application is that A(g, R) attains its minimum: 


(15.1) A(g*, R*) = d(f, r) 


for some representation (g*, R*). 


2. Exclusion of improper representations 


However, to secure the property of closure of the set [(g, R)] essential to the 
preceding reasoning, we have been compelled to adjoin various types of im- 
proper representations. We must now show that (g*, R*) is not one of these, 
but rather a proper representation. 

We make, according to the statement of Theorem II, the two hypotheses 


(15.2) 
(15.3) r) < r’). 
First, we show that R* cannot be of the reduced type. For then 


(15.4) A(g*, R*) 2 r’’) = r’) > d(T, r), 


contrary to (15.1). 

For the same reason, we see, by reference to (14.32), that g* cannot be de- 
generate. 

Neither can g* be discontinuously improper. For then, by (13.1), we would 
have 


(15.5) A(g*, R*) = + &, 


contrary to (15.2) and (15.1). 
The same reasor shows that R* cannot be improper in virtue of two transition 
curves having a point in common, i.e. the corresponding algebraic curve cannot 
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have a real multiple point. For, as we have seen in connection with (13.1), 
this also leads to the impossible condition (15.5). 

Therefore R* is a proper Riemann surface of type (I, r), and g* is proper, or at 
worst continuously improper. 


3. The required minimal surface exists 
Let 


(15.6) Hi (u, v) = RF (¢ = 1,2,---,m) 


denote the harmonic functions on the semi-surface R*’ of R* with the continuous 
values g; (2) on the boundary curves C. H* or F is determined explicitly by the 
formula (8.1) or (8.21). 

Then, on account of the minimum value of A(g*, R*), we have the variational 
condition 


(15.7) 6A(g, R) = 0 
for (g, R) = (g*, R*). As has been shown in formula (12.29), this implies 


(15.8) > F?(w) = 0. 


Consequently, the surface M defined by the equations (15.6) is a minimal 
surface of the prescribed topological type bounded by the given set of contours (I). 
Thus Theorem II is proved, and the Platean problem is solved in the stated 
generality. 
4. The correspondence between boundaries is one-one 


It remains only to exclude the continuously improper representations—those 
in which a partial arc of a transition curve C may correspond to a single point 
of the related contour I. 

If g* is constant on a segment o of a real branch-cut of R*, the harmonic 
vector function H* can be prolonged by Schwarzian symmetry over co: 


(15.9) A*(u, —v) = —H*(u, »). 
Since 
* * 
( ) F;(w) av’ 
the condition (15.8) gives, when we take its real part, 
n *\2 n ¥*\2 
(15.11 (22). 


Because Hj (u, v) is constant on o, we have on o: 


| 
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From this and (15.11), it follows that on o: 


Consequently, on 
(15.14) Fi(w) = 0, 1, 2,-..,n. 


But, by the Schwarzian symmetry, ¢ is interior to a domain of regularity of 
each F(w). Therefore 


(15.15) F;(w) = 0, i= 1, 
hence 

(15.16) Hi (u, v) = RFw) = c;, a constant, 

for 7 = 1, 2,---,n. 


But this is absurd, since, by hypothesis, H* is not even constant on the entire 
transition curve C, but only on a partial segment «. Moreover, (15.16) would 
imply that the set of contours (I) reduces to a point, which is absurd. 


§16. Least AREA 


1. The Lebesgue definition of area 


With all the advantages that result by the introduction of the vector Dirichlet 
functional D(x) or the equivalent functional A(g, R), into the Plateau problem, 
we must not lose sight of the fact that, after all, the interest of the problem lies 
in the least area property of its solution M as compared with all surfaces of the 
same topological type with the same boundaries. 

To establish this least area property, we adopt as definition of area the one 
given (for simply-connected surfaces) by Lebesgue:” 

(16.1) = min lim &(m1,). 


m—> 


Here S is any given surface, II,, any sequence of polyhedral surfaces of the same 
topological type as S, which approach to S as m — o. GS(II,) denotes the 
area of II, in the elementary sense, and the minimum is with respect to all 


sequences II, . 
The approach of II, to S will be understood in the Fréchet sense:” 


(16.2) dist (II,S) as m—>o. 


Let 7 denote any topological correspondence” between II, and 8S, in which 
P, Q are any corresponding points; then the Fréchet definition is 


(16.3) dist (II,,S) = min max PQ, 
T (P,Q) 


51 See footnote 27. 

52 [26]. 

‘’ This is defined in all cases by establishing a topological correspondence, respecting 
symmetric point-pairs, between the Riemann surfaces on which I, and S are represented. 
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where PQ denotes the ordinary distance between two points, and, as indicated, 
the maximum is with respect to all point-pairs P, Q which correspond by 7’, 
while the minimum is with respect to all topological correspondences 7’. 

We apply a similar definition to the boundaries (I’),,, (I) of II, , S respectively, 
and by (Tm — (I) we understand, following Fréchet, 


(16.4) dist as m—-o. 


This condition is obviously a consequence of (16.2), since in any topological 
correspondence 7 between II, and S, the respective boundaries must also 
correspond topologically, so that 


(16.5) dist dist (nS). 


In proving the existence of the minimal surface M, we made it a point not to 
use anything of the theory of conformal mapping, basing our treatment rather 
on the functional A(g, R). In fact, in §18, we shall even use this functional 
as a means of establishing some of the classic theorems concerning the conformal 
mapping of plane regions. 

But to deal with the least area property of M, we now employ the theorem™ 
that it is possible to map II,, conformally on a semi Riemann surface R;, of the 
same topological type as II,. The map remains one-one and continuous, even 
piece-wise analytic, on the boundaries.” 

We have seen™ that in a conformal representation of any surface, the vector 
Dirichlet integral is equal to the area integral. Therefore, denoting also by 
II, the vector function on R,, which defines the conformal map, we have 


(16.6) &(IIm) = D(Im). 


As stated, the function II,, determines on the boundaries C,, of Ria parametric 
representation gm of its own boundariesI'n. If H» denote the harmonic vector 
on R,, with the boundary values gm , we have, by the minimum property of the 
Dirichlet integral: 


(16.7) A(gm, Rm) = D(Hm) D(Un). 
Consequently, 
(16.8) S &(Im), 


where r denotes the prescribed topological characteristic of In . 

In other words: for any given set of polygonal contours and prescribed 
topological type r, the lower bound of the Dirichlet integral is < the area of any 
polyhedral surface of type r bounded by these contours. 


* Due to Schwarz, for k = 1, r = 0; for the higher cases, part of the general theory of 
conformal mapping of reimannian manifolds, as developed largely by P. Koebe. 

“ According to the Schwarz reflection principle. 

* Theorem (a), (5.24). 
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3. The area of M, as an integral, and according to Lebesgue 
We next observe that if we consider the area of M as defined by an integral: 


(16.9) I(M) = | [ ve du dv, 


we have 
(16.10) I(M) = D(H*) = A(g*, R*) = d(T, r). 


By Theorem (a), §5, this follows simply from the condition for a minimal 
surface: 


F%(w) = (E — @) — 2iF = 0, 


which implies that the representation of M on R* is conformal: 
E =G, F=0. 


For a surface as regular as M (analytic), it is known that the area J(M), as 
defined by the integral (16.9), is the same as the Lebesgue area. However, in 
order that our presentation may be as self-contained as possible, we shall not 
use this fact, but only the weaker and much more easily proved relation 


(16.11) %(M) s I(M). 


The one-contour case will provide a sufficiently typical illustration of the 
proof. Let C denote the unit circle and C, a concentric circle of radius p < 1. 
Then by taking p near enough to unity, and constructing a sufficiently fine 
polar coérdinate net over C, , we obtain a polyhedral surface II inscribed in M, 
which is arbitrarily near to M in the Fréchet sense, and whose area is arbitrarily 
near to 1(M). (Each mesh of the polar net gives, when subdivided by a di- 
agonal, two triangular faces of II.) The proof proceeds by showing that as the 
fineness of the net is increased, p being fixed, we have &(II) — I,(M), where the 
latter denotes the area integral over C,. This is easily accomplished along the 


lines of the corresponding proof for the length integral, and is valid under the | 


same hypothesis: that M be continuously differentiable. 

Thus we can construct a sequence of polyhedra II tending to M, and whose 
areas tend to I(M). By the definition (16.1) of the Lebesgue area as a minimum 
limit, the result (16.11) follows. 


4. The area of M is a minimum 


Let now S denote any continuous surface of topological type r bounded by 
([). Then, as is possible by definition (16.1), let a sequence of polyhedral 
surfaces II, be constructed, which tend to S and are such that 


(16.12) lim &(1Im) = 


56a See footnote 28. 
58> See [28], pp. 1-2. 
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Using the lower semi-continuity of d(T, r) and the result (16.8), we infer 


(16.13) r) lim r) lim &(11,,) = A(S). 
S may be taken to be M; therefore, with the use of (16.11, 10), 23 have 
(16.14) r) < I(M) = 
Consequently, 
(16.15) d(,r) = AM) = I(M). 
It follows by (16.13) that 
(16.16) S A (S), 


which is the desired minimum property of the area of M. 

Incidentally, in (16.15) the two interpretations of the area of M are shown 
to be equivalent. 

According to (16.16), we have with the definition (5.1) 


(16.17) a(f, r) = min A(S) = 
therefore by (16.15), 
(16.18) r) = d(T, r). 
This is the equivalence of the minima of area and of the Dirichlet functional 
stated in (5.26). 


The results of this section are embodied in Theorem I (§5). 


§17. ARBITRARY JORDAN CONTOURS 


1 
In Theorems I and II, the contours (I) are subject to the restriction 
(17.1) r) = d(T, r) < + 


We now lift this restriction, and allow the contours I to be perfectly general 
Jordan curves, where usually” 


(17.2) aff, r) = d(,r) = + ~. 
The sufficient condition of Theorems I and II is now replaced by 
(17.3) ar, r) > 0, 


as stated (§5) in Theorem III, which we proceed to prove. 

Let ()n denote a sequence of contour systems tending to (I), such that 
(0, , r) is finite for all m, and 
(17.4) lim e(fm,7) = lim {d(Pm, 1’) — r)} = 7). 


Cf. §5.5. 
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The existence of (I')m is implied by the definition of é(I, r). 
By (17.3), it follows that at least from a certain value of m on, 


(17.5) < 1). 


Hence, omitting only a finite number of values of m at the start, we have by 
Theorem II that there exists for every m a representation (9. , R>) of the 
contours (T)m, where R>. is of topological type r, such that: if 


RF mi(w) 


are the harmonic functions on the semi-surface of R* with the boundary values 
* 
Jmi(z), then 


(17.6) F2(w) = 0. 


The set [(g» , R%)] is compact, since the contours (I) are approaching to the 
contours (f). Therefore we can select a partial sequence—denote it without 
change of the index m—such that (g% , R%) tends to a representation (g*, R*), 
proper or improper, of the contours (f). The semi-surface of R* is then of 
topological type r or one of the reduced types r’”’. 


2. R* is proper 


We prove first that R*’ is properly of type r. 

For suppose the contrary. Then as m — , R>, tends to separate, or its 
characteristic to reduce, by the disappearance of certain branch-cuts Bp. 
When ™ is sufficiently large, these branch-cuts are therefore arbitrarily short. 
Let us then modify R>, while m is still finite, by severing the branch-cuts 6, 
and then re-uniting the opposite edges in their own sheets, instead of cross-wise 
as is done to form R>,. This produces a Riemann surface R® , which is either 
separated or reduced in its characteristic exactly like the limit surface R*. 

On the transition curves of R%, , which evidently have not been disturbed in the 
transformation from R>, , we keep the same parametric representation g,, of the 
contours (fm. Then we form® 


(17.7) BGgn, Rm, Rm) = AQgn, — 
Since, evidently, 

(17.8) Age, Rm) 7’), Rm) = d(I'm, 7); 

we have 


(17.9) Ra, RR) = 7’) — d(Lm, 7) = e(I'm, 7) 20. 
Next we show that if R%, tends to separate as assumed, we have 
(17.10) lim RZ) = 0. 


58 Cf. the two-contour case [3], pp. 354-356. 
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We can transform the definition (17.7) by the formula (9.11), getting 
ra) Bigs, RE) = Pale, Pale, de. 


Here Pale, ¢) is P(z, §) for the Riemann surface R> , and P,,(z, ¢) is a function 
on R* defined as follows: if R, does not separate, Plz, {) is simply P(z, ¢) for 
that surface; if R>, separates, and z, ¢ lie on the same component, P,,(z, ¢) is 
P(z, ¢) for that component—if z, ¢ lie on different components, P,(z, ¢) = 0. 
Since Pa(z, ¢) and P,(z, ¢) both have the same singularity® 1/(z — ¢)* for 
z = (, these singularities neutralize one another in the bracket under the integral 
sign. Hence the functional B, as expressed by (17.11), is always well-defined : 
and finite-valued, regardless of whether the functional A has a finite or infinite 
value. Furthermore, B is a continuous functional, since with boundedness of the 
integrand we may pass to the limit under the integral sign. In the present case, 
(17.12) Rn, Rn) = BG™, R*). 
But, because R* is supposed to separate or to reduce as assumed, we have that 
R* is identical with R*; therefore according to (17.11), 


(17.13) B(g*, R*, R*) = Big*, R*, R*) = 0. 
Thus (17.10) is proved, and combining it with (17.9) we have 
(17.14) lim e([',, 7) = 0; 


consequently by (17.4), 
(17.15) ar, r) = 0, 
which is contrary to the hypothesis (17.3). 
Therefore R* cannot reduce, but is a proper symmetric Riemann surface, 
which is of type r, as a semi-surface. 
3. g* cannot be improper 


With the boundary values g*(z), let us form on the semi-surface of R* the 
harmonic functions 


(17.16) a; = Hi(u, v) = RF iw). 


Then since g»(z) tends to g*(z) boundedly, we can pass to the limit under the 
sign in the formula (8.25): 


(17.18) lim = F:(w). 


** As remarked in connection with (9.11). 
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Since (17.6) is obeyed for every value of m, it follows that 
(17.19) Fw) = 0. 


Therefore the surface defined by (17.16) is a minimal surface. 

It remains to be shown that the representation g* is proper. 

g* cannot be constant on either a partial or complete are of any transition 
curve C of R*. For, by the reasoning of §15, art. 4, it would then follow that 
H* is identically a constant; therefore that the same is true of its boundary 
values g*. But this is absurd, since the given contours (I) certainly do not 
shrink to a point. Hence both the continuously improper and the degenerate 
representations are excluded. 

® Consider next the possibility that g* be discontinuously improper, by having 
unequal limits a and 8 on opposite sides of a point P of a transition curve C, 
which we may picture as a circle. Then we can construct a small simply-con- 
nected region about P, such as p in fig. 23. Let p be represented conformally 
on the unit circle,” so that P goes over into the point J (1, 0). Since (17.19) is 
obviously invariant under conformal transformation, we now have in the unit 
circle again n functions F ;(w) obeying 


(17.20) F?(w) = 0, 

t=1 
and where the boundary values of RF ;(w) have, on opposite sides of the point 
I(1, 0), limits a; , 8; such that 


(17.21) P= > (a; — 8)” > 0." 


Now take the point P.: (1 + e, 0), and let C, denote the circle with P, as 
center and radius equal to the length of the tangent from P, to the unit circle. 
Perform the inversion in the circle C,, followed by reflection in the real axis. 
The combination is a linear fractional transformation 7, : 


,_ aw+b 
+d’ 
which evidently transforms the unit circle into itself, and the functions F,(w) 


into F,(w, «). Again the condition (17.20) is invariant under the analytic 
transformation of w: 


(17.23) F?(w, = 0. 


(17.22) 


6° Cf. for the following paragraphs [5], pp. 304-306. 

61 Since p is bounded by two circular arcs, the requisite conformal transformation can 
be given explicitly. 

$12 In the condition / > 0, the hypothesis is used that each contour I is a Jordan curve: 
the end-points a, 8 of any partial arc of I are distinct. 
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Let e—0. Then it is obvious that the tendency of 7’, is to spread the bound- 
ary values of RF (w, €) just above I over the entire lower semi-circumference, 
and those just below J into the entire upper semi-circumference. These bound- 
ary values therefore tend to the constant a; on the upper semi-circumference 
and the constant 8; on the lower. 

Consequently, as « — 0, RF,(w, «) tends to the harmonic function RG;(w) 
with the boundary values just described. G,(w) is given explicitly by the equiva- 
lent of Poisson’s formula: 


Gi(w) xf ay 


Indeed, by Poisson’s formula, the complex function F,(w, ¢) itself tends to 
G,(w) uniformly in every smaller concentric circle of the unit circle, and therefore 
we have also for the derivative: 


(17.25) lim Fi(w, = Gi(w). 
Accordingly, we would have by (17.23), 

(17.26) G2(w) = 0. 
But by actual calculation from (17.24), 


"2 2 

According to (17.21), this is in contradiction with (17.26). Thus the proof 
that g*(z) cannot be discontinuously improper is completed. 

In short, just as in connection with (13.1), the situation here is a local one, 
referring only to the vicinity of the point of discontinuity P, and can therefore 
be reduced to the one-contour case. ; 

Finally, by exactly similar reasoning, R* cannot be improper by the cir- 
cumstance of two or more of its transition curves having a point in common. 
Sufficiently typical is the case where two of the bounding circles C, , C2 of the 
circular region representing R* are tangent at a point P. Then according as we 


approach P along C; or C2 , g* has two limits a, 8, which are distinct, > (a; — B,)” 


> 0, since the contours I’; , I, are supposed to have no common points. 

In sum, the representation (g*, R*) of the contours (I) is proper in every 
respect. The formulas (17.16) therefore aga a minimal sutfiies M of 
topological type r bounded by (TP). 
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4, The minimum area property of M 


In general, the area of M is + ©, as well as that of every surface S bounded 
by (1). Nevertheless, there is a good sense in which M still has a minimum 
area property, namely: if M’ denote any portion of M, which with its boundaries 
I’ is completely interior to M, then the area of M’ is finite and a minimum with 
respect to all surfaces of the same topological type bounded by I’.” 

Choosing, for illustration, the circular representation of R*, let C’ be a system 
of k circles concentric with the circles C which correspond to the contours I, 
and slightly larger or smaller than C so as to be in the interior of R*. Then C’ 
bounds a portion™ R*’ of R*, and this corresponds on M to a portion M’, com- 
pletely interior, including its boundaries I’ (which are k analytic curves). Also, 
when m is sufficiently large, C’ is evidently interior to the circular region R>. , and 
therefore determines on the minimal surface M,, bounded by T’, a completely 
interior portion Mj, , inclusive of its boundaries I, 

First, we easily see that the area of M’ is finite. For in the present case of a 
conformal representation of M on R*, with E = G, F = 0, the area is expressed 
by the Dirichlet integral 


(17.28) %(M’) = / [3 (E+ G)dudv = f} + 


As is well-known, the derivatives of the harmonic functions H? remain con- 
tinuous and bounded in the closed region R*’; therefore 2(M’) is finite. 
The same applies to the total length l(['’) of the k boundaries I’. For 


ur’) = J(E dw + 2F dudv + Gdv*) 


(17.29) 


therefore is finite. 
Further, we have 


(17.30) lim = %(M’), 
and 
(17.31) lim = UI"). 


This is because the approach of the partial derivatives of H* to those of H* is 
uniform in the closed sub-region R*’, a consequence of the boundedness of 
g,.(z) in its approach to g*(z). 


82 This was proved for k = 1, r = 0 in the author’s paper [8a]. The following is along 
the lines of the exposition by T. Radé [15], p. 94. 

6 This is’ the one instance in this paper where the accent does not denote the semi 
Riemann surface, but only a certain part of it. 
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Since the approach of H>, to H* is uniform on C’, the points of I, tend uni- 
formly to the corresponding points of I’. 

Let us then form the set of k ring-shaped surfaces p,, by joining corresponding 
points of ', I”. If dm denote the greatest distance between these corresponding 
points, then an upper bound for the area of p,, is evidently expressed by 


Since 5, — 0, UT’) and UT’) is finite, we have 
(17.33) lim A(pm) = 0. 


Suppose now that it were possible to have a surface S’ of the topological type 
of M’ and bounded by I’, such that 


(17.34) AS’) < AM’). 
Then let us form the surface 
(17.35) Em = (Mn — + pm + 8’; 
evidently this is bounded by I ,, and is of topological type r. We have 
(17.36) U(Zm) = A(Mm) — + Alem) + XS’), 
or 
(17.37) — = — + Alem). 
Hence by (17.30, 33, 34), 
(17.38) lim {A(z,,) — = ACS’) — AM") < 0. 


Accordingly, for sufficiently large values of m, 
(17.39) < A(M,,). 


But this contradicts the minimum area property of M,,, as expressed by 
Theorem I. Therefore the hypothesis (17.34) is untenable; we have, on the 
contrary, 


(17.40) 


for every surface S of topological type r bounded by I’. 

Evidently the same minimum area property applies to any completely interior 
portion M” of M, of whatever topological structure. For M” can obviously be 
included in a region such as M’, and if the area of M” could be lessened with 
preservation of its boundaries and topological form, the same operation would 
lessen that of M’ without disturbing its boundaries or topological form. 

With this remark, the proof of Theorem III is completed. 
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5. Examples of contours which bound no finite area 


Probably the simplest is the one defined in spherical polar coérdinates by the 
following equations™ 


(17.41) p = COS g, = tan’ ¢, 


where p = radius, ¢ = latitude, 6 = longitude. This has the form of a spiral 
with asymptotic point at the origin, which is approached from above and Lelow. 
Fig. 24 shows the orthogonal projection on the plane z = 0, where the are drawn 
full corresponds to z > 0, and the dotted are to z < 0. The origin is the only 


Fia. 24 


point of non-analyticity, and the infinite area of the minimal surface M is con- 
centrated in its vicinity. The infinite area property is due essentially to the 
order of slowness of contraction of the coils of the spiral, as expressed by the 
divergence of the integral 

(17.42) r dé = +o, 
representing the area enclosed by the projection of the spiral on the zy-plane. 
This area is to be considered as a Riemann surface over the xy-plane, swept 
out by the radius vector r. We have r = pcos ¢ = cos g; therefore as @ > +, 
r ~ 60“° (asymptotically), which implies the condition (17.42). It is evident 
that by means of this condition, examples of non-finite-area-bounding contours 
can be multiplied indefinitely. 

Since the area of any completely interior portion M’ of M is finite, the infinite 


part of the area of M lies always adjacent to its boundary, due, as we may say 


intuitively, to an increasing curliness of the surface as we approach the boundary. 
In the preceding example, the infinite part of the area is even concentrated 
near a single point of the contour. 

The author has also given an example where infinite area occurs in the vicinity 
of every boundary point.” This is the contour defined by the equations 


1 1 
4 = — = j = j 
(17.43) 2x 008 4” 0, x Sin 4” 0, z=sing 


Douglas [9]. 

6° We have also constructed a more geometric type of example, which we intend to pub- 
lish soon. (Added in proof: since appeared in Proc. Nat. Acad. Sci., v. 24, no. 10, Oct., 
1938, pp. 490-495.) 
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The zy-projection is the limit of an epicyclic curve with an increasingly dense 
distribution of loops. Combined with the z-equation, these loops produce 
sufficiently slowly contracting spirals, like that of the previous example, which 
are distributed in an everywhere dense manner along the entire contour. 
Roughly speaking, any singularity presented by this contour will be repeated 
on an everywhere dense set of points, since the transformation of parameter 


g into g + (p, q any positive integers) 


has no effect on the terms m 2 q, and therefore changes the series for x and y 
only by the addition of a finite trigonometric sum. The fractions p/4* form an 
everywhere dense set. 


§18. ConFoRMAL MappinG oF PLANE REGIONS 


1. Conformal mapping as contained in the Plateau problem 


From the start, it has been a feature of the author’s work on the Plateau 
problem that the conformal ret Ae of Jordan regions in the plane is included 
automatically as the case n = 2, as well as the one-one continuous relation 
between boundaries induced ra the conformal map. 

This continues to apply for a general value of the connectivity k of the region, 
so that the present work includes tk. classic theorem of Schottky [24] concerning 
the conformal mapping on a Riemann surface of a plane region J; bounded by 
any k Jordan curves (T).% 

In fact, if n = 2, the condition 2) F;(w) = 0 becomes 


(18.1) Fi(w) = +iF2(w). 
Let 
(18.2) = P,(u,v) = RFi(w), = v) = RF2(w); 
then | 
(18.3) F,(w) F3(w) ‘ 
so that, using the plus sign™ in (18.1), we have 
dus av’ av 
These are the Cauchy-Riemann equations. Therefore 2 = iz, + F(w), an 
analytic function of w, regular in the interior of the semi Riemann surface R’, 
remaining continuous on its boundaries C and converting these topologically 
into the contoursT. It follows by a theorem of Darboux,” that F(w) transforms 


(18.4) 


6 We suppose these sensed so that J; is on the left. 

‘The minus sign leads to an inversely conformal transformation. 

** See Osgood, Funktionentheorie, 1923, p. 377. This Darboux theorem is essentially a 
corollary of the Cauchy indicatrix theorem. 
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the region R’ topologically and conformally, without singular points (F’(w) + 0), 
into the given region J;, . . 

In order to be able to apply to n = 2 the preceding results established for 
any value of n, we must show that the sufficient condition d(T) < d'(I) is 
verified.” It will be evident that we need only provide against a separation of 
(I) into a set of 1 and a set of k — 1, or, typically, to prove 


(18.5) < , Tea) + 


If, without use of any extraneous theory of conformal mapping, we could 
prove the equality of d([’) and the minimum area a(I), then this relation would 
be obvious; in fact, we even have 


(18.6) = --- , Tea) — a(t), 


or yet more strongly, with an additional term: minus the content of I;, in 
case the curve I’; has positive content.” 

But in order to show that d([) = a(I), we had to use the conformal mapping 
of polyhedral surfaces. Therefore the point is to establish the sufficient condi- 
tion (18.5) directly on the basis of the definition of d(T) as minimum of the 
functional A(g, R). 


2. Partitions k = k’ + k’ and k = 1 + (k — 1) 


We have stated it to be evident that the k conditions of the type (18.5) are 
sufficient to imply for every separation 


(18.7) k=k’ +k” 
that 
(18.8) < + dr”), 


Essentially, this is because whenever each component set contains more than a 
single contour, the set, say (I’), which does not contain the external boundary of 
J; consists of k’ > 1 mutually external plane curves. The minimal surface M 
determined by these obviously reduces to the sum of the plane discs bounded by 
the individual contours. This gives 


(18.9) = + + --- + d(Ty). 
Consequently, since S always holds in relations like (18.8), we have 

a(t’) + = + + + + dr”) 

> + dz, --- > 

the last by the assumed conditions of type (18.5). 


(18.10) 


6° Since throughout this section r = 0, it is omitted. 
7 For examples of Jordan curves of positive content, see Osgood, Trans. Amer. Math. 
Soc., v. 4 (1903), pp. 107-112; also K. Knopp, Archiv. Math. und Physik., (1918). 
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This reasoning provides a substantial heuristic basis, but we wish to emphasize 
that the proof really depends only on the functional A(g, R) and not on any 
interpretation of d(T) as Tinimum area. 

To this end, let first I; , 2 denote any two mutually external plane contours, 
similarly sensed. Then we must have 


(18.11) = + a(t). 
For, by §14.2, the only alternative is 
(18.12) d(T; , 12) < + 


This is the unique sufficient condition occuring in the two-contour case. It 
would imply the existence of a regular analytic function F(w) in a circular ri 
(C2, where the values of F(w) cover exactly the sum of the interiors of I; 
and T;. But this is impossible, for the one domain is connected, the other 
disconnected. 

To deal with the case k > 2, we use recurrent reasoning. Suppose that the 
relation (18.9) has already been established for any set of mutually external, 
similarly sensed contours (T’) less than k’ in number. Let 


denote any separation of (I). Then for at least one such separation, we must 
have 


(18.13) d(r’) = + dt’). 


For if we always had the relation < between the two members, this would 
express the condition sufficient for the existence of a topological and conformal 
map of some connected circular domain or Riemann surface on the disconnected 
domain consisting of the interiors of ; , --- , Ty, just as in the case k’ = 2, and 
just as absurd. Now, each set (I'’); , (I'’)s in less than k’ in number, and so by 
hypothesis the relation (18.9) applies to (I’); , (I'’)2 ; consequently, by (18.13), 
to (I’). 

Thus the proof is completed that the particular relations of type (18.5) imply 
the general relations (18.8). 


Proof of the sufficient condition (18.5) 


3. Asymptotic formula for A(g , g ; ¢) 
In “Two Contours” we established the sufficient condition 
(18.14) d(T; , < + 
by means of an asymptotic formula” expressing the functional A(g: , go ; q) for 


” [3], p. 339, formula (5.6). 
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small values of g, where q < 1 is the radius of C2, unity the radius of the con- 
centric circle C,;. Using this formula, we proved that if 

A(gi) = min A(g:) = d(T), 

A(gz) = min A(g2) = 


and if gi, gz are properly normalized by adjustment of the three parameters 
involved in each, then for all sufficiently small values of q, 


(18.15) 


(18.16) A(gi, 923.9) < A(gi) + AG). 
Since, by definition, ; 
(18.17) | d(T: S 92; 9), 


the sufficient condition (18.14) follows directly from (18.15, 16). 

Explicitly, let ; surround I: , let P denote any interior point of ':—therefore 
of T, , and L any directed element through P. By the theory of the one-contour 
case, gr and 92 determine conformal maps of the unit circle on the regions bounded 
by Il; and I: respectively; let F(w), F2(w) denote the analytic functions defining 
these maps. We suppose them to be so normalized that each converts the 
origin O into P, and the direction at O of the positive real axis into L. 

On account of the interior regularity of the conformal maps, we have 


(18.18) =|Fi0)|>0, we =| F2(0) | > 0. 
Then the stated asymptotic formula is 
(18.19) AGI, 9239) = + AG?) — + 


where the remaining terms form a convergent series in higher powers of gq. 

Evidently, for sufficiently small values of g, the term in the first power of ¢ is 
dominant. Since its coefficient is, by (18.18), strictly negative, the result 
(18.16) follows directly. 


4. Reduction of the general case to k = 2 


The proof of the sufficient condition (18.5) for a general value of k, can be 
made to depend on the case k = 2 by the following procedure, based on re- 
current reasoning. ; 

Suppose the conformal mapping problem already solved for k — 1, and thereby 
let the Jordan region J,;_1 bounded by I, --- , Ty-1 be conformally represented 
on the circular region bounded by ---, The figure illustrates 
this, as well as the following constructions, for k = 4. 

Then denoting by gi, ---,gs-1 the one-one continuous representation of 
on --- , Cy corresponding to the conformal map, we have 
obviously, 
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Now adjoin I, to the region Jx_, , and choose arbitrarily a point P interior to 
Ti together with L any fixed direction through P. By the conformal map of 
Ji: on Rt_-1, these will correspond respectively to a point p and a direction I. 
About p as center construct a circle C;, with a radius g that will tend to zero. 

Let the region interior to I, be mapped conformally on the circular dise C, 
so that the directed lineal element P, L corresponds to p, l, which is possible 
because of the three parameters involved. This mapping will be accomplished 
by means of a minimizing parametric representation gj of I, on C; : 


(18.21) A(gl) = d(T). 


Denote by R;(q) the circular region obtained by removing the circular disc if 
C, from Ri_1. Then we shall prove the following, which generalizes (18.16): 
for all sufficiently small values of 4, 


(18.22) gh; R.(q)) < AGi, Ri) + A(gl). 


Fig. 25 


When this is done, the desired sufficient condition (18.5) is an immediate 
consequence, by (18.20, 21) and the definition of d(T, , --- , Tx). 
5. Proof of (18.22) _ 
Let C denote a circle about p as center, and T its image in the conformal map 
of Ji on Ry. We suppose the radius of C to be fixed, but small enough so 


that T is completely interior to Ty. T appears in a definite parametric repre- 
sentation g on C. 


Denote by A; the circular dise C, and by R2(q) the ring CC,. Let Re = 
Ris — R:. We have then 


(18.23) Rin +h, 


(18.24) Ri(q) = Ri + Re(Q). 
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Construct now the harmonic vector function H; in R,(q) with the boundary 


values gi on --- , Cy. and gh on C;,. Then by definition, 
(18.25) A(gi, , ge-1, 9h; Ri(q)) = D(H;). 

Let Hz, denote the harmonic vector function in Ri. which defines the 
conformal map on J;-1, so that Hi has the boundary values 
on Ci, +++,Cea. With regard to (18.23), denote by At the part of Hi, 
belonging to R; , and by Af the part belonging to Ri. Then 
(18.26) D(H.) = D(z) + 


so that, by the definitions analogous to (18.25), 
(18.27) Res) = AGT, , Gea, Ge; Re) + A@). 


Construct next the harmonic function H, in the ring R2(q) with the boundary 
values g on C, gi on C,. By the previous definitions, g is the value in C of Hf. 
Accordingly, Hj attaches continuously to Hz, and forms with it a piece-wise 
analytic function ¢ defined in R.(q) = R. + Re(q), so that 


(18.28) D(y) = + D(A2). 


Comparing ¢ with H, appearing in (18.25), we see that these have the same 
values on the boundary of R,(q). Consequently, by the minimum property of 
harmonic functions in the Dirichlet integral, 


(18.29) D(H:) D(A) + D(A). 
Expressed in terms of definitions like (18.25), this is 
(18.30) gh; Ri(q)) S 92-1, 9; Rx) + AG, gh; 


Now we have only to apply the result (18.16) already proved for two contours: 
for all sufficiently small values of q, 


(18.31) AGG, gi; Re(q)) < AG) + AGg)). 


The proper normalization of g, gi necessary for the application of (18.16) is 
secured by our arrangement that the corresponding conformal maps: the disc T 
on C, the disc I, on C;, , both convert the point and direction P, L into the point 
and direction p, l. 

Finally, we apply (18.31) in (18.30) and then combine the first two terms on 
the right according to (18.27). The result is the desired inequality (18.22), and 
with it, as stated, the sufficient condition (18.5). 


6. Conformal mapping theorem 


We have thus proved by means of the functional A(g, R) the following 
theorem.” 


72 [1], Theorem III. 
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TurorEM IV. Any given plane region J; , bounded by any finite number k of 
Jordan curves T', can be mapped conformally on the semi Riemann surface R’ of an 
algebraic curve of genus k — 1 and with k real branches, or on the equivalent domain 
bounded by k circles. The conformal map attaches continuously to a topological 
correspondence between the boundaries. 

In order that two Jordan regions J; , J, may be mapped conformally on each 
other, it is necessary and sufficient that the seraliganding algebraic curves R, 
R be birationally equivalent. 

If the (11, 22) plane be regarded as a complex plane, Z or W = x + ix, 
and the (u, v) domain as locus of the complex variable z or w = uv + iv, then we 
may summarize as follows. 

Let Z = g(z) denote an arbitrary parametric representation of the k contours T 
bounding a given Jordan region J; , on the k circles C bounding a variable circular 
domain R. A particular representation g*, R* exists which minimizes the func- 
tional A(g, R). Then the integral formula of Cauchy: 


g*(z) dz 


c* z—w’ 


(18.32) 
defines a conformat transformation w — W from R* to J; , which attaches con- 
tinuously to the topological correspondence g* between the boundaries. The mini- 
mum value A(g*, R*) is equal to the area of J . 

If a semi Riemann surface R’ is employed as standard domain on which to 
make the conformal map, then instead of the Cauchy formula (18.32), we have 


(18.33) W = P= [ > g*(z)t(z, w) dz, 


where ¢(z, w) denotes the normal integral of the second kind on R*, with pole 
at w, and having zero periods with respect to the real branches C. 

The preceding theory applies also to the case where the Jordan curves I 
have points in common, provided that the region J; remains connected. (Cf. 
§3.3, and [8].) 

Theorem IV goes back to Schottky, whose proof however did not include the 
topological correspondence between boundaries. The present mode of proof, in 
which, by means of the functional A(g, R), we find first the appropriate standard 
region R* and the correspondence g* between boundaries, was given by the 
author for k = 1 in [5], for k = 2 in [3], and for a general value of k in [1], [2]. 

The interior conformal map is deduced immediately from g*, R*, as described. 
Previously, the interior and boundary maps required separate treatment. For 
k = 1, the existence of the interior map was established essentially by Riemann 
25]. The nature of the boundary correspondence was proved much later by 
Osgood [22] and by Carathéodory [23], independently. 
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§19. ALTERNATIVE METHOD 


1 


If we relinquish the object of including in our method the classic theorems on 
the conformal mapping of plane regions, then we can simplify our treatment 
considerably by using from the start the theorem that it is possible to map any 
polyhedral surface conformally on a semi Riemann surface of like topological 
structure, the map remaining one-one continuous on the boundaries. In 
presenting this alternative method, we shall follow—with the appropriate 
generalizations—the lines of our paper [7], which treats the case k = 1, r = 0.” 


2. Proof 
Hypotheses: 
(a) af, r) < +», 
(8) a(t, r) < a(f, 7’). 


The proof to be given is logically self-contained.: We collect from the preced- 
ing developments the following list of quite simple facts, which constitute the 
complete materials out of which our proof will be constructed. They are 
arranged in the order of use in the proof, and will be referred to by the number 
here given. 

(1°) The Lebesgue definition of area (16.1): 


where the polyhedral surface II; tends to S in the Fréchet sense. 

(2°) d(f,r) 2a(f,r), d(T, r’) 2a(T,r’). (5.25, 25’). 

(3°) The polyhedral mapping theorem just stated. 

(4°) Theorem (a), §5. D(H) = I(H). If D(H) = I(A), then FE 
F = 0, and conversely. 

(5°) The minimum property of the Dirichlet integral: D(H) < D(x), if the 
harmonic vector H has the same boundary values as r. 

(6°) The compactness and closure properties of the set [(I', g, R)] for suitably 
varying as well as for fixed contours (T). §13. 

(7°) A(g, R) is lower semi-continuous. §14. 

(8°) d(f, r) = d(T, r, r’) S A(g, R) for all representations (g, R), proper and 
improper. (14.8). 

(9°) If g is discontinuously improper, then A(g, R) = + «. (13.1). 

(10°) If two transition curves of R intersect, and the corresponding contours 

do not, then A(g, R) = + ~. (13.1). 

(11°) If g is degenerate, then A(g, R) 2 d(T, r’). (14.32). 


73 See also T. Radé [14], [15] for the case k = 1, r = 0. The conformal mapping of 
polyhedra, as method, was introduced into the Plateau problem by Radé. 
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(12°) The exact definition of a surface S, bounded by (I). §4.2. 

(13°) 1(H). (16.11). 

(14°) aT, r) = a(f, r, r’) S ACS) for all surfaces S, whether of proper or 
reduced type (r, r’’), bounded by (I). (5.5). 

(15°) If the harmonic surface H determined by the representation (g, R) is 
in conformal representation on R, ie. E = G, F = 0, then g cannot be con- 


tinuously improper. §15.4. 
3 
We begin by defining with Lebesgue 
(19.1) m(T, r) = min lim &(I1,), 


where the minimum is with respect to all sequences of polyhedral surfaces II; 
of proper topological type r, whose polygonal boundaries (P) ; tend to (I) in the 
Fréchet sense (16.4). Nothing is stipulated as to the behavior of the poly- 
hedral surfaces themselves. 

Then it is evident by (1°) that for every surface S, of topological type r, 
bounded by (I), we have 


(19.2) mI, r) S A(S,), 

since if Il; S,, then (P); Therefore 

(19.3) mT, r) a(f,r) d(T, 
by (2°). 


It follows easily from the definition (19.1) that we can find a particular 
sequence II; where (P); tends to (If) and the area &(II;) tends exactly to the 
minimum possible value: 


(19.4) lim &(I1,) = mT, r). 


For, given e > 0, we can find by (19.1) a particular sequence such that 
m(I’, r) S lim r) + ¢; 


and therefore can select from this a particular element II, with boundary (P). 
such that 


dist (P.,T)<« m(I,r) — S S m(T,r) + 


By allowing ¢ to run through a sequence e; — 0, we arrange (19.4). 

Let II; now be represented conformally, according to (3°) on a semi Riemann 
surface Rj of topological type r. This constitutes a certain parametric repre- 
sentation of II; , defined by a vector function on R; , which vector function we 
denote again by II;. The representation being conformal, we have E = G, 
F = 0; therefore by (4°), 


(19.5) = = 


ia 
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Let H; denote the harmonic vector function on R; , with the same boundary 
values g; as II; ,where g; is then a certain parametric representation of (P), ; 
then by (5°) 


(19.6) A(g;, R;) = D(H) = &(1)). 


Since (P); — (I), the sequence (P;, g;, R;) is compact (6°), and we can 
therefore select a partial sequence—denote it without change of index—such that 


(19. 7) (P; Gi» Rj) (r, go ; Ro), 


where (go , Ro) is a certain representation of the contours (I°), proper or improper. 
By (7°), we have therefore, with use of (19.6, 4, 3), 


A(go, Ro) lim Rj) lim &(II;) 
= m(I,r) S a(f,r) S d(T,7). 


By (8°), regardless of whether Go , Ro) is proper or improper, we have also the 
reverse inequality: 


A(go, Ro) 2 7). 
It follows that 
(19.9) A(go, Ro) = r) = a(f, r) = d(f, r). 


Since by hypothesis (a), a(I', 7) < + ©, we can therefore, by reference to (9°), 
exclude the possibility that (g, Ro) is discontinuously improper. Also, by 
(10°), the possibility that two transition curves of Ry intersect is excloded. 
We are assuming that no two contours I intersect. 

If go is degenerate, then by (11°), (2°) and hypothesis (8), 


(19.10) A(go, Ro) 2 d(T, r’) r’) > all, rn), 


which contradicts (19.9). Therefore this possibility is also excluded. 

There remain to be excluded only the two possibilities that Ry be reduced, or 
that go be continuously improper. 

Without prejudice of these possibilities, certainly we can construct a harmonic 
vector Hy on the semi-surface Ro with the boundary values g). Then, according 
to (12°), Ho represents a surface of topological type r or r’’ bounded by (I). 
Therefore, by (13°), (4°) and (19.9), 


(19.11) U(Ho) S I(Ho) D(Ho) = A(go, Ro) = a(f, 7). 

But, on the other hand, we have by (14°) the reverse inequality 

(19.12) = a(f, 

regardless of the, as yet undecided, proper or reduced character of Ho. Hence 
(19.13) = I(Ho) = D(Ho) = a(f, 1). 
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Therefore Ho, i.e. Ro , is not reduced, for if it were, then with hypothesis (8) 
we would have 
(19.14) W(Ho) 2 r’) > a(f, r), 
contradicting (19.13). 
Thus Hy is a harmonic surface of proper topological type r, bounded by (I). 
By (19.13), D(Ho) = I(Ho); therefore applying (4°), it follows that the repre- 
sentation of Hy on Ro is conformal: 


(19.15) E=G, F#=0. 
But this is exactly the condition which makes the harmonic surface Ho a minimal 
surface. 


That Ho has minimum area is already expressed in (19.13). 
Finally, we see by (15°) that the correspondence between the boundaries 
(Cy) of Ro and (1) of Hp is one-one. 


§20. ConcLtupInc REMARKS 


The developments of this paper can be extended to calculus of variations 
problems of quite general form, where we seek an extremal surface of prescribed 
topological type with any finite number of given boundaries. Sufficient condi- 
tions like d([, r) < d(I, r’) prevent the degeneration of the extremal surface 
to a lower topological type or separation into a number of disconnected parts. 
Here d(T, r) denotes, of course, the lower bound for surfaces with given bounda- 
ries ([) and assigned topological type r, of whatever integral is to be minimized 
in the particular problem. 7’ indicates (primary) reduction or separation of the 
surface. One-sided surfaces are included quite as well as two-sided. 
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